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Widmung. 



Die neuen Theorien, die in diesem Werke dargestellt sind, habe 
ich in den Jahren von 1869 bis 1884 entwickelt, wo mir die Liber- 
alitat meines 

Geburtslandes Norwegen 

gestattete, ungestort meine voile Arbeitskraft der Wissen- 
schaft zu widmen, die durch Abels Werke in Norwegens wis- 
senschaftlicher Literatur den ersten Platz erhalten hat. 

Bei der Durchfuhrung meiner Ideen im Einzelnen und bei ihrer 
systematischen Darstellung genoss ich seit 1884 in der Grossten 
Ausdehnung die unermudliche Unterstutzung des Professors 

Friedrich Engel 

meines ausgezeichneten Kollegen and der Universitat Leipzig. 
Das in dieser Weise entstandene Werk widme ich Frankreichs 

Ecole Normale Superieure 

deren unsterblicher Schuler Galois zuerst die Bedeutung des 
Begriffs discontinuirliche Gruppe erkannte. Den hervorragenden 
Lehrern dieses Instituts, besonders den Herren G. Darboux, E. 
Picard und J. Tannery verdanke ich es, dass die tuchtigsten 
jungen Mathematiker Frankreichs wetteifernd mit einer Reihe 
junger deutscher Mathematiker meine Untersuchungen uber 
continuirliche Gruppen, uber Geometrie und Liber Differentialgle- 
ichungen studiren und mit glanzendem Erfolge verwerthen. 



Sophus Lie. 



Preface 



This modernized English translation grew out of my old simultaneous interest in the 
mathematics themselves and in the metaphysical thoughts governing their continued 
development. I owe to the books of Robert Hermann, of Peter Olver, of Thomas 
Hawkins, and of Olle Stormark to have been introduced in Lie's original vast field. 

Up to the end of the 18 th Century, the universal language of Science was Latin, 
until its centre of gravity shifted to German during the 19 th Century while nowa- 
days — and needless to say — English is widespread. Being intuitively convinced 
that Lie's original works contain much more than what is modernized up to now, I 
started three years ago to learn German from scratch just in order to read Lie, and 
with two main goals in mind: 

□ complete and modernize the Lie-Amaldi classification of finite-dimensional 
local Lie group holomorphic actions on spaces of complex dimensions 1, 2 and 3 
for various applications in complex and Cauchy-Riemann geometry; 

□ better understand the roots of Elie Cartan's achievements. 

Then it gradually appeared to me that the mathematical thought of Lie is universal 
and transhistorical, hence deserves per se to be translated. The present adapted En- 
glish translation follows a first monograph written in French and specially devoted 
to the treatment by Engel and Lie of the so-called Riemann-Helmholtz problem in 
the Volume III of the Theorie der Transformationsgruppen, to appear in 2010 apud 
Hermann, Paris, cf. also the e-print: arxiv.org/abs/0910.0801/. 

A few observations are in order concerning the chosen format. For several rea- 
sons, it was essentially impossible to translate directly the first few chapters in which 
Lie's intention was to set up the beginnings of the theory in the highest possible gen- 
erality, especially in order to come up with the elimination of the axiom of inverse, 
an aspect never dealt with in modern treatises. As a result, I decided in the first four 
chapters to reorganize the material and to reprove the concerned statements, with- 
out nevertheless removing anything from the mathematical contents embraced. But 
starting with Chap. [51 the exposition of Engel and Lie is so smooth, so rigorous, so 
understandable, so systematic, so astonishingly well organized — in one word: so 
beautiful for thought — that a pure translation is essential. 
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Preface 



Lastly, the author is grateful to Gautam Bharali, to Philip Boalch, to Egmont 
Porten for a few fine suggestions concerning the language, but is of course the sole 
responsible for the lack of idiomatic English. 

Paris, Ecole Normale Superieure, Joel Merker 

16 March 2010 
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Chapter 1 

Three Principles of Thought 
Governing the Theory of Lie 



Let x = (x\, . . . ,x n ) be coordinates on an n-dimensional real or complex euclidean 
space C' 1 or W 1 , considered as a source domain. The archetypal objects of Lie's 
Theory of Continuous Transformation Groups are point transformation equations: 



Xf — fi (x\ , . . . Xn, Q,\ , 



(i=l -»), 



parameterized by a finite number r of real or complex parameters (ai,...,a r ), 
namely each map x' = f(x; a) =: f a (x) is assumed to constitute a diffeomorphism 
from some domairQ in the source space into some domain in a target space of 
the same dimension equipped with coordinates {x\,...,x' n ). Thus, the functional 
determinant: 



detJac(/) 



3/1 


dfl 


dx\ 


dx n 


dfn 


dfn 


dx\ 


dx„ 



E sign(a) 



dfl df 2 



ere Perm,, 



dx a m dx, 



G{2) 



dfn 



dx 



a{n) 



vanishes at no point of the source domain. 



§ 15. ([T], pp. 25-26) 

[The concepts of transformation x 1 = f(x) and of transformation equations 
x' = f(x; a) arc of purely analytic nature.] However, these concepts can receive 
a graphic interpretation [anschaulich Auffasung], when the concept of an n- 
times extended space [Raum] is introduced. 

If we interpret xi, . . . ,x n as the coordinates for points [Punktcoordinaten] of 
such a space, then a transformation x\ = fi(xi, . . . ,x n ) appears as a point transfor- 
mation [Punkttransformation]; consequently, this transformation can be inter- 
preted as an operation which consists in that, every point Xj is transferred at the 
same time in the new position x\. One expresses this as follows: the transforma- 



By domain, it will always been meant a connected, nonempty open set. 
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1 Three Principles of Thought Governing the Theory of Lie 



tion in question is an operation through which the points of the space xi, . . . ,x n 
are permuted with each other. 

Before introducing the continuous group axioms in Chap. [3] below, the very first 
question to be settled is: how many different transformations x' ; = fi(x; a) do cor- 
respond to the oo r different systems of values (a\,.. . ,a r )? Some parameters might 
indeed be superfluous, hence they should be removed from the beginning, as will be 
achieved in Chap. [2l For this purpose, it is crucial to formulate explicitly and once 
for all three principles of thought concerning the admission of hypotheses that do 
hold throughout the theory of continuous groups developed by Lie. 

General Assumption of Analyticity 

Curves, surfaces, manifolds, groups, subgroups, coefficients of infinitesimal trans- 
formations, etc., all mathematical objects of the theory will be assumed to be ana- 
lytic, i.e. their representing functions will be assumed to be locally expandable in 
convergent, univalent power series defined in a certain domain of an appropriate 

Principle of Free Generic Relocalization 

Consider a local mathematical object which is represented by functions that are ana- 
lytic in some domain U\, and suppose that a certain "generic" nice behaviour holds 
on f/i\Di outside a certain proper closed analytic subset Dr CU\\ for instance: 
the invertibility of a square matrix composed of analytic functions holds outside the 
zero-locus of its determinant. Then relocalize the considerations in some subdomain 
U 2 CUi\D 1 . 




Fig. 1: Relocalizing finitely many times in neighborhoods of generic points 

Afterwards, in Ui, further reasonings may demand to avoid another proper closed 
analytic subset D2, hence to relocalize the considerations into some subdomain U3 C 
1/2X^2, and so on. Most proofs of the Theorie der Transformationsgruppen, and 
especially the classification theorems, do allow a great number of times such relo- 
calizations, often without any mention, such an act of thought being considered as 
implicitly clear, and free relocalization being justified by the necessity of studying 
at first generic objects. 
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Without providing systematic notation, Lie and Engel commonly wrote the neigh- 
bourhood [der Umgebung] (of a point), similarly as one speaks of the neighbour- 
hood of a house, or of the surroundings of a town, whereas contemporary topology 
conceptualizes a (say, sufficiently small) given neighbourhood amongst an infinity. 
Contrary to what the formalistic, twentieth-century mythology tells sometimes, Lie 
and Engel did emphasize the local nature of the concept of transformation group in 
terms of narrowing down neighbourhoods; we shall illustrate this especially when 
presenting Lie's attempt to economize the axiom of inverse. Certainly, it is true that 
most of Lie's results are stated without specifying domains of existence, but in fact 
also, it is moreover quite plausible that Lie soon realized that giving no name to 
neighbourhoods, and avoiding superfluous denotation is efficient and expeditious in 
order to perform far-reaching classification theorems. 

Therefore, adopting the economical style of thought in Engel-Lie's treatise, our 
"modernization-translation" of the theory will, without nevertheless providing fre- 
quent reminders, presuppose that: 

• mathematical objects are analytic; 

• relocalization is freely allowed; 

• open sets are often small, usually unnamed, and always connected. 
Introduction (Q, pp. 1-8) 



If the variables x\ , . . . , x' n are determined as functions of x\ , . . . , x n by n equa- 
tions solvable with respect to jci, . . . ,x n : 

x'i= fi(x U ...,X n ) (i=l-n), 

then one says that these equations represent a transformation [Transformation] 
between the variables x and x' . In the sequel, we will have to deal with such 
transformations; unless the contrary is expressly mentioned, we will restrict our- 
selves to the case where the /; are analytic [analytisch] functions of their argu- 
ments. But because a not negligible portion of our results is independent of this 
assumption, we will occasionally indicate how various developments take shape 
by taking into considerations functions of this sort. 

When the functions (x\, . ..,x„) are analytic and are defined inside a common region [Bere- 
ich], then according to the known studies of Cauchy, Weierstrass, Briot and Bouquet, 
one can always delimit, in the manifold of all real and complex systems of values x\,... ,x n , a 
region (x) such that all functions /, are univalent in the complete extension [AUSDEHNUNG] of 
this region, and so that as well, in the neighbourhood [Umgebung] of every system of values 
x®, . . . ,x® belonging to the region (x), the functions behave regularly [REGULAR VERHALTEN], 
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that is to say, they can be expanded in ordinary power series with respect to x\ — Xj, . . . , x n — x„ 
with only entire positive powers. 

For the solvability of the equations x J j — fi(x), a unique condition is necessary and sufficient, 
namely the condition that the functional determinant: 

y ± dfi df n 
dx\ dx n 

should not vanish identically. If this condition is satisfied, then the region (x) defined above 
can specially be defined so that the functional determinant does not take the value zero for any 
system of values in the (x). Under this assumption, if one lets the x take gradually all systems 
of values in the region (x), then the equations x\ = /;(x) determine, in the domain [Gebiete] 
of the x', a region of such a nature that x\ , . . . ,x„, in the neighbourhood of every system of 
values x'j , . . . ,x' n ° in this new region behave regularly as functions of x[ , . . . ,x' n , and hence can 
be expanded as ordinary power series of x\ —x\°, . . . , x' n — x' n °. It is well known that from this, it 
does not follow that the Xi are univalent functions of x[, . . . ,x! n in the complete extension of the 
new region; but when necessary, it is possible to narrow down the region (x) defined above so 
that two different systems of values xi, ...,x n of the region (x) always produce two, also different 
systems of values x\ — f\ (x), . . . , x' n — f n (x). 

Thus, the equations x\ = fi(x) establish a univalent invertible relationship [Beziehung] be- 
tween regions in the domain of the x and regions in the domain of the x'; to every system of 
values in one region, they associate one and only one system of values in the other region, and 
conversely. 

If the equations = fj(x) are solved with respect to the x, then in turn, the 
resulting equations: 

x k = F k (xi,...,x' n ) (k=l-n) 

again represent a transformation. The relationship between this transformation 
and the initial one is evidently a reciprocal relationship; accordingly, one says: 
the two transformations are inverse one to another. From this definition, it visibly 
follows: 

If one executes at first the transformation: 

A = fi(xi, ■ ■ ■ ,x n ) (i=l-n) 
and afterwards the transformation inverse to it: 

x" = Fi(x\,...,x' n ) (i=i-«), 
then one obtains the identity transformation: 

x"=Xi (i=l-n). 

Here lies the real definition of the concept [Begriff] of two transformations 
inverse inverse to each other. 
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In general, if one executes two arbitrary transformations: 

Xi = //(*l,...,*n)> x'i =gi(x' u ...,X n ) (i=l-n) 

one after the other, then one obtains a new transformation, namely the following 
one: 

4 = 8i{fi(x),...,f n (x)) (i=l-n). 

In general, this new transformation naturally changes when one changes the or- 
der [Reihenfolge] of the two transformations; however, it can also happen that 
the order of the two transformations is indifferent. This case occurs when one 
has identically: 

(*),..., /»(*)) =fi{si(x),---,g n (x)) (i=i •••»); 

we then say, as in the process of the Theory of Substitutions [Vorgang der 
Substitutionentheorie]: the two transformations: 

x'i = fi(xi,...,x n ) (i=l-») 

and: 

Xi = gi(xi,...,X n ) (i=l-n) 

are interchangeable [vertauschbar] one with the other. — 

A finite or infinite family [Schaar] of transformations between the x and the 
x' is called a group of transformations or a transformation group when any two 
transformations of the family executed one after the other give a transformation 
which again belongs to the family) 

A transformation group is called discontinuous when it consists of a discrete 
number of transformations, and this number can be finite or infinite. Two trans- 
formations of such a group are finitely different from each other. The discontinu- 
ous groups belong to the domain of the Theory of Substitutions, so in the sequel, 
they will remain out of consideration. 

The discontinuous groups stand in opposition to the continuous transforma- 
tion groups, which always contain infinitely many transformations. A transfor- 
mation group is called continuous when it is possible, for every transformation 
belonging to the group, to indicate certain other transformations which are only 
infinitely little different from the transformation in question, and when by con- 
trast, it is not possible to reduce the complete totality [Inbegriff] of transforma- 
tions contained in the group to a single discrete family. 

Now, amongst the continuous transformation groups, we consider again two 
separate categories [Kategorien] which, in the nomenclature [Benennung], are 



T Sophus LIE, Gesellschaft der Wissenschaften zu Christiania 1871, p. 243. KLEIN, Vergleichende Betrachtungen 
iiber neuere geometrische Forschungen, Erlangen 1872. LIE, Gottinger Nachrichten 1873, 3. Decemb. 
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distinguished as finite continuous groups and as infinite continuous groups. To 
begin with, we can only give provisional definitions of the two categories, and 
these definitions will be apprehended precisely later. 

A finite continuous transformation group will be represented by one system 
of n equations: 

A = fi{ x li- ■ ■ i x n, ai,...,a r ) (i=l •••«), 

where the /; denote analytic functions of the variables xi, . . . ,x n and of the arbi- 
trary parameters a\ , . . . , a r . Since we have to deal with a group, two transforma- 
tions: f 

X[ fi\ x l ) • • • j x ni ) • • • j ^r) 

Xj fi (xj , . . . , x? n , a\ , . . . , fl;-) , 

when executed one after the other, must produce a transformation which belongs 
to the group, hence which has the form: 

A = fi(fi(x,a),...,f n (x,a), A) =/iOi,...,x„, ci,...,c r ). 

Here, the c^ are naturally independent of the x and so, are functions of only the 
a and the b. 

Example. A known group of this sort is the following: 

/ x + a\ 

x 



a2X + a-$ 



which contains the three parameters a\ , ai, a^. If one executes the two transfor- 
mations: 

, x + a\ „ x 1 + b\ 



x 



a2X + 6(3' b2x' + b2, 

one after the other, then one receives: 



„ _ X + Cl 

X , 



C2X + C3 

where c\, C2, C3 are defined as functions of the a and the b by the relations: 

ai+bia^ Z72 + «2^3 ^2^1 +bj,a3 

1 1+^102' l+bi a2 1 \-\-b\a2 

The following group with the n 2 parameters a& is not less known: 

n 

A=Y< aikXk (i=l-n). 
k=\ 

If one sets here: 



1 Three Principles of Thought Governing the Theory of Lie 



7 



n 




i=l 




n 



X V — ^ bvi a ik x k — ] 

i, k h 




where the c V k are determined by the equations: 



n 



c V k = 




(v, k= 1 ■■■n). — 



i=l 



In order to arrive at a usable definition of a finite continuous group, we want at 
first to somehow reshape the definition of finite continuous groups. On the occa- 
sion, we use a proposition from the theory of differential equations about which, 
besides, we will come back later in a more comprehensive way (cf. Chap.flOl). 

Let the equations: 



represent an arbitrary continuous group. According to the proposition in ques- 
tion, it is then possible to define the functions fi through a system of differential 
equations, insofar as they depend upon the x. To this end, one only has to differ- 
entiate the equations xj = /j(x, a) with respect to xi , . . . ,x„ sufficiently often and 
then to set up all equations that may be obtained by elimination of a\,...,a r . 
If one is gone sufficiently far by differentiation, then by elimination of the a, 
one obtains a system of differential equations for x[, . . . ,xf n , whose most general 
system of solutions is represented by the initial equations x\ = fi(x, a) with the r 
arbitrary parameters. Now, since by assumption the equations x\ = _/j-(x, a) define 
a group, it follows that the concerned system of differential equations possesses 
the following remarkable property: if x- = fi(x\ , . . . , x n , b\ , . . . , b r ) is a system of 
solutions of it, and if x\ = fi(x, a) is a second system of solutions, then: 

4 = fi (fi (x, a), . . . , f n (x, a),bi,...,b r ) (*'= l ■••«) 

is also a system of solutions. 

From this, we see that the equations of an arbitrary finite continuous transfor- 
mation group can be defined by a system of differential equations which pos- 
sesses certain specific properties. Firstly, from two systems of solutions of the 
concerned differential equations one can always derive, in the way indicated 
above, a third system of solutions: it is precisely in this that we have to deal 
with a group. Secondly, the most general system of solutions of the concerned 
differential equations depends only upon a finite number of arbitrary constants: 
this circumstance expresses that our group is finite. 



*i = /i(*l,--- 



,X n , Q\ , . . . , 6! r ) 



s 
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Now, we assume that there is a family of transformations x\ = fi(xi, . . . ,x n ) 
which is is defined by a system of differential equations of the form: 



Moreover, we assume that this system of differential equations possesses the first 
one of the two mentioned properties, but not the second one; therefore, with x\ = 
fi{x\ ,...,*») and xff = g t (x\ , . . . ,*„), then always, x ! i = gj (fi (x),..., /»(*)) is also 
a system of solutions of these differential equations, and the most general system 
of solutions of them does not only depend upon a finite number of arbitrary 
constants, but also upon higher sorts of elements, as for example, upon arbitrary 
functions. Then the totality of all transformations which satisfy the concerned 
differential equations evidently forms again a group, and in general, a continuous 
group, though no more a finite one, but one which we call infinite continuous. 

Straightaway, we give a few simple examples of infinite continuous transfor- 
mation groups. 

When the differential equations which define the concerned infinite group re- 
duce to the identity equation = 0, then the transformations of the group read: 

x' i = n i {x u ...,x n ) (i=i-») 

where the 17; denote arbitrary analytic functions of their arguments. 
Also the equations: 

dx\ 

— — =0 {i^k; i, k=\ •••«) 

Sx k 

define an infinite group, namely the following one: 

x , i = n i {xi) (i=l-n), 

where again the J7 ; are absolutely arbitrary. 

Besides, it is to be observed that the concept of an infinite continuous group can yet be un- 
derstood more generally than what takes place here. Actually, one could call infinite continuous 
any continuous group which is not finite. However, this definition does not coincide with the one 
given above. 

For instance, the equations: 

x'=F(x), y'=F(y) 

in which F, for the two cases, denotes the same function of its arguments, represent a group. 
This group is continuous, since all its transformations are represented by a single system of 
equations; in addition, it is obviously not finite. Consequently, it would be an infinite continuous 
group if we would interpret this concept in the more general sense indicated above. But on the 
other hand, it is not possible to define the family of the transformations: 
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x!=F{x), y' = F{y) 

by differential equations that are free of arbitrary elements. Consequently, the definition stated 
first for an infinite continuous group does not fit to this case. Nevertheless, we find suitable to 
consider only the infinite continuous groups which can be defined by differential equations and 
hence, we always set as fundamental our first, tight definition. 

We do not want to omit emphasizing that the concept of "transformation 
group" is still not at all exhausted by the difference between discontinuous and 
continuous groups. Rather, there are transformation groups which are subordi- 
nate to none of these two classes but which have something in common with 
each one of the two classes. In the sequel, we must at least occasionally also 
treat this sort of groups. Provisionally, two examples will suffice. 

The totality of all coordinate transformations of a plane by which one transfers 
an ordinary right-angled system of coordinates to another one forms a group 
which is neither continuous, nor discontinuous. Indeed, the group in question 
contains two separate categories of transformations between which a continuous 
transition is not possible: firstly, the transformations by which the old and the 
new systems of coordinates are congruent, and secondly, the transformations by 
which these two systems are not congruent. 

The first ones have the form: 

x' — a = x cos a —y sin a, y —b = x sin a + y cos a, 

while the analytic expression of the second ones reads: 

x 1 — a = x cos oc+y sin a, y' — b = x sin a — y cos a. 

Each one of these systems of equations represents a continuous family of trans- 
formations, hence the group is not discontinuous; but it is also not continuous, 
because both systems of equations taken together provide all transformations 
of the group; thus, the transformations of the group decompose in two discrete 
families. If one imagines the plane x,y in ordinary space and if one adds z as 
a third right-angled coordinate, then one can imagine the totality of coordinate 
transformations of the plane z = is a totality of certain movements [Bewegun- 
gen] of the space, namely the movements during which the plane z = keeps 
its position. Correspondingly, these movements separate in two classes, namely 
in the class which only shifts the plane in itself and in the class which turns the 
plane. 

As a second example of such a group, one can yet mention the totality of all 
projective and dualistic transformations of the plane. 



According to these general remarks about the concept of transformation 
group, we actually turn ourselves to the consideration of the finite continu- 
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ous transformation groups which constitute the object of the studies follow- 
ing. These studies are divided in three volumes [Abschnitte]. The first vol- 
ume treats finite continuous groups in general. The second volume treats the fi- 
nite continuous groups whose transformations are so-called contact transforma- 
tions [Beuhrungstransformationen]. Lastly, in the third volume, certain gen- 
eral problems of group theory will be carried out in great details for a small 
number of variables. 
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Chapter 2 

Local Transformation Equations 
and Essential Parameters 



Abstract Let K = E or C, throughout. As said in Chap.[Q transformation equations 
x' i = fi(x; a\ , . . . ,a r ), i = 1 , . . . , n, which are local, analytic diffeomorphisms of K 11 
parametrized by a finite number r of real or complex numbers a\,...,a r , constitute 
the archetypal objects of Lie's theory. The preliminary question is to decide whether 
the fi really depend upon all parameters, and also, to get rid of superfluous param- 
eters, if there are any. 

Locally in a neighborhood of a fixed xq, one expands fi (x; a) = Y.aeN" ( a ) ( x ~ 
xo) a in power series and one looks at the infinite coefficient mapping U<x, : a i — > 

(^aWjagfi" from W to expected to tell faithfully the dependence with re- 
spect to a in question. If denotes the maximal, generic and locally constant 
rank of this map, with of course ^ ^ r, then the answer says that locally 
in a neighborhood of a generic clq, there exist both a local change of parameters 
a*-} (ui(a),...,u Poo (a)) =: u decreasing the number of parameters from r down to 
poo, and new transformation equations: 

x' i = g i (x; ui,...,u Poo ) (i=i-n) 

depending only upon p TC parameters which give again the old ones: 

gi(x; u(a)) =fi(x;a) (i=i ■••»). 

At the end of this brief chapter, before introducing precisely the local Lie group 
axioms, we present an example due to Engel which shows that the axiom of inverse 
cannot be deduced from the axiom of composition, contrary to one of Lie's Idees 
fixes. 



2.1 Generic Rank of the Infinite Coefficient Mapping 

Thus, we consider local transformation equations: 

A = fi( x ii ■ ■ -,x n ;a\,. ..,a r ) (i=i •••«). 

n 
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We want to illustrate how the principle of free generic relocalization exposed just 
above on p. [2] helps to get rid of superfluous parameters a^. We assume that the ft 
are defined and analytic for x belonging to a certain (unnamed, connected) domain 
of W and for a belonging as well to some domain of W. 

Expanding the /; of x\ = fi(x;a) in power series with respect to x — xq in some 
neighborhood of a point xq: 

fi(x;a)= £ ^(a)(x-x ) a , 
aeN" 

we get an infinite number of analytic functions ^ = ^j(a) of the parameters that 
are defined in some uniform domain of W. Intuitively, this infinite collection of 
coefficient functions &a(a) should show how f(x;a) does depend on a. 
To make this claim precise, we thus consider the map: 

U TC : K r 3 a (^(a))^" G K~ 

For the convenience of applying standard differential calculus in finite dimension, 
we simultaneously consider also all its K-th truncations: 

( n-\- k)\ 

where y . J' is the number of multiindices a € N whose length | a \ := OCi H h 0C M 

satisfies the upper bound |a| ^ K. We call U^, Uoc the (in)finite coefficient map- 
ping^) ofx' i = f i (x; a). 

The Jacobian matrix of Uk- is the r x (n „Tyi ) matrix: 




its r rows being indexed by the partial derivatives. The generic rank of ll*- is the 
largest integer p K ^ r such that there is a p t x p^- minor of JacU^- which does 
not vanish identically, but all (p K + 1) x (p K + 1) minors do vanish identically. The 
uniqueness principle for analytic functions then insures that the common zero- set of 
all p K x p K minors is a proper closed analytic subset D K (of the unnamed domain 
where the ^ are defined), so it is stratified by a finite number of submanifolds 
of codimension ^ 1 (j8l 12 El [51 ), and in particular, it is of empty interior, hence 
intuitively "thin". 

So the set of parameters a at which there is a least one p K x p K minor of Jac Uk: 
which does not vanish is open and dense. Consequently, "for a generic point a", the 
map Uk- is of rank ^ p K at every point a 1 sufficiently close to a (since the corre- 
sponding p K x p K minor does not vanish in a neighborhood of a), and because all 
(p K + 1) x (Pk+ 1) minors of Jadl*- were assumed to vanish identically, the map 
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Uk happens to be in fact of constant rank in a (small) neighborhood of every 
such a generic a. 

Insuring constancy of a rank is one important instance of why free relocalization 
is useful: a majority of theorems of the differential calculus and of the classical 
theory of (partial) differential equations do hold under specific local constancy as- 
sumptions. 

As K increases, the number of columns of JacU K increases, hence p Kl ^ p K2 
for Ki < K"2. Since p K ^ r is anyway bounded, the generic rank of U K becomes 
constant for all K ^ Kq bigger than some large enough K"o. Thus, let p x ^ r denote 
this maximal possible generic rank. 

Definition 2.1. The parameters (a\, . . .,a r ) of given point transformation equations 
x 'i — fi( x ' a ) are called essential if, after expanding f(x;a) = EaeN" ^a( a ) *o) a 
in power series at some xq, the generic rank p x of the coefficient mapping a i — > 

(^(a)) ^ef^r is maximal, equal to the number r of parameters: p TC = r. 

Without entering technical details, we make a remark. It is a consequence of the 
principle of analytic continuation and of some reasonings with power series that the 

same maximal rank poo is enjoyed by the coefficient mapping a H- {^' l a { a )) l a^w 
for the expansion of f(x;a) = EaeN" ^"a( a ) ( x ~ x b) a at another, arbitrary point 
x'q. Also, one can prove that p x is independent of the choice of coordinates Xj and 
of parameters a^. These two facts will not be needed, and the interested reader is 
referred to [|9l for proofs of quite similar statements holding true in the context of 
Cauchy-Riemann geometry. 



2.2 Quantitative Criterion 

for the Number of Superfluous Parameters 

It is rather not practical to compute the generic rank of the infinite Jacobian matrix 
Jac Uoo. To check essentiality of parameters in concrete situations, a helpful criterion 
due to Lie is (iii) below. 

Theorem 2.1. The following three conditions are equivalent: 
(i) In the transformation equations 



x i = fi( x l 



,...,x n ;ai,...,a r ) = £ ^/^(o)(x-xq) 



a 



the parameters a\,...,a r are not essential. 
(ii) (By definition) The generic rank p^ of the infinite Jacobian matrix: 
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is strictly less than r. 

(Hi) Locally in a neighborhood of every (xQ,ao), there exists a not identically zero 



analytic vector field on the parameter space: 

k=\ 

which annihilates all the f(x;a): 



da k 



0^^f=^t k ^ = £ ^t k (a)^(a)(x-x o r (i=l-n). 

k=l da k ae N" k=\ dUk 

More generally, if poo denotes the generic rank of the infinite coefficient mapping: 

then locally in a neighborhood of every (jco,ao). there exist exactly r — poo, and no 
more, analytic vector fields: 

» J 

^ = Y J ^ixk(a)^— (m = 1->-P~), 
k=\ da k 

with the property that the dimension o/Span( e 5i | , . . . , ^r-p„ | a ) is equal to r — poo 
at every parameter a at which the rank of Uoo is maximal equal to poo, such that the 
derivations ^ all annihilate the f(x;a): 

k=l 

Proof. Just by the chosen definition, we have (i) -<=>- (ii). Next, suppose that condi- 
tion (iii) holds, in which the coefficients Xk{a) of the concerned nonzero derivation 
ST are locally defined. Reminding that the Jacobian matrix Jac Uoo has r rows and an 
infinite number of columns, we then see that the n annihilation equations = £F f\, 
when rewritten in matrix form as: 



o=W«) ^)) U^( fl ))i 



just say that the transpose of Jac Uoo (a) has nonzero kernel at each a where the 
vector 3F\ = . . . , T r (a)) is nonzero. Consequently, Jac Uoo has rank strictly 

less than r locally in a neighborhood of every ao, hence in the whole a-domain. So 
(iii) => (ii). 

Conversely, assume that the generic rank Poo of Jac Uoo is < r. Then there exist 
poo<r "basic" coefficient functions ^(l)' ■ ■ • ' ^a(p°) ( mere can ^ e several choices) 
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such that the generic rank of the extracted map a \-t (^(/)) KKp ec l ua l s P°° 
ready. We abbreviate: 



(/ = i- P „). 



The goal is to find vectorial local analytic solutions {i\{a), . . . , x r (a)) to the infinite 
number of linear equations: 



0=Ti(a) ; (a) + --- + T,-(a) g a a K ' {a) 



da\ 



(i=l-n; aeN"). 



To begin with, we look for solutions of the finite, extracted linear system of p a 
equations with the r unknowns T^(a): 

/ \ dui / \ r \ dui / \ / \ / \ 

= Ti(a) —(a) + • • • + T Poo (a) 3— (a) + ■ ■ • + T r (a) —(a) 



0= Ti(fl) 



du Poc 
da\ 



da. 



(a) + --- + x (a) 



du. 



da r 



(a) H hT,(a 



After possibly renumbering the variables (ai, . . . ,a r ), we can assume that the left 
Poo x minor of this system: 



A (a) : = det 



^ — la) 



\da 



1 ^m^Po, 



does not vanish identically. However, it can vanish at some points, and while en- 
deavoring to solve the above linear system by an application of the classical rule 
of Cramer, the necessary division by the determinant A (a) introduces poles that are 
undesirable, for we want the Tk(a) to be analytic. So, for any /1 with 1 ^ /1 $C r — p^, 
we look for a solution (rewritten as a derivation) under the specific form: 



-A(a) 



da 



d d 



da^ 



{fi = l-r-p^ 



in which we introduce in advance a factor A (a) designed to compensate the un- 
avoidable division by A (a). Indeed, such a ^ will annihilate the u/: 



= ^ui = -. 

if and only its coefficients are solutions of the linear system: 
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A(a) 



da 



A(a) 



i \ ^ u l / \ 
TulW 3— \ a ) H ^ T MP« 



[0)3— (fl) 



V( a ) 



<9a 1 



(a) + • ■ ■ + % 



din. 



(a). 



Cramer's rule then yields the unique solution: 



A (a) 



<9u 1 
du 



A{a) 



<9ui 



'■£=■( a) ••■ ^(a)^-(fl) 



du\ 



da pc 



(k=l-r), 



where, as predicted, the overall factor A (a) of the k-th column compensates the 
division by the determinant A (a) of this system, so that the ^ all have analytic 
coefficients indeed. 

Clearly, 3?[ , . . . , 2F r -p^ are linearly independent at all (generic) points a where 
A (a) ^ 0. It remains to show that the ^ also annihilate all other coefficient func- 
tions 

Thus, let (?', a) 7^ (i(l), 05(1)), . . ., (i(p°o), 05 (poo)). By the very definition of Poo, 
the generic rank of any r x (1 + poo) extracted subJacobian matrix: 



»£( fl ) jjyi( fl )... ^(a)\ 



must always be equal to Poo, the generic rank of its last poo columns. Consequently, 
in a neighborhood of every point a at which its top right Poo x Poo minor A [a) does 
not vanish, the first column is a certain linear combination: 



du 



dUr 



da k 



X\(a) (a) H \-kp(a) -, P °° (a) 

aat ' oat 



(( = !•■•«; ael 



jfc=i- 



of the last Poo columns in question, where, again thanks to an appropriate applica- 
tion of Cramer's rule, the coefficients A; (a) are analytic in the concerned generic 
neighborhood, for their denominator A (a) is there. It then follows immediately 
by appropriate scalar multiplication and summation that: 



k=\ 



da k 



k=l 



k=i d a k 

= Ai(fl) ^ u\ H h A Poo (a) ^ u Po< 

= 



(; = l-n; aeN"). 
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But since these analytic equations hold on the dense open set where A (a) ^ 0, we 
deduce by continuity that the equations: 

0= 3^1^ = ■■■ = ^ r -p^a (i=l-n; aeN") 

do hold everywhere, as desired. In conclusion, we have shown the implication (ii) 
=>• (iii), and simultaneously, we have established the last part of the theorem. □ 

Corollary 2.1. Locally in a neighborhood of every generic point ao at which 
the infinite coefficient mapping a t— > 1100(13) has maximal, locally constant rank 
equal to its generic rank p TC , there exist both a local change of parameters 
a 1 — y (lit (a), . . . , Up oo (a)) =: u decreasing the number of parameters from r down to 
Poo, and new transformation equations: 

x' i = gi(x; Ui,...,U p J (i=l-n) 

depending only upon poo parameters which give again the old ones: 

gi(x; u(a)) =f(x;a) (i=l-n). 

Proof. Choose Poo coefficients ^m(fl) =: u/(a), 1 < / ^ Poo, with A (a) : = 
det (^g^(fl)) 1<Ikp ^ as in the proof of the theorem. Locally in some small 

neighborhood of any a with A(ao) 7^ 0, the infinite coefficient map Uoo has 
constant rank poo, hence the constant rank theorem provides, for every (i,0t), a 
certain function ^ of Poo variables such that: 

^(a) = rj(ui(fl),..., Upu (fl)). 

Thus, we can work out the power series expansion: 

fi (x;a)= ZaeN" ^a(a)(x-xo) a 

= LaeN"^ / a( u l( a )^--^Po.(a))(x-x ) a 
=: gi(x 1 ui(a) 1 ... 1 u Pco (a)). 

which yields the natural candidate for gi{x; u). Lastly, one may verify that any 
Cauchy estimate for the growth decrease of ^( a ) as l a l ~~ ^ 00 insures a similar 
Cauchy estimate for the growth decrease of b \-± ^(u), whence each gi is analytic, 
and in fact, termwise substitution was legitimate. □ 



2.3 Axiom of Inverse and Engel's Counter-Example 

Every analytic diffeomorphism of an n-times extended space permutes all the points 
in a certain differentiable, invertible way. Although they act on a set of infinite car- 
dinality, diffeomorphisms can thus be thought to be sorts of analogs of the substi- 
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tutions on a finite set. In fact, in the years 1873-80, Lie's Idee fixe was to build, in 
the geometric realm of w-dimensional continua, a counterpart of the Galois theory 
of substitutions of roots of algebraic equations (flU). 

As above, let x' = f(x; a\, . . . ,a r ) =: f a (x) be a family of (local) analytic diffeo- 
morphisms parameterized by a finite number r of parameters. For Lie, the basic, 
single group axiom should just require that such a family be closed under composi- 
tion, namely that one always has f a (fb( x )) = fc(x) for some c depending on a and 
on b. More precisions on this definition will given in the next chapter, but at present, 
we ask whether one can really economize the other two group axioms: existence of 
an identity element and existence of inverses. 

Lemma 2.1. IfH is any subset of some abstract group G with Card// < °° which is 
closed under group multiplication: 

h\h2 E H whenever h\,h2E H, 

then H contains the identity element eofG and every hE H has an inverse in H, so 
that H itself is a true subgroup of G. 

Proof. Indeed, picking h E H arbitrary, the infinite sequence h, h 2 , h 3 , . . . , h k , . . . of 
elements of the finite set H must become eventually periodic: h a = h a+n for some 
a^l and for some n ^ 1, whence e = h n , so e E H and h"~ [ is the inverse of h. □ 

For more than thirteen years, Lie was convinced that a purely similar property 
should also hold with G = Diff„ being the (infinite continuous pseudo)group of 
analytic diffeomorphisms and with H C Diff„ being any continuous family closed 
under composition. We quote a characteristic excerpt of [7 ], pp. 444-445. 

As is known, one shows in the theory of substitutions that the permutations of a 
group can be ordered into pairwise inverse couples of permutations. Now, since 
the distinction between a permutation group and a transformation group only 
lies in the fact that the former contains a finite and the latter an infinite number 
of operations, it is natural to presume that the transformations of a transforma- 
tion group can also be ordered into pairs of inverse transformations. In previous 
works, I came to the conclusion that this should actually be the case. But be- 
cause in the course of my investigations in question, certain implicit hypotheses 
have been made about the nature of the appearing functions, then I think that it is 
necessary to expressly add the requirement that the transformations of the group 
can be ordered into pairs of inverse transformations. In any case, I conjecture 
that this is a necessary consequence of my original definition of the concept [Be- 
griff] of transformation group. However, it has been impossible for me to prove 
this in general. 

As a proposal of counterexample that Engel devised in the first year he worked 
with Lie (1884), consider the family of transformation equations: 
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x' = £x, 

where x, x 1 E C and the parameter £ G C is restricted to | £ | < 1 . Of course, this fam- 
ily is closed under any composition, say: x 1 = C,\x and x" = t^x 1 = with in- 
deed I £2 Ci I < 1 when I £1 1 , I £2 1 < 1 1 but neither the identity element nor any inverse 
transformation does belong to the family. However, the requirement | £ | < 1 is here 
too artificial: the family extends in fact trivially as the complete group (V = C,x) 
of dilations of the line. Engel's idea was to appeal to a Riemann map ft) having 
{ I CI = 1 } as a frontier of nonextendability. The map used by Engel is the follow- 
ing^. Let odyt denote the number of odd divisors (including 1) of any integer k ^ 1. 
The theory of holomorphic functions in one complex variables yields the following. 

Lemma 2.2. The infinite series: 

a (a) := £ -^27= £ {a v +a 3v +a 5v + a lv + ---) = £ od k a k 

v>l 1 a v^l k^l 

converges absolutely in every open disc A p = {z E C : |z| < p} of radius p < 1 and 
defines a univalent holomorphic function A — > Cfrom the unit disc A := {|z| < 1} 
to C which does not extend holomorphically across any point of the unit circle 
dA:={\z\ = l}. 

In fact, any other similar Riemann biholomorphic map £ 1 — > ©(£)=: X from the 
unit disc A onto some simply connected domain A := 00(A) having fractal boundary 
not being a Jordan curve, as e.g. the Von Koch Snowflake Island, would do the jobo 
Denote then by A 1 — > %(X) =: £ the inverse of such a map and consider the family 
of transformation equations: 

(x' = X {h)x) XeA . 

By construction, | < 1 for every A G A. Any composition of x 1 = x(^i)x and 
of x" = %(%i)x' is of the form x" = %(X) x, with the uniquely defined parameter 
A := (q(%(X\) ^(^2)), hence the group composition axiom is satisfied. However 
there is again no identity element, and again, none transformation has an inverse. 
And furthermore crucially (and lastly), there does not exist any prolongation of the 
family to a larger domain A D A together with a holomorphic prolongation % of % 
to A so that x[A) contains a neighborhood of { 1 } (in order to catch the identity) 
or a fortiori a neighborhood of A (in order to catch inverses of transformations 
x' = x(h)x with A e A close to dA). 



1 In the treatise [4j, this example is presented at the end of Chap.|9] see below p. [175] 

2 A concise presentation of Caratheodory's theory may be found in Chap. 17 of 1101 . 
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Observation 

In Vol. I of the Theorie der Transformationsgruppen, this example appears only in 
Chap. 9, on pp. 163-165, and it is written in small characters. In fact, Lie still be- 
lieved that a deep analogy with substitution groups should come out as a theorem. 
Hence the structure of the first nine chapters insist on setting aside, whenever pos- 
sible, the two axioms of existence of identity element and of existence of inverses. 
To do justice to this great treatise, we shall translate in Chap. [9] how Master Lie 
managed to produce the Theorem 26 on p. 11731 which he considered to provide the 
sought analogy with finite group theory, after taking Engel's counterexample into 
account. 
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Chapter 3 

Fundamental Differential Equations 

for Finite Continuous Transformation Groups 



Abstract A finite continuous local transformation group in the sense of Lie is a 
family of local analytic diffeomorphisms x[ = fi(x; a), i = 1 . . . , n, parametrized by a 
finite number r of parameters a\,...,a r that is closed under composition and under 
taking inverses: 

fi(f(x; a);b)) = f(x; m(a,b)) and x t = f(x; i(a)), 

for some group multiplication map m and for some group inverse map i, both local 
and analytic. Also, it is assumed that there exists e = (e\, . . . , e r ) yielding the iden- 
tity transformation: f(x; e) = X{. 

Crucially, these requirements imply the existence of fundamental partial differ- 
ential equations: 




(i=l — n, k = 1 ■■■ r) 



which, technically speaking, are cornerstones of the basic theory. What matters here 
is that the group axioms guarantee that the rxr matrix depends only on a and 
it is locally invertible near the identity. Geometrically speaking, these equations 
mean that the r infinitesimal transformations: 



dfl / \ d df n d 

(x; a) 1 h ^ — {x; a) ■ 



(k=l-r) 



da^ ' dx\ da^ ' dx n 

corresponding to an infinitesimal increment of the k-th parameter computed at a: 



f(x;a l ,...,a k + e,...,a r )-f(x;ai,...,a k ,...,a r 



are linear combinations, with certain coefficients —y/kj( a ) depending only on the 
parameters, of the same infinitesimal transformations computed at the identity: 



n\ x 



dfi, x d 
■{x; e)- h' 



da k 



dx\ 



Jf n x d 

+ - — [x, e 



da^ 



dx n 



(k=l-r). 
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3 Fundamental Differential Equations for Finite Continuous Transformation Groups 



Remarkably, the process of removing superfluous parameters introduced in the 
previous chapter applies to local Lie groups without the necessity of relocalizing 
around a generic ao, so that everything can be achieved around the identity e itself, 
without losing it. 



3.1 Concept of Local Transformation Group 

Let K = R or C, let n ^ 1 be an integer and let x = (xi , . . . ,x n ) G K" denote variables 
of an n-times extended space. We shall constantly employ the sup-norm: 

\x\ := max IxA, 

where | ■ | denotes the absolute value on R, or the modulus on C. For various "radii" 
p > 0, we shall consider the precise open sets centered at the origin that are defined 
by: 

A n p := {jcgK" : |jc| < p}; 

in case K = C, these are of course standard open polydiscs, while in case K = R, 
these are open cubes. 

On the other hand, agairQ with K = R or C, let r ^ 1 be another integer and 
introduce parameters a = {a\,...,a r ) in W, again equipped with the sup-norm: 

\a\ max \aA. 

For various o > similarly, we introduce the precise open sets: 

n r a := {aeK r : \a\ < a}. 

3.1.1 Transformation Group Axioms 
Let 

Xi = fi(xi,--.,x n ;ai,...,a r ) (i=i-«) 

be a local transformation equations, as presented in ChapterQ] To fix the local char- 
acter, the fi(x;a) will be assumed to be defined when |x| < pi and when \a\ < 0\, 
for some Pi > and for some 0\ > 0. We shall assume that for the parameter a := e 
equal to the origin G K r , the transformation corresponds to the identity, so that: 

fi(xi,...,x„ :0,...,0) =Xj (i=l-n). 



1 When x E R" is real, while studying local analytic Lie group actions x* t = fi(x;a) below, we will naturally require 
that a 6 IR r also be real (unless we complexify both x and a). When x e C", we can suppose a to be either real or 
complex. 
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Consequently, for the composition of two successive such transformations 
x' = f(x;a) and x" = f(x';b) to be well defined, it suffices to shrink p\ to p2 with 
< p2 < Pi and 0\ to 02 with < 02 < 01 in order to insure that: 

\f(x;a) \ < pi for all \x\ < P2 and all \a\ < 02. 

This is clearly possible thanks to f(x; 0) = x. Now, we can present the local trans- 
formation group axioms, somehow with a rigorous control of existence domains. 




x 













• a 






5 





A" 



■f(x;a) 



:V >" 

• 



Fig. 2: Local transformation group in terms of cubes 

Group composition axiom. For every x e zlp 2 , and a,b e D^, an arbitrary com- 
position: 



(1) 



x" = f(f(x;a);b) = f(x;c) = f(x;m(a,b)) 



always identifies to an element f(x;c) of the same family, for a unique parameter 
c = m(a,b) given by an auxiliary group-multiplication local analytic map: 



m 



K r 



which satisfies m(DL x D^) C n r a and m(a,e) = va(e,a) = a. 

For a,b,c E with < 03 < 02 < Oi small enough so that three successive 
compositions are well defined, the associativity of diffeomorphism composition 
yields: 

f(x;m(m(a,b),c)) = f(f(f(x;a);b);c) = f(x;m(a,m(b,c))), 

whence, thanks to the supposed uniqueness of c = m(a,b), it comes the group as- 
sociativity: m(m(a,Z?),c) =m(a,m(&,c)) for such restricted values of a,b,c. 

Contrary to what his opponents sometimes claimed, e.g. Study, Slocum and oth- 
ers, Lie was conscious of the necessity of emphasizing the local character of trans- 
formation groups that is often required in applications. Amongst the first 50 pages of 
the Theorie der Transformationsgruppen, at least 15 pages (written in small charac- 
ters) are devoted to rigorously discuss when and why domains of definition should 
be shrunk. We translate for instance a relevant excerpt ([1 j, pp. 15-16) in which the 
symbol (x), due to Weierstrass and introduced by Engel and Lie just before, denotes 
a region of the coordinate space and (a) a region of the parameter space, with the ft 
analytic there. 



24 



3 Fundamental Differential Equations for Finite Continuous Transformation Groups 



Here one has to observe that we have met the fixing about the behavior of the 
functions fi(x;a) only inside the regions (x) and (a). 

Consequently, we have the permission to substitute the expression x' v = 
f v (x,a) in the equations x'/ = fi(x',b) only when the system of values x' 1 ,...,x' n 
lies in the region (x) . That is why we are compelled to add, to the fixings met up 
to now about the regions (jc) and (a), yet the following assumption: it shall be 
possible to indicate, inside the regions (jc) and (a), respective subregions ((x)) 
and ((a)) of such a nature that the x J j always remain in the region (x) when the 
Xi run arbitrarily in ((jc)) and when the run arbitrarily in ((a)); we express this 
briefly as: the region x' = f(((x)) ((a))) shall entirely fall into the region (x). 

According to these fixings, if we choose the region ((jc)) and 

ai,...,a r in the region ((a)), we then can really execute the substitution x' k = 
fk(x,a) in the expression fi(x\,. . . ,x' iv b\,.. -,b n ); that is to say, when x° l7 . . . ,x° 
means an arbitrary system of values in the region ((jc)), the expression: 



power series in x\ — jq, . . . ,x n — x„; the coefficients of this power series are func- 
tions of a\ , . . . , a r , b\ , . . . , b r and behave regularly, when the are arbitrary in 
((a)) and the b^ are arbitrary in (a) . 

Existence of an inverse-element map. There exists a local analytic map: 



with i(e) = e (namely i(0) = 0) such that for every a 6 \3 r a : 



for every x G Al 



3.1.2 Some Conventions 

In the sequel, the diffeomorphism x \-t f(x;a) will occasionally be written x 
f a (x). Also, we shall sometimes abbreviate m(a,b) by a ■ b and i(a) by a -1 . Also, a 
finite number of times, it will be necessary to shrink again p2 and o~2- This will be 
done automatically, without emphasizing it. 




as an ordinary 



e = m(a,i(a)) = m(i(a),a 
whence in addition: x = 



) 

f(f(x;a);i(a 



)) = f(f(x;i(a)y,a), 



3.2 Changes of Coordinates and of Parameters 

3.2 Changes of Coordinates and of Parameters 



25 



In the variables x\, . . . ,x n , let the equations: 

x- = /j(xi,...,x n , ai,...,a r ) (i=l-n) 

of an r-term group be presented. Then there are various means to derive from 
these equations other equations which represent again an r-term group. 

On the first hand, in place of the a, we can introduce r arbitrary independent 
functions of them: 

a* = j3jfc(ai,.--,flr) (k=l-r) 

as new parameters. By resolution with respect to ai, . . . , a r , one can obtain: 

0Jfc=%(3l,.--»3r) (*=l-r) 
and by substitution of these values, one may set: 

fi\X\i • • • i^nt O'X i • • • t O't) = fi C^l 5 • ■ ■ i-^di ^1 5 • ■ ■ 5 "r) • 

Then if we yet set: 

P k (bi,...,b r ) = b k , p k (c l ,... 1 c r ) = c k (k=l-r), 

the composition equations: 

//(/l (*»«), bi,...,b r ) =f i (x 1 ,... 1 x n , ci,...,c r ) 

take, without effort, the form: 

fi(fi(x,a), f„(x,a), b h ...,b r ) = fi(x\, . . . ,x n , c\, . . . ,c r ), 

from which it results that the equations: 

= f('( x li • • .,X n , Oi, . . . ,fl r ) (i=l— n) 

with the r essential parameters a\,...,a r represent in the same way an r-term 
group. 

Certainly, the equations of this new group are different from the ones of the 
original group, but these equations obviously represent exactly the same trans- 
formations as the original equations x\ = /;(x,a). Consequently, the new group 
is fundamentally identical to the old one. 

On the other hand, we can also introduce new independent variables yj , . . . ,y n 
in place of the x: 

y { = (Oi(xi,...,x n ) (i=l-n), 
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or, if resolved: 

Xi = Wi(yi,...,y„) 0'=i •••»)• 

Afterwards, we have to set: 

A = wt(A,. ■ ■ ,y' n ) = < A = m(y'L ■ ■■,£) = 

and we hence obtain, in place of the transformation equations: 

Xj = fi {x\ , . . . , X n , Cl\ , . . . , Clr) j 

the following ones: 

Wi(y[,- ■ -,y'n) = fi(wu- . .,W„, «1, • • - 

or, by resolution: 

= Q%(/i(w,a), ...,/„(w,a)) = &(yi,...,y»,ai,. ..,«,-)■ 
It is easy to prove that the equations: 

y'i = $i(yi,---,yn, ai,...,a r ) (*=i-n) 

with the r essential parameters ai,...,a r again represent an r-term group. In fact, 
the known equations: 

fi(fi(x,a),...,f n (x,a), h,... ,b r ) =f i (x h ... 1 x m c ll ...,c r ) 

are transferred, after the introduction of the new variables, to: 

fi{f(w,a),b) =/i(wi,...,w n) ci,...,c r ), 

which can also be written: 

fi(w\, . . . 7 w' n , b h ...,b r ) = fi(wi,...,w n , ci,...,c r ) =W( \ 

but from this, it comes by resolution with respect to //, . . . , y": 

y" = (Ov(f\{W,b),...,f n {W,b)) = fflv(/i(w,c),...,/„(w,c)), 

or, what is the same: 

y'v = ffv(yii • • • ^ ■■•>*/■) = ffvCyi, •■■ ci, ... ,c r ), 

that is to say: there exist the equations: 

#v(#i(y><0) •••»&i(y><0j A) = 3v(>i, •••,)>«, ci,...,c r ), 

whence it is indeed proved that the equations y\ = ^i{y, a) represent a group. 



3.2 Changes of Coordinates and of Parameters 
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Lastly, we can naturally introduce at the same time new parameters and new 
variables in a given group; it is clear that in this way, we likewise obtain a new 
group from the original group. 

At present, we set up the following definition: 

Definition. Two r-term groups: 

x- = /j(xi,...,x n , ai,...,a r ) (i=i-n) 

y'i = fi{yi,---,yn,b h ---,br) (i=l-n) 

in the same number of variables are similar [ahnlich] to each other as soon as 
the one converts into the other by the introduction of appropriate new variables 
and of appropriate new parameters. 

Obviously, there is an unbounded number of groups which are similar to a 
given one; but all these unboundedly numerous groups are known simultane- 
ously with the given one. For this reason, as it shall also happen in the sequel, 
we can consider that two mutually similar groups are not essentially distinct 
from each other. 

Above, we spoke about the introduction of new parameters and of new variables without deal- 
ing with the assumptions by which we can ascertain that all group-theoretic properties essential 
for us are preserved here. Yet a few words about this point. 

For it to be permitted to introduce, in the group x\ = fi{x\, . . . ,x n , a\, . . . ,a r ), the new pa- 
rameters a* — Pk( a ii- ■ ■ i a r) m place of the a, the must be univalent functions of the a in 
the complete region (a) defined earlier on, and they must behave regularly everwhere in it; the 
functional determinant £ ±dfi\/da\ ■ ■ ■ dj5 r /da r should vanish nowhere in the region (a), and 
lastly, to two distinct systems of values a\,...,a r of this region, there must always be associated 
two distinct systems of values ai,...,a r . In other words: in the region of the a^, one must be 
able to delimit a region (a) on which the systems of values of the region (a) are represented in a 
univalent way by the equations = j3^(«i , . . . , a r ). 

On the other hand, for the introduction of the new variables y ( = (Oi(xi, ■ ■ ■ ,x n ) to be 
allowed, the y must be univalent and regular functions of the x for all sytems of val- 
ues Xi,...,X„ which come into consideration after establishing the group-theoretic properties 
of the equations x\ = fi{x\,... 1 x n ,a\,...,a r ); inside this region, the functional determinant 
£ ±d(0\/dx\ ■ ■ ■ d(0„/dx„ should vanish nowhere, and lastly, to two distinct systems of values 
x\, . . . ,x„ of this region, there must always be associated two distinct systems of values yi,...,y n . 
The concerned system of values of the x must therefore be represented univalently onto a certain 
region of systems of values of the y. 

If one would introduce, in the group x\ =fj(x,a), new parameters or new variables without the 
requirements just explained being satisfied, then it would be thinkable in any case that important 
properties of the group, for instance the group composition property itself, would be lost; a group 
with the identity transformation could convert into a group which does not contain the identity 
transformation, and conversely. 

But it certain circumstances, the matter is only to study the family of transformations 
x\ = fi(x,a) in the neighbourhood of a single point a\, . . . ,a r or jci, . . . ,x n . This study will often 
be facilitated by introducing new variables or new parameters which satisfy the requirements 
mentioned above in the neighbourhood of the concerned points. 
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In such a case, one does not need at all to deal with the question whether the concerned 
requirements are satisfied in the whole extension of the regions (x) and (a). 

Now, if we have a family of °° r transformations: 

Xj = fi (jCj , . . . , X n , d\ , . . . , (Xr) 

which forms an r-term group, then there corresponds to this family a family 
of °° r operations by which the points of the space xi, . . . ,jc„ are permuted. Evi- 
dently, any two of these co r operations, when executed one after the other, always 
produce an operation which again belongs to the family. 

Thus, if we actually call a family of operations of this sort a group-operation 
[Operationsgruppe], or shortly, a group, then we can say: every given r-term. 
transformation group can be interpreted as the analytic representation of a cer- 
tain group of°° r permutations of the points x\ , . . . ,x n . 

Conversely, if a group of °° r permutations of the points x\ , . . . ,x n is given, and 
if it is possible to represent these permutations by analytic transformation equa- 
tions, then the corresponding °° r transformations naturally form a transformation 
group. 

Now, if one imagines that a determined group-operation is given, and in ad- 
dition, that an analytic representation of it is given — hence if one has a trans- 
formation group — , then this representation has in itself two obvious incidental 
characters [Zufalligkeit]. 

The first incidental character is the choice of the parameters ai,...,a r . It 
stands to reason that this choice has in itself absolutely no influence on the 
group-operation, when we introduce in place of the a the new parameters 
®k = Afc(ai,---,«r)- Only the analytic expression for the group-operation will 
be a different one on the occasion; therefore, this expression represents a trans- 
formation group as before. 

The second incidental character in the analytic representation of our group- 
operation is the choice of the coordinates in the space x\, . . . ,x n . Every permu- 
tation of the points jq , . . . ,x n is fully independent of the choice of the system 
of coordinates to which one refers the points x\ , . . . ,x n \ only the analytic repre- 
sentation of the permutation changes with the concerned system of coordinates. 
Naturally, the same holds for any group of permutations. From this, it results 
that by introducing new variables, that is to say, by a change of the system of 
coordinates, one obtains, from a transformation group, again a transformation 
group, for the transformation equations that one receives after the introduction 
of the new variables represent exactly the same group-operation as the one of the 
initial transformation group, so that they form in turn a transformation group. 

Thus, the analytic considerations of the previous paragraphs are now ex- 
plained in a conceptual way. Above all, it is at present clear why two similar 
transformation groups are to be considered as not essentially distinct from each 



3.3 Geometric Introduction of Infinitesimal Transformations 
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other; namely, for the reason that they both represent analytically one and the 
same group-operation. 

3.3 Geometric Introduction of Infinitesimal Transformations 

Now, for reasons of understandability, we shall present in advance the basic geo- 
metric way in which infinitesimal transformations can be introduced, a way which 
is knowingly passed over silence in the great treatise [Q]|. 

Letting £ denote either an infinitesimal quantity in the sense of Leibniz, or a 
small quantity subjected to Weierstrass' rigorous epsilon-delta formalism, for fixed 
k E { 1 , 2, . . . , r}, we consider all the points: 

JC ; - fi (x, -)-£,..., 

d fi, \ 

= X(+^ — {x;e)e-\ (i=l-n) 

da k 

that are infinitesimally pushed from the starting points x = f(x; e) by adding the tiny 
increment £ to only the k-th identity parameter e k . One may reinterpret this common 
spatial move by introducing the vector field (and a new notation for its coefficients): 



dak ' dxi 



i=l 



which is either written as a derivation in modern style, or considered as a column 
vector: 



based at x, where T (-) denotes a transposition, yielding column vectors. Then x' 
x + eX^-\ , or equivalently: 



A =Xi + E §y + ■ 



(i=l-«), 



where the left out terms "H " are of course an 0(£ 2 ), so that from the geometrical 

viewpoint, x' is infinitesimally pushed along the vector up to a length £. 



03 



"I 




"3 



"1 




Fig. 3: Infinitesimal displacement x' = x + eX e of all points 

More generally, still starting from the identity parameter e, when we add to e an 
arbitrary infinitesimal increment: 
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(e l + eXi,...,e k + eXk,...,e r + eX r ), 

where T (Ai, . . . , X?) is a fixed, constant vector based at e in the parameter space, it 
follows by linearity of the tangential map, or else just by the chain rule in coordi- 
nates, that: 

n d fi 

fi(x;e + eX) = x t + £ eX k -^-{x;e) + ■ • • 

k=l k 
n 

= Xi + e £ hZki(x) + ■ ■ ■ , 
k=\ 

so that all points x' = x + eX H are infinitesimally and simultaneously pushed 

along the vector field: 

X \— XiXf + • ■ ■ + X r Xy 

which is the general linear combination of the r previous basic vector fields X£, 
k= l,...,r. 

Occasionally, Lie wrote that such a vector field X belongs to the group 
x 1 = f(x;a), to mean that X comes itself with the infinitesimal move xf = x + eX 
it is supposed to perform (dots should now be suppressed in intuition), and hence 
accordingly, Lie systematically called such an X an infinitesimal transformation, 
viewing indeed x' = x + £ X as just a case of x' = f(x, a) . Another, fundamental and 
very deep reason why Lie said that X belongs to the group x' = f(x, a) is that he 
showed that local transformation group actions are in one-to-one correspondence 
with the purely linear vector spaces: 

Vect K (X h X 2 ,...,X r ), 

of infinitesimal transformations, which in fact also inherit a crucial additional al- 
gebraic structure directly from the group multiplication law. Without anticipating 
too much, let us come to the purely analytic way how Engel and Lie introduce the 
infinitesimal transformations. 



3.4 Derivation of Fundamental Partial Differential Equations 

So we have defined the concept of a purely local Lie transformation group, insisting 
on the fact that composition and inversion are both represented by some precise 
local analytic maps defined around the identity. The royal road towards the famous 
theorems of Lie is to differentiate these finite data, namely to infinite simalize. 
We start with the group composition law (OQ) which we rewrite as follows: 

x" = f(f(x;a);b) =f(x;a-b) =:f(x;c). 

Here, c :=a-b depends on a and b, but instead of a and b, following fl}, we want to 
consider a and c to be the independent parameters, namely we rewrite b = a~ 1 ■ c =: 



3.4 Derivation of Fundamental Partial Differential Equations 31 

b{a 1 c) so that the equations: 

fi(f(x;a);b(a,c)) =fi(x;c) (i=i-n) 

hold identically for all x, all a and all c. Next, we differentiate these identities with 
respect to a^, denoting f\ = fj(x';b) and x'j = fj(x;a): 



dx\ da^ dx'n ddk db\ da^ db r da^ 

Here of course again, the argument of /' is (f(x 1 a);b(a,c)), the argument of 
x' is (x;a) and the argument of b is (a,c). Thanks to x"(x';e) = x', the matrix 

-r4-(/(jc;e);Z?(e,e)) is the identity I nxn . So using Cramer's ru 

ifi 

for each fixed 

k, we can solve the preceding n linear equations with respect to the n unknowns 
. . . , getting expressions of the form: 

d x v , \ ~ , i i \ db\ , . „ , , , . db r . 

(2) ~da~k = * ' ~da~k v ^rv{x ,b) ^( a > c J 

(v= 1 —n;k= 1 ■■■ r 



> ? 



with some analytic functions Sj V (x',b) that are independent of k. 

db ■ 

On the other hand, in order to substitute the we differentiate with respect to 
a£ the identically satisfied identities: 



We therefore get: 



c M =m M (fl,*(a,c)) (ji=i~r). 



da* £i C^tt dafc 



But since the matrix is the identity 7 rX r for (a,£(a,c)) L c w ee \ = (e,e), just 
because m(e,b) = b, Cramer's rule again enables one to solve this system with 
respect to the r unknowns getting expressions of the form: 

-J^-(a,c) = W k7t (a,c), 

for certain functions W^, defined on a possibly smaller parameter product space 
\3 r a x D r O0 . Putting again (a, c) = (e, e) in the same system before solving it, we get 
in fact (notice the minus sign): 



2 



— and possibly also, shrinking P2 and 02 if necessary, and also below, without further mention. 
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( db„ 



sothatW kn (e,e) = -5£. 

We can therefore now insert in © the gained value of -r 1 -, obtaining (and 
quoting [1], p. 29) the following crucial partial differential equations: 



(2') j^(x;a) = £ %Aa,b)E KV (x',b) 



(v = 1 ■■■n, k= 1 ■■■r) 



These equations are of utmost importance [ausserst wichtig], as we will see 
later. 

Here, we have replaced c by c = c(a, b) = a-b, whence b{a, c(a, b)) = b, and we 
have reconsidered (a,b) as the independent variables. 



3.4.1 Restricting Considerations to a Single System of Parameters 



Setting b := e in (|2j above, the partial derivatives of the group transformation equa- 
tions x\ = x'j(x;a) with respect to the parameters a^ at (x;a): 



(2") 



dx'- r 

- 5 - L (x;a)= V y k j{a)E,ii(x'{x-,a)) 
dak 



(i= 1 ■■■n, Ic= 1 ■■■;■), 



appear to be linear combinations, with certain coefficients := ^(a,e) de- 

pending only upon a, of the quantities ^jiix 1 ) := Ejift ,b)\, = . But we in fact al- 
ready know these quantities. 



3.4.2 Comparing Different Frames 
of Infinitesimal Transformations 

Indeed, setting a = e above, thanks to y/jy (e) = — <5^, we get immediately: 

, dx'- 
= ^d(x{xr,e)) =--^-(x;e), 

whence the §y(jc) j ust coincide with the coefficients of the r infinitesimal transfor- 
mations already introduced on p. [29] (with an overall opposite sign) and written as 
derivations: 



3.5 Essentializing the Group Parameters 
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(3) 



X k\ x 



dak 



-(x;e) 



dx\ 
d_ 
dx\ 



df n d 
oak dx n 



(k=l-r). 



Now at last, after having reproduced some rather blind computations by which Lie 
expresses his brilliant synthetic thoughts, the crucial geometric interpretation of the 
twice-boxed partial differential equations can be unveiled. 
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Fig. 4: Geometric signification of the fundamentai differentiai equations 

Instead of differentiating with respect to ak only at (x;e), we must in principle, for 
reasons of generality, do the same at any (x;a), which yields the vector fields: 



Y a \ 

Xk \fa{x) 



d fi , . d df n d 

{x;a) 1 h ^ — (x;a) 



dak 



dx\ 



dak ' dx n 



(k=l-r), 



and then the fundamental partial differential equations say that such new r infinites- 
imal transformations: 







f a (x) "' Vkr{a)X r 


/•to 



are just linear combinations, with coefficients depending only upon the group pa- 
rameters, of the r infinitesimal transformations Xf , . . . ,Xf computed at the special 
parameter e, and considered at the a-pushed points f a (x). 

Finally, since the matrix ^kj{ a ) has an inverse that we will denote, as in fT), by 
OCjk(a) which is analytic in a neighborhood of e, we can also write the fundamental 
differential equations under the reciprocal form, useful in the sequel: 



(4) 



dx' : 



Zji(x'(x;a)) = £ aijk{a) -^-foa 
k=\ dak 



)■ 



(/=!...„; j = \-r). 



3.5 Essentializing the Group Parameters 

As we have seen in the previous chapter, the (needed) suppression of illusory 
parameters in the transformation group equations x\ = fi(x;a) = LaeN" %a( a ) x<X 
might require to relocalize considerations to some neighborhood of some generic 
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a , which might possibly not include the identity e. Fortunately, this does not 
occur: the group property ensures that the rank of the infinite coefficient map 

Uoo : a i — > (^a( a ))a£N« 3 * s constant around e. 

Proposition 3.1. For a finite continuous local Lie transformation group x\ = 
fi(x;a) = EaeN" ^iSfl)^ expanded in power series with respect to x, the 
following four conditions are equivalent: 

(i) The parameters (a\, . . . ,a r ) are not essential, namely the generic rank of a i — > 
(^a( a )) aeN"" zs strictly less than r. 

(ii) The rank at all a near the identity e = (and not only the generic rank) of a i — > 
(^a( a )) o^m" w strictly less than r. 

(iii) There exists a vector field ST = Ljt=i %( a ) having analytic coefficients 
Tk(a) which vanishes nowhere near e and annihilates all coefficient functions : 
= S/'^^for all i and all a. 

(iv) There exist constants e\ , . . . , e r £ K not all zero such that, if 

dfi . . d df n . . d 

X k = — (x;e)^— H (-3— (*;e)-5— (*=i-n) 

afljt ox\ oak ox n 

denote the r infinitesimal transformations associated to the group, then: 

= eiXi + --- + e r X r . 

Proof. Suppose that (iv) holds, namely via the expressions ©: 

= -ei£iz(*) e r £ri(x) (i=l-n). 

By applying the linear combination K=i t0 tne partial differential equa- 
tions ©, the left member thus becomes zero, and we get n equations: 

0= L e J e jk( a )^- L { X ' a ) (i=l-n) 



which just say that the not identically zero vector field: 

d 

k=l \j=i 



it=i V ,=i / 



da^ 



satisfies = f\ = ■ ■ ■ = f n , or equivalently = for all i and all a. Since 

the matrix 0(a) equals — I rXr at the identity e, the vectors 2?\ are nonzero for all a 
in a neighborhood of a. In conclusion, (iv) implies (iii), and then straightforwardly 
(iii) (ii) (i). 

It remains to establish the reverse implications: (i) =>■ (ii) (iii) => (iv). As a key 
fact, the generic rank in (i) happens to be constant. 



3.5 Essentializing the Group Parameters 
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Lemma 3.1. There exist two «xoo matrices (Coeff a (a))^^„ and (Coeff^(a)) a! 
of analytic functions of the parameters a\,...,a r which enjoy appropriate Cauchy 
convergence estimates^ the second matrix being the inverse of the first, such that: 



&i(m(a,b))= £ Coeffg(a)^>) 

j3eN" 



(i=l-n; aeN"), 



and inversely: 



K(b)= £ Coeff£(a)^(m(a,Z?)) 

/3eN" 



(i=l-n; aeN"). 



As a consequence, the rank of the infinite coefficient mapping a i — > (^(a)) 
is constant in a neighborhood of e. 

Proof By definition, the composition of x' = LaeN" ^a( a ) x<x an d of x 1 ! = 
Lj8eN" ^fi(^) ( x> )^ yields jcf = f[x; m(a,b)) and we must therefore compute the 
composed Taylor series expansion in question, which we place in the right-hand 
side: 

aeN" |3eN" VaeN" / 

To this aim, we use the general formula for the expansion of a k-th power: 









( I 




L c «i 


VaeN" 


aeN" a! 4 


•■■+a A . = a 



of a scalar power series. Thus splitting x'^ = (x\)$ l ■ ■ ■ (x / n )^ n in scalar powers, we 
may start to compute the wanted expansion: 



Composition = £ %{b)[ £ W^(a)x a 



a"eN" 



(j8i,...,]8„) -i' ■ — 1 — i ft 



a'er 



La"eN" 



1 Pn 



To finish off, if we apply the expansion of a product of n power series: 

= E* a {£»!+...+, - 1 



n „a 

a' ; 



a c a! ' ' ' 



3 



— that are automatically satisfied and hence can be passed over in silence — 
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we then obtain straightforwardly: 



a ! H — \-a" = a 



£ Wl(m{a,b))jf= £ x a { £ Vfr 
ceeN" aeN" I (j8i,...,j8„) 

( £ w^y-'K («))•■■( i 



'a?+-+a2 =a" 

By identifying the coefficients of x a in both sides and by abbreviating just as 

Coeff«(<3) the Y, a 1 +-+a n =a °f tne products of the long sums appearing in the 
second line, we have thus gained the first family of equations. The second one is 
obtained quite similarly by just expanding the identities: 

fi(x;b) = fi(f(x;i(a)y,m(a,b)) (i=i-n). 

The two gained families of equations must clearly be inverses of each other. 

To show that the rank at e of a h > Uoo(fl) is the same as it is at any a near e, we 
apply \ b=e to the first, and also to the second, family of equations, which gives: 

t^ a )%r( a >°)= I coeff£w^(e) 

g dai db k db k 



PeN" M=l 
(k=l-r, i=l-n; aeW). 

Of course, the appearing rxr matrix: 

M a := Kir a ' e 

V dbk /l<fe<r 

has nonzero determinant at every a, because left translations b (->■ m(a,&) of the 
group are diffeomorphisms. Thus, if for each fixed i we denote by JacU^(<3) the 

r x oo Jacobian matrix (^^( a ))f<£ <? .> me previous two families of identities when 
written in matrix form: 

M(a)JacUL(a) = Coeff(a) JacUL(a) 



JacUL(e) = Coeff(a)M(a)JacUL(a) 

show well that the rank of Jac^(a) must be equal to the rank of Jac^(e). This com- 
pletes the proof of the auxiliary lemma. □ 

Thus, (i) of the proposition implies (ii) and moreover, the last part of the theorem 
on p. [13] yields annihilating analytic vector fields 2?\ , . . . , 2F r -p*> on the parameter 
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space with dimVect(^i | , . . . , 3Fp m \ ) = r — constant for all a near e. So (i) =>■ 
(ii) =>■ (iii). Finally, assuming (iii), namely: 

= ST f[x\a) = V X k {a)^- L {x;a) (£=l-n) 

with 7^ 0, and replacing by its value (12^1) given by the fundamental differ- 
ential equations, we get: 

r r 
;=1 A:=l 

Setting a to be the identity element in these equations and introducing the r con- 
stants (remind here that \j/kj(e) = —fy)' 

Cj := LLi T t (c) Vf*y(«) = (y=i-r) 

that are not all zero, since &\ 7^ 0, we get equations: 

= ci £i;(x) H r-c r (i=l-n) 

which, according to ©, are the coordinatewise expression of (iv). This completes 
the proof of the proposition. □ 



3.6 First Fundamental Theorem 

Thanks to this proposition and to the corollary on p. |T3l no relocalization is neces- 
sary to get rid of superfluous parameters infinite continuous transformation groups 
x' = f(x;a\,...,a r ). Thus, without loss of generality parameters can (and surely 
will) always be assumed to be essential. We can now translate Theorem 3 on pp. 33- 
34 of HI which summarizes all the preceding considerations, and we add some 
technical precisions if this theorem is to be interpreted as a local statement (though 
Lie has something different in mind, cf. the next section). As above, we assume 
implicitly for simplicity that the group x' = f(x; a) is local and contains the identity 
transformation x' = f(x; e) = x, but the theorem is in fact valid with less restrictive 
assumptions, see Sect. 13 .91 and especially Proposition 13 .41 

Theorem 3. If the n equations: 

x i — fi{ x \i ■ ■ ■ i x ni ai,...,a r ) (i=l-n) 

represent a finite continuous group, whose parameters ai, . . . ,a r are all essen- 
tial, then x\ , . . . ,x' n , considered as functions of a\ , . . . , a r , x\ , . . . , x„ satisfy cer- 
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tain differential equations of the form: 
dx' r 

(5) —±=Y\ir kj (a h ...,a r )Zji(x' l ,...,x' n ) {i=i-n;k=i-r), 
oat ~\ 

which can also be written as: 

(6) %ji(x[, . . . ,x? n ) = ct jk (a u ... : a r )-^- L {i=l-n; j = l-r). 

k=l k 

Here, neither the determinant of the \]/i ( j(a), nor the one of the CCjk(a) vanishes 
identically in addition, it is impossible to indicate r quantities e\, . . . , e r inde- 
pendent of x[ , . . . , x' n [constants ] and not all vanishing such that the n expres- 
sions: 

ei^ i (x') + --- + e r ^ ri (x / ) (i=i-n) 
vanish simultaneously. 



Furthermore, the latter property is clearly equivalent to the nonexistence of con- 
stants e\ , . . . , e r not all zero such that: 

= eiXi + --- + e r X n 

that is to say: the r infinitesimal transformations X\, . . . ,X r are linearly independent. 
This property was shown to derive from essentiality of parameters, and Theorem 8 
p.|72]below will establish a satisfactory converse. 

Thus in the above formulation, Engel and Lie do implicitly introduce the r in- 
finitesimal transformations: 

n d 

X k :=Y,^ki(xi,...,x n )^- (k=\-r) 

of an r-term continuous group not as partial derivatives at the identity element with 
respect to the parameters (which would be the intuitively clearest way): 

X e k :=±^{x;e)^- = -X k , 
p[ da k dxi 

but rather indirectly as having coefficients <^;( x ) stemming from the fundamental 
differential equations (5); in fact, we already saw in [3] that both definitions agree 
modulo sign. Slightly Later in the treatise, the introduction is done explicitly. 

4 The functions %jj(x) are, up to an overall minus sign, just the coefficients of the r infinitesimal transformations 
obtained by differentiation with respect to the parameters at the identity: %ji(x) — — (x; e), i = 1, . . . ,n, j = 1, . . . ,n. 

Furthermore, with the purely local assumptions we made above, we in fact have tykjie) = —8^, so the mentioned 
determinants do not vanish for all a in a neighborhood of e. 



3.7 Fundamental Differential Equations for the Inverse Transformations 
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Proposition, (fl}, P- 67) Associated to every r-term group x\ = fi{x\ 1 ■ ■■,x n , 
a\ , . . . , a r ), there are r infinitesimal transformations: 

which stand in such a relationship that equations of the form: 
dx' r 

~§^ k = L (ai , ■ ■ • , «r) , . . . ,4) 

/zo/d frwe, f/taf can £e resolved with respect to the %jj: 

. . . ,4) = £ a/jfc(fli, . . . ,A r ) 



The gist of Lie's theory is to show that the datum of an r-term continuous (lo- 
cal) transformation group is equivalent the datum of r infinitesimal transformations 
Xi,.. .,X r associated this way. The next chapters are devoted to expose this (well 
known) one-to-one correspondence between local Lie groups and Lie algebras of 
local analytic vector fields (Chap. [9]), by following, by summarizing and by adapting 
the original presentation, but without succumbing to the temptation of overformal- 
izing some alternative coordinate-free reasonings with the help of some available 
contemporary views, because this would certainly impoverish the depth of Lie's 
original thought. 



3.7 Fundamental Differential Equations 
for the Inverse Transformations 

According to the fundamental Theorem 3 just above p.l37l a general r-term continu- 
ous transformation group x\ = f(x;a\, . . .,a r ) satisfies partial differential equations: 
dfi/ dak = YJ]= i Wkj ( a ) %ji (/l » • • • ) fn) that are used everywhere in the basic Lie the- 
ory. For the study of the adjoint group in Chap. [16] below, we must also know how to 
write precisely the fundamental differential equations that are satisfied by the group 
of inverse transformations: 

Xi = f(x; i(a)) (i=i-n), 

and this is easy. Following an already known path, we must indeed begin by differ- 
entiating these equations with respect to the parameters a^. 
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dxi dfi f . . \ dij 

— => -= — (x;i(a))^ — (a) (i=l-n;k=l-r). 
da k *-[ da x y v " da k K ' 

Naturally, we replace here the df/dai by their values K=i Vlj^ji gi ven by the 
fundamental differential equations of Theorem 3, and we obtain a double sum: 

^=EEftW)W*))^.) 

r 

£ 0jy(fl) £/,•(*) (i=l.»ii;t=l..T), 
7=1 

which we contract to a single sum by simply introducing the following new r x r 
auxiliary matrix of parameter functions: 

r 

l~i oak 

whose precise expression in terms of i(a) will not matter anymore. It now remains 
to check that this matrix (^;(«)) 1 <fc<^ is invertible for all a in a neighborhood of 
the identity element e = {e\ , . . . , e r ). In fact, we claim that: 

M e ) = 5 L 

which will clearly assure the invertibility in question. Firstly, we remember from 
Theorem 3 on p.[37]that tyij(e) = —5/ . Thus secondly, it remains now only to check 

that |j£(*) = -# 

To check this, we differentiate with respect to a# the identities: ej = m j (a, i(a)), 
j = 1 , . . . , r, which hold by definition, and we get: 

dm, , . -C, dm, , . dii , , 

From another side, by differentiating the two families of r identities aj = m.j(a,e) 
and bj = my(e, Z?) with respect to a\ and with respect to bi, we immediately get two 
expressions: 

d ^e) = 8i and ^(e,e) = 5/ 

which, when inserted just above, yield the announced = ~ Sometimes, 

we will write g(x; a) instead of f(x; i(a)) . As a result: 

Lemma 3.2. The finite continuous transformation group x\ = fi(x; a) and its inverse 
transformations Xj = gi(x';a) :—fi{x!; both satisfy fundamental partial differ- 
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ential equations of the form: 
( dx' 



41 



— 4jc;a) = £ yf k j(a)Zji(x'(x;a)) 
dxi r 

3— (x';a) = T & kj (a)^ji(x(x;a)) 



(i=\-n; k=l-r), 
( j = 1 — n ; fe = 1 — r) , 



where \jf and $ are some two r x r matrices of analytic functions with —y/ k j(e) 
&kj( e ) = where the functions £>ji appearing in both systems of equations: 



dXj 



(x;e) 



(i=l-n; ;'=l-r) 



are, Mjt? to an overall minus sign, just the coefficients of the r infinitesimal transfor 
mations 

re _ df ^ ve = df 



obtained by differentiating the finite equations with respect to the parameters at the 
identity element. 



Theorem 4. If in the equations: 

A = fi(xi,...,x n , ai,...,a r ) (f=i-n) 

o/a group with the r essential parameters ai,...,a r , one considers the Xj as 
functions of 'ai , . . . ,a r and of V, , . . . ,x' n , then there exist differential equations of 
the form: 

dxi r 

3— = Y. '&kj(ai,...,a r )%j i (xi,...,X n ) (i = l-n; k=l~r). 

da k 



3.8 Transfer of Individual Infinitesimal Transformations 
by the Group 

With x = g(x'; a) denoting the inverse of x' = f(x; a), we now differentiate with 
respect to a k the identically satisfied equations: 

x'i = fi{g{x';a)\a) (i=i-n), 

which just say that an arbitrary transformation of the group followed by its inverse 
gives again the identity transformation, and we immediately get: 
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~j dx v da^ da^ 



(i=l-.„- k=l-r) 



Thanks to the above two systems of partial differential equations, we may then 
replace dg v / dak by its value from the second equation of the lemma above, and 
also dfij dak by its value from the first equation in the same lemma: 



(7) 



v=l j=l J aXv j=\ 



dx v 

(i=l-n; k=\-r). 



In order to bring these equations to a more symmetric form, following 0~| pp. 44- 
45, we fix k and we multiply, for i = 1 to n, the z-th equation by -4-f, we apply the 

summation E" =1 , we use the fact that, through the diffeomorphism x H- f a (x) = xt ', 
the coordinate vector fields transform as: 

— = f ^A — 

dx v ~"{ dx v dx'j' 



which just means in contemporary notation that: 

ff} (JL.\—T n d/j d 



(v = l-n), 



and we obtain, thanks to this observation, completely symmetric equations: 



n n d r r d 



v=l 



7=1 



v=l 



(*=l~r), 



in which the push-forwards (f a )*(d/dx v ) are now implicitly understood. It is 
easy to see that exactly the same equations, but with the opposite push-forwards 
(ga)*(d/dx' v ), can be obtained by subjecting to similar calculations the reverse, 
identically satisfied equations: x\ = gi(f(x; a); a). Consequently, we have obtained 
two families of equations: 



o=£fy(<o£S/v(*) 



(8) < 



7=1 
11 



v=l 

n 



dx v 



r r g 

X^ga{x') 7=1 V=l 



v=l 



v=l 



y=l V=l 

(*=l-r), 



x'^fa(x) 



in which we represent push-forwards of vector fields by the symbol of variable 
replacement x >->■ g a (x / ) in the first line, and similarly in the second line, by x' t-> 

fa{x). 



3.8 Transfer of Infinitesimal Transformations by the Group 
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Theorem 5. If the equations: 

x- = /i(xi,...,x„, ai,...,a r ) (i=i-n) 

with the r essential parameters a\,...,a r represent an r-term transformation 
group, if moreover, F(x[, . . . ,x' n ) denotes an arbitrary function ofx[ , . . . ,x' n and 
lastly, if the <^/v(x), Wkj{ a )> ^kj( a ) denote the same functions of their arguments 
as in the two Theorems 3 and 4, then the relations: 




(k=l-r) 

hold true after the substitution x[ = /i (x, a), . . . , x' n = f n (x, a) . 



3.8.1 Synthetic, Geometric Counterpart of the Computations 

To formulate the adequate interpretation of the above considerations, we must in- 
troduce the two systems of r infinitesimal transformations (1 ^ k ^ r): 

*:=t and *L'-=t 

; = 1 OX i i=l OX i 

where the second ones are defined to be exactly the same vector fields as the first 
ones, though considered on the x'-space. This target, auxiliary space x' has in fact 
to be considered to be the same space as the x-space, because the considered trans- 
formation group acts on a single individual space. So we can also consider that 
X' k coincides with the value of at x' and we shall sometimes switch to another 
notation: 

X k = Xk y . 

Letting now a and # be the inverse matrices of y and of namely: 

r r 

£ a lk (a) y k j{a) = Sj, £ t%(a) %(a) = 5/, 

k=l k=l 

we can multiply the first (resp. the second) line of © by dik{a) (resp. by ~&ik(a)) 
and then make summation over k = 1 , . . . , r in order to get resolved equations: 
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(k=l-r), 



°= L L a lk (a)$ kj (a)Xj+X[ 
k=\ j=i 

r r 
k=l 7=1 



(k=l-r), 



in which we have suppressed the push-forward symbols. We can readily rewrite 
such equations under the contracted form: 



X k =^p jk (a)X f j 

7=1 



and 

(k=l-r), 



K="Lpjk(a)Xj 

7=1 



by introducing some two appropriate auxiliary rxr matrices Pjk(a) '■= — L/=i ¥ij( a ) 
and pjk(a) '■ = — E/=i a u( a ) &lj( a ) °f analytic functions (whose precise expression 
does not matter here) which depend only upon a and which, naturally, are inverses 
of each other. A diagram illustrating what we have gained at that point is welcome 
and intuitively helpful. 



TK" (xi,...,Xn) 




f£Mt) = EP;t(")xj 



Fig. 5: Transfer of infinitesimal transformations by the group 

Proposition 3.2. If, in each one of the r basic infinitesimal transformations of the fi- 
nite continuous transformation group x' = f(x; a) = f a {x) having the inverse trans- 
formations x = g a {x'), namely if in the vector fields: 



i=l 



(k=l-r), 



one introduces the new variables x 1 = f a (x), that is to say: replaces x by g a (V) 
and by E" =1 ^( x \ a ) ^fr> then one necessarily obtains a linear combination 
of the same infinitesimal transformations X[ = Y!i=\ ^ki( x ') at the point x' with 
coefficients depending only upon the parameters a\,...,a r : 



(fa)*(Xk\ x ) = (ga)*(X k \ ,„) = Pik(ai,... 7 a r )X[\ xl 



(k=l-r). 



1=1 



Of course, through the inverse change of variable x' >->■ f a (x), the infinitesimal trans- 
formations X' k are subjected to similar linear substitutions: 
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3.5.2 Transfer of General Infinitesimal Transformations 

Afterwards, thanks to the linearity of the tangent map, we deduce that the general 
infinitesimal transformation of our group: 

X :=eiXi + --- + e r X r , 

coordinatized in the basis (•Xjt)i<t< by means of some r arbitrary constants 
e\, . . . ,e r G K, then transforms as: 

(g a )*(eiX l + ~- + e r X r \ (xf) ) = £ e k j^p lk (a)X,\ x , 
v K u k=\ l=i 

=: e[(e; a)X\ \ x , H Ye' r {e\ a)X r \ x , 

and hence we obtain that the change of variables x' = f a (x) caused by a general 
transformation of the group acts linearly on the space ~ W of its infinitesimal 
transformations : 

r 

e' k (e;a) :=Y< Pkl(a)ei (k=i-r), 
i=\ 

by just multiplying the coordinates e\ by the matrix p k i(a). Inversely, we have: 

r 

e k (e';a) = Y,Pki(a)e'i {k=i-r), 
i=\ 

where p(a) is the inverse matrix of p(a). 

Proposition 4. ([QQ], p. 81) If the equations x J i = fi(xi,. . . ,x n , ai,. .. ,a r ) repre- 
sent an r-term group and if this group contains the r independent infinitesimal 
transformations: 

" df 
X k(f) = £ §u(jCl,...,* n )^— (*=l-r), 
i=\ dXi 

then after the introduction of the new variables x\ = f(x, a), the general infinites- 
imal transformation: 

e 1 X 1 (f) + --- + e r X r f 



46 



3 Fundamental Differential Equations for Finite Continuous Transformation Groups 



keeps its form in so far as, for every system of values ei,...,e r , there is a relation 
of the form: 

te k X k (f)=£e'Mf), 

k=l k=l 

where e\ , . . . , e' r are independent linear homogeneous functions of e\ , . . . , e r with 
coefficients which are functions ofai,...,a r . 



3. 8.3 Towards the Adjoint Action 

Afterwards, thanks to the linearity of the tangent map, we deduce that the general 
transformation of our group: 

X :=e 1 Xi + --- + e r X r , 

coordinatized in the basis [X^j l<k<r by means of some r arbitrary constants 
ei,...,e r eK, then transforms as: 

(ga)*(eiXi + --- + e r X r \ ,«) = £ e k £ p }k (a)Xi\ x , 

k=i l=i 
=: e\(e;a)Xi\ x ,-\ \- e' r (e; a)X r \ x , 

and hence we obtain that the change of variables x' = f a (x) performed by a general 
transformation of the group then acts linearly on the space ~ K r of its infinitesimal 
transformations : 



40; a) := Y,Pkl(a)-ei 



1=1 



(*=l~r), 



by just multiplying the coordinates ei by the matrix pu(a). 

Nowadays, the adjoint action is defined as an action of an abstract Lie group on 
its Lie algebra. But in Chap. [J6] below, Lie defines it in the more general context 
of a transformation group, as follows. Employing the present way of expressing, 

one considers the general infinitesimal transformation X\ , — e\X\-\ \- e r X r \^, 

of the group as being based at the point x' ', and one computes the adjoint action 
Ad f a (x\ x ,) of f a on X | , by differentiating at t = the compositiorH: 



f a oexp(tX)of a 



-l 



5 One terms groups (t,x) i — > exp(tX)(x) are introduced in Chap.|4] 



3.9 Substituting the Axiom of Inverse for a Differential Equations Assumption 
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which represents the action of the interior automorphism associated to f a on the 
one-parameter subgroup (f , w) i — > exp(fX)(jc) generated by X: 

Adf a (x\ x ,) := ^f a o e x V (tX)(.)of-\x'))\ t=Q 
= (/«)^(ex P W(/- 1 (^)))| f=o 

= (/«)*(* I/- V)) 

= (g a y(eiX 1 + ... + e r X r \ ga{xl) ) 
= e[(e; H \- e' r (e; a)X r \ x ,. 

We thus recover exactly the linear action e' k = e' k (e; a\ , . . . , a r ) boxed above. A dia- 
gram is welcome: from the left, the point x is sent by f a to x' = f a (x) — or inversely 
x = g a (x') — , the vector X\ x = I e k X k \ g ^ is sent to (g a )* (X\ g ^ xl) ) by means of 

the differential (f a )* = (go)* and Lie's theorem says that this transferred vector 
is a linear combination of the existing vectors X k \ x ' based at xf, with coefficients 
depending on the ej and on the cij. 




Fig. 6: Differentiating the action of an interior automorphism 



3.9 Substituting the Axiom of Inverse 
for a Differential Equations Assumption 

Notwithstanding the counterexample discovered by Engel in 1884 (p. [191) , Lie 
wanted in his systematic treatise to avoid as much as possible employing both the 
axiom of inverse and the axiom of identity. As a result, the first nine fundamental 
chapters of [QQ| regularly emphasize what can be derived from only the axiom of 
composition. 

In this section, instead of purely local hypotheses valuable in small polydiscs 
(Sect. 13.11) . we present the semi-global topological hypotheses accurately made by 
Lie and Engel at the very beginning of their book. After a while, they emphasize 

that the fundamental differential equations ^ = Yfj=i Wkj(a) which can be 

deduced from only the composition axiom, should take place as being the main con- 
tinuous group assumption. A technically central theorem states that if some trans- 



48 



3 Fundamental Differential Equations for Finite Continuous Transformation Groups 



formation equations x' = f(x; a) with essential parameters satisfy such kind of dif- 

dx' 

ferential equations ^ = YJj=\ Wkj{a) f° r x an d a running in appropriate 

domains fcK" and srf C W, then every transformation x' = f(x; a) whose pa- 
rameter a lies in a small neighbourhood of some fixed a E &/ can be obtained 
by firstly performing the initial transformation x = f(x; a ) and then secondly by 
performing a certain transformation: 

x'j = exp (tX\X\ H h tX r X r } (Xj) (;'= 1 -n) 

of the one-term group (Chap. |4] below) generated by some suitable linear combina- 
tion X\X\ H \-X r X r of the n infinitesimal transformations X^ := YIi=\ ^ki( x ) 

This theorem will be of crucial use when establishing the so-called Second Funda- 
mental Theorem: To any Lie algebra of local analytic vector fields is associated a 
local Lie transformation group containing the identity element (Chap. [9] below). 

Also postponed to Chap. [9] below, Lie's answer to Engel's counterexample will 
show that, starting from transformation equations x' = f(x; a) that are only assumed 
to be closed under composition, one can always catch the identity element and all 
the inverses of transformations near the identity by appropriately changing coordi- 
nates in the parameter space (Theorem 26 p. 11731) . 



3.9.1 Specifying Domains of Existence 

Thus, we consider K- analytic transformation equations x / i = fix; a) defined on a 
more general domain than a product A% x O r a of two small polydiscs centered at 
the origin. Here is how Lie and Engel specify their domains of existence on p. 14 
of [QQ|, and these domains might be global. 

§ 2. 

In the transformation equations: 

(1) x'i = fi(x\,...,x n ;ai,...,a r ) (;=i •••«), 

let now all the parameters a\ , . . . ,a r be essential. 

Since the ft are analytic functions of their arguments, in the domain [Gebiete] of all systems 
of values x\, . . . ,x n and in the domain of all systems of values a\, . . . ,a r , we can choose a region 
[Bereich] (x) and, respectively, a region (a) such that the following holds: 

Firstly. The f{x 1 a) are single-valued [EINDEUTIG] functions of the n + r variables x\ , . . . ,x n , 
a\,...,a r in the complete extension [AUSDEHNUNG] of the two regions (x) and (a). 

Secondly. The fi(x, a) behave regularly in the neighbourhood of every system of values 
x\, . . . ,x®, flp . . . 7 a®., hence are expandable in ordinary power series with respect to X\ — x\, . . . , 
x„ — jc°, as soon as , . . . lies arbitrarily in the domain (x), and a^- . . ,a® lies arbitrarily in 
the domain (a). 

Thirdly. The functional determinant: 
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y ± d/l dfn 
dx\ dx n 

vanishes for no combination of systems of values of Xj and of in the two domains (x) and (a), 
respectively. 

Fourthly. If one gives to the parameters in the equations x\ — fj(x, a) any of the values a® 
in domain (a), then the equations: 

A = fi{xi,...,x n ;a\,...,a r ) (i=i-») 

always produce two different systems of values x\,...,x' n for two different systems of values 
x\,...,x n of the domain (x). 

We assume that the two regions (x) and (a) are chosen in such a way that these four conditions 
are satisfied. If we give to the variables jc, in the equations x\ — fi(x, a) all possible values in (x) 
and to the parameters a\ all possible values in (a), then in their domain, the x\ run throughout 
a certain region, which we can denote symbolically by the equation x' = /((x)(a)). This new 
domain has the following properties: 

Firstly. If af, . . . ,cP r is an arbitrary system of values of (a) andx'j , . . . ,x' n ° an arbitrary system 
of values of the subregion x' — f ( (x) (a )) , then in the neighbourhood of the system of values xf , 
a®, the xi,...,x n can be expanded in ordinary power series with respect to x\ — x^ , . . . ,x' n — x^°, 
«! -a\,...,a n -a% 

Secondly. If one gives to the fixed values cP k in domain (a), then in the equations: 

A = fi{x\,...,x„;a\, ...,a° r ) (i=i-n), 

the quantities x\,...,x n will be single-valued functions of x\ , . . . ,x ! n , which behave regularly in 
the complete extension of the region x' = / ((x)(a )). 



Referring also to the excerpt p. [24l we may rephrase these basic assumptions as 
follows. The fi(x; a) are defined for (x, a) belonging to the product: 

Jxi/cK"x K r 

of two domains C IK" and srf C W. These functions are K-analytic in both vari- 
ables, hence expandable in Taylor series at every point (x ,a°). Furthermore, for 
every fixed a , the map x H- f(x; a ) is assumed to constitute a K-analytic diffeo- 
morphism of ^ x {a } onto its image. Of course, the inverse map is also locally 
expandable in power series, by virtue of the K-analytic inverse function theorem. 

To insure that the composition of two transformations exists, one requires that 
there exist nonempty subdomains: 

JT 1 C % and srf 1 C ^, 

with the property that for every fixed a 1 E stf . 

/(jr 1 xja 1 }) c «r, 

so that for every such an a 1 e g/ 1 and for every fixed b e srf , the composed map: 
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xi — >f(f(x;a l );b) 

is well defined for all x E S£ l and moreover, is a K-analytic diffeomorphism onto 
its image. In fact, it is even K-analytic with respect to all the variables {x^a 1 ,b) in 
if'x.e/'x stf ' . Lie's fundamental and unique group composition axiom may then 
be expressed as follows. 

(Al) There exists a K^-valued K-analytic map (p = <p(a,b) defined in x srf x with 
(p(gf l x gtf 1 ) C£/ such that: 

f(f(x;a);b) = f(x; q>(a,b)) for all xe 3£\ a ex? 1 , be fit 1 . 

Here are two further specific unmentioned assumptions that Lie presupposes, still 
with the goal of admitting neither the identity element, nor the existence of inverses. 

(A2) There is a K m -valued K-analytic map (a,c) i — > b = b(a,c) defined for a run- 
ning in a certain (nonempty) subdomain g/ 2 C srf x and for c running in a certain 
(nonempty) subdomain ^ 2 C stf x with b(=c/ 2 x C € T ) c .c/ 1 which solves £ in 
terms of (a,c) in the equations = <Pk(a,b), namely which satisfies identically: 

c= q>(a, b(a,c)) for all a e <f/ 2 , c e ^ 2 . 

Inversely, <p(a, b) solves c in terms of (a, Z?) in the equations b^ = b^(a, c), namely 
more precisely: there exists a certain (nonempty) subdomain ^ 3 C srf 1 (C .e/ 1 ) 
and a certain (nonempty) subdomain ^ 3 C stf y with <p(.e/ 3 x ^ 3 ) C ^ 2 such 
that one has identically: 

b = b(a,q)(a,b)) for all a e =c/ 3 , b G <^ 3 . 

Example. In Engel's counterexample of the group x' = x(^)x with a Riemann 
uniformizing map co : A — > A as on p. [19] having inverse % '■ A — > A, these three 
requirements are satisfied, and in addition, we claim that one may even take 3£ = 
K and g/ 1 = srf = A, with no shrinking, for composition happens to hold in fact 
without restriction in this case. Indeed, starting from the general composition: 

that is to say, from x" = % {Xj) % (X\ ) x, in order to represent it under the specific form 
x" = %{Xyjx, it is necessary and sufficient to solve = x(^i)x(^2), hence we 

may take for (p: 

A 3 = co(x(M)x(h)) =■ (p(MM, 
without shrinking the domains, for the two inequalities < 1 and \x(^2) \ < 1 

readily imply that \x(^i)x(^2) \ < 1 too so that G)(x(M)x(^2)) is defined. On the 
other hand, for solving A2 in terms of (X\ , A3) in the above equation, we are naturally 
led to define: 

b(X h h):=a>(x(h)/x(h)), 
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and then b = b(Ai,A,3) is defined under the specific restriction that |^(^3)| < 

\ziM)\. 

However, the axiom (A2) happens to be still incomplete for later use, and one 
should add the following axiom in order to be able to also solve a in c = (p(a,b). 

(A3) There is a W -valued K-analytic map (b,c) i — > a = a(b,c) defined in SS^ x ^ 4 
with 3^ C .s/ 1 and ^ 4 ci', and with a(^ 4 x ^ 4 ) c st x , such that one has 
identically: 

c = (p(a(b,c),b) for all b E ^ 4 , c E ^ 4 . 

Inversely, <p(a,b) solves c in the equations = a&(£,c), namely more precisely: 
there exist SS 5 C ^ 4 and ^Ci/ 1 with <p(V 5 x e^ 5 ) C ^ 4 such that one has 
identically: 

a = a(Z>, <p(a,b)) for all a E g/ 5 , b E £$ 5 , 

and furthermore in addition, with a x <?f 4 ) c =fi/ 2 and with b(=c/ 5 x ^ 4 ) C & 
such that one also has identically: 

b = b(a(b,c),c) for all b G ^ 5 , c G 

a = a(b(a,c), a) for all a G .e/ 5 , c G c (f 4 . 

The introduction of the numerous (nonempty) domains g/ 2 , ff 2 , gf 3 , S$ 3 , ^ 4 , 
^ 4 , gf 5 , SS^ which appears slightly unnatural and seems to depend upon the order 
in which the solving maps a and b are considered can be avoided by requiring from 
the beginning only that there exist two subdomains gf 3 C gf 2 C gf 1 such that one 
has uniformly: 

c = q}(a, b(a,c)) for all a G gf 3 , c G g/ 3 
c = (p(a(b,c),b) for all b G g/ 3 , c G g/ 3 
Z> = b(a(Z>,c),c) for all b G g/ 3 , c G gf 3 

& = b(a, <p(a,b)) for all a E gf 3 , b E gf 3 
a = a(b(a,c), c) for all a G =c/ 3 , c G =c/ 3 

a = a(&, (p(a,b)) for all a E gf 3 , b E gf 3 . 

We will adopt these axioms in the next subsection. Importantly, we would 
like to point out that, although b(a,c) seems to represent the group product 
cT x ■ c = m(i(a), c), the assumption (A2) neither reintroduces inverses, nor the 
identity element, it just means that one may solve b by means of the implicit func- 
tion theorem in the parameter composition equations q. = <Pk(a\ , . . . , a r , b\ , . . . , b r ) . 
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3.9.2 Group Composition Axiom And Fundamental Differential Equations 



As was said earlier on, the fundamental Theorem 3, p. [37] about differential equa- 
tions satisfied by a transformation group was in fact stated and proved in HI under 
semi-global assumptions essentially equivalent to the ones we just formulated above 
with g/ 3 C srf 1 C si , and now, we can restitute it really. 

Proposition 3.4. Under these assumptions, there is an r x r matrix of functions 
\<k<r which is K-analytic and invertible in s/ 3 , and there are certain 
functions £>ji(x), K-analytic in S£ such that the following differential equations: 

dx' 



(2) 



— a) = £ y/ kJ (a) ^(x') 



(i=l-n; k=l-r) 



are identically satisfied for all xE S£ l and all a E s/ 3 after replacing x' by f(x; a). 
Here, the functions ^ji{x!) are defined by choosing arbitrarily some fixed b° E s/ 3 
and by setting: 



^ji{ x l ■)• • ■ i x n) 



x 'n) = 


'dx 1 ; 




^ dx\ da k 




[dbj_ 


b=b a 


.k=l da k db j. 



b=b° 



and moreover, in the equations inverse to (2): 

= £ a jk (a) ^(x; a) 

k=\ da k 



the (inverse) coefficients OCj k (a) are defined by: 

~da k 



ccjk(a) 



db, 



b=b° 



Proof. The computations which we have already conducted on p. [30] for a purely 
local transformation group can here be performed in a similar way. In brief, using 
b = b(a, c) from (A2), we consider the identities: 



f(f(x; a); b(a,c)) = f(x; c) 



(i=l-n) 



and we differentiate them with respect to a k ; if we shortly denote f[ = f (V ; b(a, c)) 
and x'j = fj(x;a), this gives: 



~! dx' v da k dbj da k 



(i=l-n). 



By the diffeomorphism assumptions, the matrix (|^-(V; b)) has a K-analytic 
inverse for all (x',b) E 2£ x srf , so an application of Cramer's rule yields a resolu- 
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tion of the form: 

a) = Ei v (x',b(a,c)) ^-(a,c)-\ h S rV (x', b(a,c)) |^(a,c) 

(v = l-n; k=\-r). 

Here of course, a, c G ,c/ 3 . Then we replace c by <p(a, £>), with a, b G .e/ 3 , we confer 
to & any fixed value, say b° (remind that the identity e is not available), and we 
get the desired differential equations with £>ji(x!) := Ejj(x',b°) and with y k j(a) 

^■(a,b°). Naturally, the invertibility of the matrix \]/ k j(a) comes from (A2). 
Next, we multiply each equation just obtained (changing indices): 

(2') a ) = Y, 3^(«>c) Syihc', b(a,c)) 

da k ^ e>a fc 

by jj*-(b,c), where / G {l,...,r} is fixed, we consider (Z?,c), instead of (fl,c), as 
the 2r independent variables while a = a(b,c), and we sum with respect to k for 
k=l,...,r. 



r 



dx'j da k ^ ^ da k db v „ 
£a da* <?6/ ^ £a dbi da k " v '' 

Now, the chain rule and the fact that da k /dbi is the inverse matrix of db v /da k 
enables us to simplify both sides (interchanging members): 

0) yiA^ = ^A = En 

^ da k dbj dbi 
Specializing b := b° G <c/ 3 , we get the announced representation: 

S Jl (x') = E ji (x>,b ) = dx>/db J \ b=bQ , 

and by identification, we also obtain at the same time the representation (Xj k (a) = 
da k /dbj\ b=bQ . □ 

We end up by observing that, similarly as we did on p. [3H one could proceed to 
some further computations, although it would not really be needed for the proposi- 
tion. We may indeed differentiate the equations: 

cn = q>n(a(b,c),b) (n=^-r) 
with respect to b;, and for this, we translate a short passage of HI, p. 20. 



Hence one has: 
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£i da k dbi dbi 

whence it comes: 

_|_ <?<Pi d<Pk-\ <?<p t 3^+1 _ _ _ <9<p, 

-fo= ^ ~ ^ =A tt (fli,...,fl r , fc r ). 

5ai da r 

When we insert these values in (3), we obtain the equations: 

(3') Z ll (x',b)=YA lk (a,b)^ {i=\-n;l = \...r). 

k=l da k 

Of course by identification with (3), we must then have A/ k (a, b) = da k / dbi here. 
In conclusion, we have presented the complete thought of Lie and Engel, who did 
not necessarily consider the axioms of groups to be strictly local. 



3.9.3 The Differential Equations Assumption 
And Its Consequences 

Now, we would like to emphasize that instead of axioms (Al-2-3), in his answer to 
Engel's counterexample and in several other places as well, Lie says that he wants 
to set as a fundamental hypothesis the existence of a system of differential equations 
as the one above, with an invertible matrix l//jy(a). 

§ 17. ([1], pp. 67-68) 

For the time being, we want to retain from assuming that the equations 
x 'i = fi( x i » • • • i x ni a \i • ■ ■ i a r) should represent an r-term group. Rather, about the 
equations (1), we want only to assume: firstly, that they represent a family of 
different transformations, hence that the r parameters a\ , . . . , a r are all essential, 
and secondly, that they satisfy differential equations of the specific form (2). 

So renaming the domain g/ 3 considered above simply as , we will funda- 
mentally assume in Sect. 14.61 of Chap. |4] that differential equations of the specific 
form (2) hold for all x G S£ x and all a G g/ 1 , forgetting completely about compo- 
sition, and most importantly, without assuming neither the existence of the identity 
element, nor assuming existence of inverse transformations. At first, as explained 
by Engel and Lie, one can easily deduce from such new economical assumptions 
two basic nondegeneracy conditions. 
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Lemma 3.3. Consider transformation equations x\ = fi(x; a) defined for x G SE and 
a G srf having essential parameters a\ , . . . , a r which satisfy differential equations of 
the form: 

dx' ; 

(f=l — n; fc=l •••/•), 



(2) ■^-(x;a) = ^¥k J (a)^ I (x') 



for allxE i^T 1 and all a G &f . Then the determinant of the does not vanish 

identically and furthermore, the r infinitesimal transformations: 

n $ 

i=\ OX i 

are independent of each other. 

Proof. If the determinant of the ty^jta) would vanish identically, there would ex- 
ist a locally defined (for a running in the locus where tykj( a ) is of maximal, lo- 
cally constant rank) nonzero K-analytic vector (ri(a), . . . , T r (a)) in the kernel of 
\ffkj(a). Consequently, after multiplying (2) by %{a), we would derive the equa- 

dx! 

tions: Y!k=\ ^k( a ) a ) = which would then contradict essentiality of parame- 

ters, according to the theorem on p. |T3l 

As a result, for any a belonging to open set where det yjy(a) 7^ 0, we can locally 
invert the differential equations (2) and write them down under the form: 

Zji( x ') = £ a jk (a)j-!-(x;a) (i=l-n; j=l-r). 

k=\ oa^ 

If there would exist constants e[ , . . . , e' r not all zero with e[X[ H h e' r X' r = 0, we 

would then deduce the relation: 

which would again contradict essentiality of parameters. □ 



3.9.4 Towards the Theorem 26 

At the end of the next chapter in Sect. I4.6L we shall be in a position to pursue the 
restoration of further refined propositions towards Lie's Theorem 26 (translated in 
Chap. [291 p. 1173b which will answer fully Engel's counterexample. In brief, and by 
anticipation, this theorem states what follows. 

Let x\ = fi(x; ai,. .. ,a r ) be a family of transformation equations which is only 
assumed to be closed under composition, a finite continuous transformation group, 
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in the sense of Lie. According to Proposition 13.41 above, there exists a system of 
fundamental differential equations of the form: 

dx' - 

-T ± = £ ¥kj{a) ■ ^ji{x') {i=\-n;k=\-r) 

dak 

which is identically satisfied by the functions fi(x,a), where the iffy are certain 
analytic functions of the parameters (a\ , . . . ,a r ). If one introduces the r infinitesimal 
transformations: 

Y,£>ki{x)^=-Mf) (*=1""), 
(=1 dXl 

and if one forms the so-called canonical finite equations: 

x'j = exp ( AiXi H h X k X k ) (x) 

=:gi(x;X h ...,X r ) (i=i-n) 

of the r-term group which is generated by these r infinitesimal transformations — 
see the next Chap. |4] for expX(x) — then this group contains the identity element, 
namely g(x; 0), and its transformations are ordered as inverses by pairs, namely: 
g(x; —A) = g(x; X) . Lastly, the Theorem 26 in questions states that in these finite 
equations x'j = gi(x; A), it is possible to introduce new local parameters a\, . . . ,a r in 
place of X\ , . . . , Xr so that the resulting transformation equations: 

x'i = gi(x; Xi(a),...,Xr(a)) 

=: fi(xi,...,x n , a\,...,a r ) (i=i-«) 

represent a family of °° r transformations which embraces, possibly after analytic 
prolongation, all the °° r initial transformations: 

Xj = fi (x\ , . . . , X n , Q,\ , . . . , dy) . 

In this way, Lie not only answers Engel's counterexample x' = x (X ) x by saying that 
one has to restitute the plain transformations x' = L,x by changing appropriately 
coordinates in the parameter space, but also, Lie really establishes the conjecture 
he suspected (quotation p. [T8l) . modulo the fact that the conjecture was not true 
without a suitable change of coordinates in the parameter space. To our knowledge, 
no modern treatise restitutes this theorem of Lie, although a great deal of the first 
170 pages of the Theorie der Transformationsgruppen is devoted to economize the 
axiom of inverse. We end up this chapter by a quotation ((U, pp. 81-82) motivating 
the introduction of one-term groups exp(tX)(x) in the next chapter. 
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3.9.5 Metaphysical Links With Substitution Theory 

We conclude this chapter with a brief quotation motivating what will follow. 

The concepts and the propositions of the theory of the continuous transforma- 
tion groups often have their analogues in the theory of substitutions^ , that is to 
say, in the theory of the discontinuous groups. In the course of our studies, we 
will not emphasize this analogy every time, but we will more often remember 
it by translating the terminology of the theory of substitutions into the theory of 
transformation groups, and this shall take place as far as possible. 

Here, we want to point out that the one-term groups in the theory of transfor- 
mation groups play the same role as the groups generated by a single substitution 
in the theory of substitutions. 

In a way, we shall consider the one-term groups, or their infinitesimal transfor- 
mations, as the elements of the r-term group. In the studies about r-term groups, 
it is, almost in all circumstances, advantageous to direct at first the attention to- 
wards the infinitesimal transformations of the concerned group and to choose 
them as the object of study. 
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Chapter 4 

One-Term Groups 

and Ordinary Differential Equations 



Abstract The flow x' = exp(tX)(x) of a single, arbitrary vector field X = 
E"=i j~. with analytic coefficients ^(x) always generates a one-term (local) 
continuous transformation group: 

exp(hX(exp(t 2 X)(x))) =exp((ti+t 2 )X)(x) and [exp(fX)(-)] _1 = exp(-tX)(-] 

In a neighbourhood of any point at which X does not vanish, an appropriate 
local diffeomorphism x\—ty may straighten X to just hence its flow becomes 

y[ =yi+t,y2=y2,---,y' n =y,i. 

In fact, in the analytic category (only), computing a general flow exp(tX)(x) 
amounts to adding the differentiated terms appearing in the formal expansion of 
Lie's exponential series: 

exp(tX)(xi) = £ ^p(*<) = Xi + tX( Xi ) + ■ ■ • + ^ X(-- (X(X ( Xi ))) ■■■)+■■■, 

k times 

that have been studied extensively by Grobner in . 

The famous Lie bracket is introduced by looking at the way how a vector field 
X = Y!l=\ %i( x )j~ ls perturbed, to first order, while introducing the new coordinates 
x' = exp(tY)(x) =: <p(jc) provided by the flow of another vector field Y: 

(p*(X)=X' + t [X', ¥']+■■-, 

with X' = £f =1 %i(x') -^j and Y' = £" =1 r] i (x') -^j denoting the two vector fields in 

the target space x' having the same coefficients as X and Y . Here, the analytical 
expression of the Lie bracket is: 



[^>'1 = E(t6W||M- )i w||M)A. 



i=l \/=i UA i WA l 

An r-term group x' = f(x; a) satisfying his fundamental differential equations 
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J^- = L;=i ¥kj( a ) ^ji( x ') can > alternatively, be viewed as being generated by its 
infinitesimal transformations = Y2=i ^ki( x ) m the sense that the totality of the 
transformations x' = f(x; a) is identical with the totality of all transformations: 

x\ = exp (Ai Xi H h X r X r ) (xf) 

' ^"' r A A ■ 

= Xi + £ A fc + £ -y^-M^ji) + ■■■ (' = 1 -») 

obtained as the time-one map of the one-term group exp (V £ A,-X;) (jc) generated by 
the general linear combination of the infinitesimal transformations. 

A beautiful idea of analyzing the (diagonal) action x^ = f(x^; a) induced 
on r-tuples of points (x^\ . . . ,x^) in general position enables Lie to show that 
for every collection of r linearly independent vector fields X^ = £" =1 £,ki{ x ) j^., the 

parameters Ai , . . . , A r in the finite transformation equations x' = exp ( Ai X\ H h 

X r X r ^ (x) are all essential. 

4.1 Mechanical and Mental Images 



§ 15. (0) 

The concept of infinitesimal transformation and likewise the one of one-term 
group gain a certain graphic nature when one makes use of geometric and 
mechanical images. 

In the infinitesimal transformation: 

x'i = Xi + £,i{xi ,...,x n )5t (i= l •••«), 

or in: 

(=i ox i 

we interpret the variables x as Cartesian coordinates of an n-times extended 
space. Then the transformation can obviously be interpreted in such a way 
that each point of coordinates xi,...,x n is transferred to an infinitesimally 
neighbouring point of coordinates x[,... 7 x' n . So the transformation attaches 
to every point at which not all the vanish a certain direction of progress 
[Fortschreitungsrichtung], and along this direction of progress, a certain in- 
finitely small line [Strecke]; the direction of progress is determined by the 
proportion: £,\(x): ^2{x): : ^ n ( x )\ the infinitely small line has the length: 



4. 1 Mechanical and Mental Images 
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v/^f ^ h 4? St- ^ at a point xi, . . . ,x n all the t, are zero, then no direction 

of progress is attached to the point by the infinitesimal transformation. 

If we imagine that the whole space is filled with a compressible fluid, then we 
can interpret the infinitesimal transformation X(f) simply as an infinitely small 
movement [Bewegung] of this fluid, and 8t as the infinitely small time inter- 
val [Zeitabschnitt] during which this movement proceeds. Then evidently, the 
quantities £,\{x): ■■■ : £ n (x) are the components of the velocity of the fluid par- 
ticle [Flussigkeitstheilchens] which is located precisely in the point x\, . . . ,x n . 

The finite transformations of the one-term group X(f) come into being 
[entstehen] by repating infinitely many times [durch unendlichmalige Wieder- 
holung] the infinitesimal transformation x\ = X[ + ^8t. In order to arrive at a 
finite transformation, we must hence imagine that the infinitely small move- 
ment represented by the infinitesimal transformation is repeated during infinitely 
many time intervals 8t; in other words, we must follow the movement of the fluid 
particle during a finite time interval. To this end, it is necessary to integrate the 
differential equations of this movement, that is to say the simultaneous system: 

dx 'i = = dx 'n d 

A fluid particle which, for the time t = 0, is located in the point x\, . . . ,x n will, 
after a lapse of time t, reach the point x[,. ..,x' n ; so the integration must be exe- 
cuted in such a way that for t = 0, one has: x' j = Xj. In reality, we found earlier 
the general form of a finite transformation of our group exactly in this manner. 

The movement of our fluid is one which is a so-called stationary movement, 
because the velocity components dx'Jdt are free of t. From this, it follows that in 
one and the same point, the movement is the same at each time, and consequently 
that the whole process of movement always takes the same course, whatever the 
time at which one starts to consider it. The proof that the finite transformations 
produced by the infinitesimal transformation X(f) constitute a group already 
lies fundamentally in this observation. 

If we consider a determined fluid particle, say the one which, for the time t = 
is located in the point x^,...,x^, then we see that it moves on a curve which 
passes through the point x Q v ...,x Q n . So the entire space is decomposed only in 
curves of a constitution such that each particle remains on the curve on which it 
is located once. We want to call these curves the integral curves [Bahncurven] 
of the infinitesimal transformation X(f). Obviously, there are oo"" 1 such integral 
curves. 

For a given point x(, . . . it is easy to display the equations of the integral 
curve passing through it. The integral curve is nothing but the locus of all points 
in which the point x®, . . . ,x„ is transferred, when the oo 1 transformations: 
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*f = *i + y &(*) + "■ (»=1— n) 

of the one-term group are executed on it. Consequently, the equations: 

represent the integral curve in question, when one considers t as an independent 
variable. 

4.2 Straightening of Flows and the Exponential Formula 

Let x' t = fi(x; a) be a one-term local transformation group, with a E K (= M or 
C) a scalar and with the identity e corresponding to the origin G K as usual. Its 
fundamental differential equations (p.l32l): 

dx'- 

-^ = V(a)&{x' l ,... 7 x' n ) (i=l-n) 

then consist of a complete first order pde system. But by introducing the new pa- 
rameter: 

t = t(a) := / ty/(ai)dai, 
Jo 

we immediately transfer these fundamental differential equations to the time- 
independent system of n ordinary differential equations: 

dx' 

(1) -^ = &(x' 1 ,...,x' n ) (/=i •••«), 

the integration of which amounts to computing the so-called flow of the vector field 

With the same letters /j, we will write //(x; instead of fi(x; a(t)). Of course, 
the (unique) solution of the system (1) with the initial condition x\{x; 0) = is 
nothing but x\ = fi(x; t): the flow was in fact known from the beginning. Further- 
more, uniqueness of the flow and the fact that the are independent of t both imply 
that the group composition property corresponds just to addition of time parameters 
(IHIlll): 

fi(f(x;ti);t 2 )=fi(x',ti+t 2 ) (*=i •••«). 

It is classical that one may (locally) straighten X to -j-. 
Theorem 4.1. Every one-term continuous transformation group: 

x'i =fi(x\,...,X n ',t) (i=l-n) 

satisfying differential equations of the form: 
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(i=l-n) 



is locally equivalent, through a suitable change of variables y,- = >",(x), to a group 
of translations: 

y'l=yi+t, , ^2=^2, 













V 















A=/(0,y;yi) 




Fig. 7: Straightening a flow by means of a diffeomorphism 



Proof. We may suppose from the beginning that the coordinates x\, . . . ,x n had been 
chosen so that £i(0) = 1 and £ 2 (0) = • • ■ = £h(0) =0. In an auxiliary space yi,. . . ,y„ 
drawn on the left of the figure, we consider all points (0,y) := (0,y 2 , ■ ■ ■ ,y n ) near 
the origin lying on the coordinate hyperplane which is complementary to the y\- 
axis, and we introduce the diffeomorphism: 

y\—>x = x(y) :=f{o,f,yi) =■ &(y), 

defined by following the flow up to time y\ from (0,y); this is indeed a diffeo- 
morphism fixing the origin thanks to ^-(0) = ^(0) = «|i(0) = 1, to |^(0) = 

^(0) = ^(0) = and to 4> k (0,y) = %foTk = 2,...,n. Consequently, we get that 
the (wavy) flow represented on the right figure side has been straightened on the left 
side to be just a uniform translation directed by the yr-axis, because by substituting: 

*' = /(0,yVi) =/(O,y;yi+0 = /(/(0,y;yi);f) =f(x;t), 

we recover the uniquely defined flow x 1 = f(x; t) when assuming that y 1 = y and 
y[= yi +t. □ 



Theorem 6. If a one-term group: 

x- = /j(xi,...,x n , ai,...,a r ) (/=l-n) 

contains the identity transformation, then its transformations are interchange- 
able [vertauschbar] one with another and they can be ordered as inverses by 
pairs. Every group of this sort is equivalent to a group of translations: 



y'i=yi, y' n -i=yn-i, y' n =yn+t- 
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4.2.1 The Exponential Analytic Flow Formula 



In fact, because we have universally assumed analyticity of all data, the solution 
x' = x 1 (x; t) to the pde system (1) can be sought by expanding the unknown x 1 in 
power series with respect to t: 

X ' i {x;t) = Y, 5 ik (x)t k = Xi + t£i(x) + --- (i=l-n). 
k^O 

So, what are the coefficient functions Differentiating once more and twice 

more (1), we get for instance: 

d 2 *; » d^Ax' k » d& 

etc., and hence generally by a straightforward induction: 

= jr^ptft)) ■ ■ ■ ) = x(_jx£«)) )•••)■ 

k— 1 times k times 

for every nonnegative integer k, with the convention X°Xj = x\. Setting t = 0, we 
therefore get: 

k\ E ik (x)=X(---{x(X(xi)))---). 

k times 

Thus rather strikingly, computing a flow boils down in the analytic category to sum- 
ming up differentiated terms. 

Proposition 4.1. The unique solution x'(x; t) to a local analytic system of ordinary 

differential equations = £;(x^, . ■■,x r n ) with initial condition x'^x; 0) = Xj is pro- 
vided by the power series expansion: 

t k 

(2) x f i (x; t) = Xi + tX( Xi ) + - + X(-- (X(X ( Xi ))) •••)+••• ( i= i ...»), 

k times 

which can also be written, quite adequately, by means of an exponential denotation: 

(2') x\ = exp (tX)(x t ) = £ ^jr^ (, = 1 "-" ) - 

k>o K - 
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Letting / = f(xi, . . .,x n ) be an arbitrary analytic function, we might compose / 
with the above flow: 

/ ■=f(x'i,---,x', 1 )=f(x\(x; t),...,x n (x;t)), 

and we should then expand the result in power series with respect to t: 

f = (/ ) t =o + fr (~sr)t=o + t\ (~dP r )t=o ^ • 

d f 1 f f 

Consequently, we need to compute the differential quotients . . . , and if we 

set # := . . .X) and X' : = If =1 

d7~ (/) ' 
i=i i 

and so on. After setting t = 0, the jc- become jq, the f' becomes /, theX'(f') becomes 
X (/) , and so on, whence we obtain the expansions: 

(3) f( x [,...X)=f(xi,...,x n ) + ^X(f) + ---+ t ^X(---(X(f)) ...) + .-. 

times 

§ 13.(0) 

Amongst the oo 1 transformations of the one-term group (2), those whose pa- 
rameter t has an infinitely small value, say the value 8t, play an outstanding role. 
We now want to consider more precisely these "infinitely small" or "infinitesi- 
mal" transformations of the group. 

If we take into account only the first power of dt, whereas we ignore the 
second and all the higher ones, then we obtain from (2) the desired infinitesimal 
transformation under the form: 

(4) X'=Xj + ^(xi,...,x„)5f (i=i-n); 



1 Changing t to — t exchanges the roles of x' = exp(tX)(x) and of x = exp(— tX)(x / ), hence we also have: 
(3a) /(x 1 ,... A )=/(/ 1 ,..,VJ-iz(/) + .- + (-l) i ^(...(X(/))-)+-, 
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on the other hand, if we use the equation (3), we get the last n equations con- 
densed in the single one: 

f'=f+X(f)8t, 

or written in greater length: 

f(x' 1 ,...,x' n ) = f(x 1 ,...,x n ) + 8t £ 5^—- 

i=l 1 

It is convenient to introduce a specific naming for the difference x\ — jc,-, that is 
to say, for the expression ^ 8t. Occasionally, we want to call ^8t the "increase" 
[Zuwachs], or the "increment' [Increment], or also the "variation" [Variation] 
of Xi, and write for that: 8xj. Then we can also represent the infinitesimal trans- 
formation under the form: 

8xi =%i8t,..., 8x n = t; n 8t. 

Correspondingly, we will call the difference /' — /, or the expression X (/) 8t 
the increase, or the variation of the function f(x\ , . . . ,jc n ) and we shall write: 

f-f = X{f)8t = 8f. 

It stands to reason that the expression, completely alone: 

already fully determines the infinitesimal transformation 8xj = ^ 8t, when one 
understands by /(jci, . . . ,x n ) some undetermined function of its arguments. In- 
deed, all the n functions £i , . . . , % n are individually given at the same time with 

x(f). 

This is why we shall introduce the expression X(f) = ^ as being the symbol 
of the infinitesimal transformation (4), so we will really speak of the "infinites- 
imal transformation X(f)". However, we want to point out just now that the 
symbol of the infinitesimal transformation (4) is basically determined only up to 
an arbitrary remaining constant factor. In fact, when we multiply the expression 
X(f) by any finite constant c, then the resulting expression cX(f) is also to be 
considered as the symbol of the infinitesimal transformation (4). Indeed, accord- 
ing to the concept of an infinitely small quantity, it makes no difference, when 
we substitute in (4) the infinitely small quantity St by c8t. 

The introduction of the symbol X(f) for the infinitesimal transformation (4) 
presents many advantages. Firstly, it is very convenient that the n equations 
x\ = Xi + £i 8t of the transformation are replaced by the single expression X(f). 
Secondly, it is convenient that in the symbol X (/) , we have to deal with only one 
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series of variables, not with the two series: x\,...,x„ and x' l ,... 1 x f n . Lastly and 
thirdly, the symbol X(f) establishes the connection between infinitesimal trans- 
formations and linear partial differential equations; because in the latter theory, 
expressions such as X(f) do indeed play an important role. We shall go into 
more details later about this connection (cf. Chap. 6). 

The preceding developments show that a one-term group with the identity 
transformation always comprises a well determined infinitesimal transformation 
x\ = Xi + %i 8t, or briefly X(f). But it is also clear that conversely, the one-term 
group in question is perfectly determined, as soon as one knows its infinitesimal 
transformation. Indeed, the infinitesimal transformation x\ = Xi + fySt is, so to 
speak, only another way of writing the simultaneous system (1) from which are 
derived the equations (2) of the one-term group. 

Thus, since every one-term group with the identity transformation is com- 
pletely determined by its infinitesimal transformation, we shall, for the sake of 
convenience, introduce the following way of expressing. 

Every transformation of the one-term group: 

t t 2 

A =Xi + j & + j^2 X (&) + ■ • ■ ( ; = 1 •"») 
is obtained by repeating infinitely many times the infinitesimal transformation: 

x'^Xi + Ztdt or x(/) = § 1 |£ + ... + £ l |£. 

ax\ ox n 

Or yet more briefly: 

The one-term group in question is generated by its infinitesimal transforma- 
tions. 

In contrast to the infinitesimal transformation X(f), we call the equations: 

t t 2 
+ + — *(&) + •• • 

the finite equations of the one-term group in question. 

Now, we may enunciate briefly as follows the connection found earlier be- 
tween the simultaneous system (1) and the one-term group (2'): 

Proposition 1. Every one-term group which contains the identity transformation 
is generated by a well determined infinitesimal transformation. 

And conversely: 

Proposition 2. Every infinitesimal transformation generates a completely deter- 
mined one-term group. 
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4.3 Exponential Change of Coordinates and Lie Bracket 

Let X = Y!i=\ <•>/(•*) be an infinitesimal transformation which generates the one- 
term group x' = exp(tX)(x). What happens if the variables x\, . . . ,x n are subjected 
to an analytic diffeomorphism y v = (p v (x) which transfers naturally X to the vector 
field: 

Y:=cp,(X)= j^X(y v )^-=: £ n y (y h ...,y n )-£- 
£i dy v ^ dy v 

in the new variables yi , . . . ,y n ? 

Proposition 4.4. The new one-term group y' = exp(tY) (y) associated toY = <p*(X) 
can be recovered from the old one xf = exp(tX)(x) thanks to the formula: 



exp(ry)(y) = (p(exp(tX)(x))\ x=(p _ 



(>')' 



Proof. Since we work in the analytic category, we are allowed to deal with power 
series expansions. Through the introduction of the new variables y v = <p v (x), an 
arbitrary function f(xi, . . . ,x n ) is transformed to the function F = F(y) defined by 
the identity: 

f(x)=F(cp(x)). 

With x 1 = exp(tX)(x) by assumption, we may also define y' v := (p v (x') so that: 

ny')^) =/(*')■ 

On the other hand, the Jacobian matrix of <p induces a transformation between vec- 
tor fields; equivalently, this transformation X !->■ <p*(X) =: Y can be defined by the 
requirement that for any function /: 

Y (F)\ y=(p{x) =X(f). 

By a straightforward induction, it follows for any integer k ^ 1 that we have: 

n*w)U w =*«/)), , y*(^)U w =**(/)• 

Consequently, in the expansion (3) of /(V) = /(exp(fX)(jc)) with respect to the 
powers of t, we may perform replacements: 

Removing the two replacements |y= v (^) and | y =<p( x )> we get an identity in terms of 
the variables y and /: 

F (y') = L^Y k (F), 



4.3 Exponential Change of Coordinates and Lie Bracket 69 

which, because the function / — and hence F too — was arbitrary, shows that y' 
must coincide with exp(tY)(y), namely: 

Consequently, after replacing here / by (p(x') and y by <p(x), we obtain: 

<p(exp(;X)(*)) = <p( x >) =y> = £ ^y*(y)|^ w =exp( ? F)(y)| ( 

and this is the same relation between flows as the one stated in the proposition, but 
viewed in the x-space. □ 



Proposition 3. If, after the introduction of the new independent variables: 
y, = (pi(xi,...,x n ) (i=i-n), 

the symbol: 

(=1 ox ' 

of the infinitesimal transformation: 

x l i = x i -\-S >i 8t (i=l-n) 

receives the form: 

x(f) = t x (yv) ¥- = E ivto, • • • >*) = F (/)> 

v=l v=1 
?/zen the finite transformations generated by X(f): 

t t 2 

x\ = Xi + - & + y^*(£) + ■■■ (' = 1 

are given, in the new variables, the shape: 

t t 2 

y ! , =yt+j m + y~2 Y ^ + " ' (,= 1 •" n)) 

where the parameter t possesses the same value in both cases. 
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4.3.1 Flows as Changes of Coordinates 



Suppose we are given an arbitrary infinitesimal transformations: 

For later use, we want to know how X transforms through the change of coordinates 
represented by the flow diffeomorphism: 

t t 2 

x'i = exp(tY) (xi) =Xi + - rji + y~2 Y ^ + ( /= 1 - n ) 

of another infinitesimal transformation: 

n d 

Y = Y, m(Xh---,Xn)-K-- 
i=\ ax i 

At least, we would like to control how X transforms modulo second order terms in 
t. By definition, X is transformed to the vector field: 

p*(x)=£x(*;-)^7, 

i= 1 i 

where the expressions X{x' l ) should still be expressed in terms of the target coordi- 
nates x[ , . . . ,x' n . Replacing x\ by its above expansion and neglecting the second and 
the higher powers of t, we thus get: 

X(x'i) =X(x i )+tX(ri i ) + --- (i=i-n). 

To express the first term of the right-hand side in terms of the target coordinates, 
we begin by inverting x' = exp(tY)(x), getting x = exp(— tY')(x'), with of course 
Y' '■= Y!i=\ ty'OO j~r. denoting the same field as Y but written in the x'-space, and we 
compute X(xj) as follows: 

X(x i ) = Ux) = ^x V (-tY')(x')) 

= & (x\ - 1 r\i (x) , ,x' n -t r\ n (x')) 

i=i ax i 

= ^ l (x l )-tY'(^(x')) + --- (/=!...„). 

If we now abbreviate := ^i(x') and Tj- := T\i{x!), because 0(t 2 ) is neglected, no 
computation is needed to express the second term in terms of x': 

tX{m) = tX'{^---- (i=i-»), 
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and consequently by adding we get: 

X(x' 1 ) = ^ + t{X'(j 1 ;)-Y'^))+... (/=!...„). 

As the n coefficients X'(t] ( ') — Y'(£{), either one recognizes the coefficients of the 
Lie bracket: 



[X', 1"] 



d_ 

-i=\ i=\ ^'J i=\ 

between X' := £" =1 £,i(x') 4-r and Y' := £" =1 t^jc') -^7, or one chooses to define 
once for all the Lie bracket in such a way. In fact, Engel and Lie will mainly intro- 
duce brackets in the context of the Clebsch-Frobenius theorem, Chap. |5] below. At 
present, let us state the gained result in a self-contained manner. 

Lemma 4.1. ((21, p. 141) If, in the infinitesimal transformation X = YIi=\ ^i( x ) 
of the space x\, . . . ,x n , one introduces as new variables: 

x'i = exp(tY)(xi) =Xi + tY(xi)-\ (f=i-«), 

those induced by the one-term group generated by another infinitesimal transforma- 
tion Y = ZU m(x) then setting X' := £? =1 ^ and Y' := £? =1 t]^) jj, 

one obtains a transformed vector field: 

(p*(X)=X' + t[X',Y']+-- - , 
with a first order perturbation which is the Lie bracket [X f , Y'\. 



4.4 Essentiality of Multiple Flow Parameters 

At present, we again consider r arbitrary vector fields with analytic coefficients 
defined on a certain, unnamed domain of IK" which contains the origin: 

" d 
X k = £ ^d(xi,...,Xn)^- (k=l-r). 

Though the collection X\, . . . ,X^ does not necessarily stem from an r-term group, 
each individual X^ nonetheless generates the one-term continuous transformation 
group x 1 = exp(tX k )(x) with corresponding infinitesimal transformations x' t = x\ + 
e E,ki( x )', this is me reason why we shall hence sometimes alternatively refer to such 
general vector fields X^ as being infinitesimal transformations. 

Definition 4.1. The r infinitesimal transformations X\, . . . ,X r will be called inde- 
pendent (of each other) if they are linearly independent, namely if the n equations: 
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= ei t,u{x) H \-e r ^ ri (x) (i= 1 - n) 



in which ei, . . . , e r are constants, do imply ei = • • • = e r = 0. 

For instance, Theorem 3 on p. [37] states that an r-term continuous local trans- 
formation group x\ = fi( ) whose parameters a k are all essential always 

gives rise to the r infinitesimal transformations X k : = — J^- (x; e) , k = 1 , . . . , r, which 
are independent of each other. 

Introducing r arbitrary auxiliary constants X\ , . . . , X r , one may consider the one- 
term group generated by the general linear combination: 

C := X\ X\ + • • ■ + X r X n 

of Xi, . . . ,X r , namely the flow: 

t t 2 

x\ = exp(fC) ( Xi ) =xi + - C(xt) + — C (C( Xi ) )+■■■ 

= Xl +tix k ^+yf^-x k (^)+... 

k=\ k,j 
=: hi(x;t,Xi,...,X r ) (i=i-n). 

If theXk = e) do stem from an r-term continuous group ^ = fi(x; a\, . . . , a r ), 

a natural question is then to compare the above integrated finite equations 
hi(x; t,Xi, . . . , X r ) to the original transformation equations /;( ). Before 

studying this question together with Lie and Engel, we focus our attention on a 
subquestion whose proof shows a beautiful, synthetical, geometrical idea: that of 
prolongating the action jointly to finite sets of points. 

At first, without assuming that the X k stem from an r-term continuous group, it is 
to be asked (subquestion) whether the parameters X\ , . . . , X r in the above integrated 
transformation equations x\ — hi(x; X\, . . . , Xr) are all essential. In the formula just 
above, we notice that the r + 1 parameters only appear in the form tX\, . . . , t X r , 
hence because the X k are arbitrary, there is no restriction to set t — 1 . We shall then 
simply write h[{x\ X\ , . . . , X r ) instead of hj(x; 1 , X\ , . . . , X r ) . 

Theorem 8. If the r independent infinitesimal transformations: 

X k(f) = £ ^ki(xi,---,X n )^- (k=l~r) 
,= 1 dx i 

are independent of each other, and if furthermore X\, . . . , X r are arbitrary pa- 
rameters, then the totality of all one-term groups X\Xi(f)-\ h X r X r (f) forms 

a family of transformations: 
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(5) htki+Y, -r4 x k(Zji)+--- ('=!•••»), 

in which the r parameters X\ , . . . , X r are all essential, hence a family of °° r dif- 
ferent transformations. 



Proof. Here exceptionally, we observed a harmless technical incorrection in Engel- 
Lie's proof (O, pp. 62-65) about the link between the generic rank of X\ | , . . . ,X r \ 
and a lower bound for the number of essential parameters^]. 

However, Lie's main idea is clever and pertinent: it consists in the introduction 
of exactly r (the number of A&'s) copies of the same space x\, . . . ,x n whose coor- 
dinates are labelled as x[ , . . . ,x„ for ji = 1, . . . , r and to consider the family of 
transformation equations induced by the same transformation equations: 

4 M), = eX p(C)(x[ M) ) =hi(xM; X u ..., K) (»=i-»; n=i-r) 

on each copy of space, again with t = 1. Geometrically, one thus views how the 
initial transformation equations x\ = hi(x; X\ , . . . , X r ) act simultaneously on r-tuples 
of points. Written in greater length, these transformations read: 

4* = 4"'+ E fc«8" + E tt^'" (« j?) + ■ ■ • 

(i=l-n; jLt = 1 - - , 

where we have of course set: := ^(x^) andX^ :=E"=i %ki( x ^) "TUT- Such 

an idea also reveals to be fruitful in other contexts. 

According to the theorem stated on p. \T3\ in order to check that the parameters 
X\ , . . . , X r are essential, one only has to expand x' in power series with respect to the 
powers of x at the origin: 

A= I nw* a (>•=!•-«), 

and to show that the generic rank of the infinite coefficient mapping X i — > 
is maximal possible equal to r. Correspondingly and immediately, 
we get the expansion of the r- times copied transformation equations: 



2 On page 63, it is said that if the number r of the independent infinitesimal transformations X(. is ^ n, then the 
r x n matrix of their coefficients is of generic rank equal to r, although this claim is contradicted with 

n = r = 2 by the two vector fields x ^ +y -j- and xx +xy . Nonetheless, the ideas and the arguments of the written 
proof (which does not really needs such a fact) are perfectly correct. 
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(5") xf = £ ^(X)(x^) a (l=l...*M=l...r), 

aeN" 

with, for each /I = 1 , . . . , r, the same coefficient functions: 

<^' (m) (A) = <&i{X) (i=l...n; aeN"; fi = l...r). 

So the generic rank of the corresponding infinite coefficient matrix, which is just an 

r-times copy of the same mapping A i — > (^(A))^^", does neither increase nor 
decrease. 

Thus, the parameters Ai, . . . , X r for the transformation equations xf = h(x; A) are 
essential if and only if they are essential for the diagonal transformation equations 
X (N = h (xW ; X), [l = 1 , . . . , r, induced on the r-fold copy of the space x\ , . . . , x n . 

Therefore, we are left with the purpose of showing that the generic rank of the r 

times copy of the infinite coefficient matrix A i — > (^a (^))lgra» n ' l ^^ r is equal 
to r. We shall in fact establish more, namely that the rank at A = of this map 
already equals r, or equivalently, that the infinite constant matrix: 



dA k J l<k<r 



whose r lines are labelled with respect to partial derivatives, has rank equal to r. 

To prepare this infinite matrix, if we differentiate the expansions (5') which iden- 
tify to (5") with respect to X k at A = 0, and if we expand the coefficients of our 
infinitesimal transformations: 

&(> ) )= £ ZuabW)" (*=l...**=l...r;M = l...r) 

aeN" 

with respect to the powers of x\, . . . ,x n , we obtain a more suitable expression of it: 
V dX k ) l<k< - \\5> kia )\^r "' l*«ha^ J 

=-. (rs(o) ••■ rs(o)). 

As argued up to now, it thus suffices to show that this matrix has rank r. Also, 
we observe that this matrix identifies with the infinite jet matrix J°°S(0) of Taylor 
coefficients of the r-fold copy of the same rxn matrix of coefficients of the vector 
fields X k : 

'€llM ••• £ln(*) 



E{x) :-- 
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This justifies the symbol J°° introduced just above. At present, we can formulate an 
auxiliary lemma which will enable us to conclude. 

Lemma 4.2. Let n ^ 1, q ^ 1, m ^ 1 be integers, let xel" and let: 

( an(x) •■■ a Xm {x) 

A(x)= 

\a q i(x) ■■■ a qm (x) 

be an arbitrary q x m matrix of analytic functions: 

a ij( x )= £ a ija x a (i=l...q; 7 = 1. ..m) 

that are all defined in a fixed neighborhood of the origin in K'\ and introduce the 
q x oo constant matrix of Taylor coefficients: 

rA(0):=(MSIr eN " 

whose q lines are labelled by the index i. Then the following inequality between 
(generic) ranks holds true: 

rkJ°°A(0) ^genrkA(x). 

Proof. Here, our infinite matrix J°°A(0) will be considered as acting by left multi- 
plication on horizontal vectors u = (mi, . . . , u q ), so that u J°°A(0) is an °° x 1 matrix, 
namely an infinite horizontal vector. Similarly, A(x) will act on horizontal vectors 
of analytic functions (mi (x), . . . , u r (x)). 

Supposing that u = (u\,...,u q ) G ~K q is any nonzero vector in the kernel of 
J°°A(0), namely: = u J°°A(0), or else in greater length: 

= Uiai ja -\ Yu q a q ja C/=l...m; aeW), 

we then immediately deduce, after multiplying each such equation by x a and by 
summing up over all a G W: 

= u\ a\ j(x) H \-u q a qj (x) (; = l...m), 

so that the same constant vector u = (u\ , . . . , u q ) also satisfies = uA(x) . It follows 
that the dimension of the kernel of J°°A(0) is smaller than or equal to the dimension 
of the kernel of A(x) (at a generic x): this is just equivalent to the above inequality 
between (generic) ranks. □ 

Now, for each q = 1 , 2, . . . , r, we want to apply the lemma with the matrix A(x) 
being the g-fold copy of matrices [E(x^) ■■ ■ E(x^)), or equivalently in greater 
length: 
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/*=(!) ... e(2) ... e(2) *(?) ... 



S 9 (x 9 ) := 



Sll ' " Sl„ Sll "'bin Sll " ' bhi 

\ Sri ' ' ' brn b r \ ' ' ' brn b r l ' ' ' brn J 



where we have abbreviated: 



Lemma 4.3. It is a consequence of the fact thatX\,X2 1 . . . ,X r are linearly indepen- 
dent of each other that for every q = 1 , 2, . . . , r, one has: 

genrkfs^ 1 )) S(x^) ■■■ S(x^))^q. 



Proof. Indeed, for q=l,it is at first clear that genrk (0(x^)) ^ 1, just because not 
all the §y(jt) vanish identically. 

We next establish by induction that, as long as they remain < r, generic ranks do 
increase of at least one unity at each step: 

genrk(s 9+1 (x 9+1 )) ^ 1 + genrk ^E q (xq)\ 

a fact which will immediately yield the lemma. 

Indeed, if on the contrary, the generic ranks would stabilize, and still be < r, 
then locally in a neighborhood of a generic, fixed xjj +1 , both matrices E q+ \ 
and E q would have the same, locally constant rank. Consequently, the solutions 
(#1 (x q ) ■ ■ ■ & r (Xq)) to the (kernel-like) system of linear equations written in matrix 
form: 

0=(^(x 9 )---^(x,))S,(x,), 

which are analytic near x^ thanks to an application of Cramer's rule and thanks to 
constancy of rank, would be automatically also solutions of the extended system: 

o = (*&)-..* r &))(s,&) 

whence there would exist nonzero solutions . . . , # r ) to the linear dependence 
equations: 

0= (0j ... 

which are constant with respect to the variable x^ q+l \ since they only depend upon 

x q . This exactly contradicts the assumption that X^ q+l \ . . . ,X r are independent 
of each other. □ 

Lastly, we may chain up a series of (in)equalities that are now obvious conse- 
quences of the lemma and of the assertion: 

rank ( J°°S(0) ••• J°°S(0)j = rankJ°°S r (0) ^ genrk E r (x r ) = r, 
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and since all ranks are anyway ^ r, we get the promised rank estimation: 

r = rank (j~ 3(0) ■■• J°°3(0) 

which finally completes the proof of the theorem. □ 

In order to keep a memory track of the trick of extending the group action to an 
r-fold product of the base space, we also translate a summarizing proposition which 
is formulated on p. 66 of [j2]|. 



Proposition 5. If the r infinitesimal transformations: 

df 



n df 
Mf) = £ Zki(x\ , ■ ■ ■ ,X„) ^- (*= 1 ...r) 

!=1 



are independent of each other, if furthermore: 

are r different systems ofn variables, and if lastly one sets for abbreviation: 

i=l dx i 
then the r infinitesimal transformations: 

w k (f)=i4 ti \f) (*=i-r) 

in the nr variables xf 1 ^ satisfy no relation of the form: 

4\...,x^)W k (f) = 0. 

k=l 



Also, we remark for later use as in [|2]|, p. 65, that during the proof of the theorem 8 
above, it did not really matter that the equations (5) represented the finite equations 
of a family of one-term groups. In fact, we only considered the terms of first order 
with respect to X\ , . . . , in the finite equations (5), and the crucial Lemma 1431 em- 
phasized during the proof was true under the only assumption that the infinitesimal 
transformations X\,...,X r were mutually independent. Consequently, Theorem 8 
can be somewhat generalized as follows. 
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Proposition 4. If a family of transformations contains the r arbitrary parameters 
e\,...,e r and if its equations, when they are expanded with respect to powers of 
e\,...,e r , possess the form: 

r 

k=l 

where the neglected terms in e\,...,e r are of second and of higher order, and 
lastly, if the functions §y (x) have the property that the r infinitesimal transfor- 
mations made up with them: 

" df 
Xk(f) = £ , • • • ,Xn) (*=1 -r) 

(=1 dXi 

are independent of each other, then those transformation equations represent °° r 
different transformations, or what is the same: the r parameters e\,...,e r are 
essential. 



4.5 Generation of an r-Term Group by its One-Term Subgroups 

After these preparations, we may now come back to our question formulated on 
p.l72l how to compare the equations x\ = f(x; a) of a given finite continuous trans- 
formation group to the equations: 

x'i = exp (t X\ Xi H h t X r X r ) (xi) 

=:hi(x',t,li,...,hr) (i=l...n) 

obtained by integrating the general linear combination of its r infinitesimal trans- 
formations Xk = —^-{x; e)l Sometimes, such equations will be called as in [0 the 
canonical finite equations of the group. 

Abbreviating X\X\ + ■ ■ ■ + X r X r as the infinitesimal transformation C : = 
Td=i ^i( x ) whose coefficients are given by: 

n 

(i=l..-n), 

7=1 

then by definition of the flow x\ = exp(tC) (x), the functions /?, satisfy the first order 
system of ordinary differential equations -rf- = ^i(h\, . . .,h n ), or equivalently: 

dh r 

(6) — ^ = £ Xj% ji (h h ...,h n ) (i=i...n), 
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with of course the initial condition h(x;0,X) = x at t = 0. On the other hand, ac- 
cording to Theorem 3 on p. [37l we remember that the ft satisfy the fundamental 
differential equations: 

(7) ^(/i,-..,/«) = £ a jk (a)-^- ,, i...„ :/ i 

Proposition 4.8. If the parameters ai,...,a r are the unique solutions a^{t , X) to the 
system of first order ordinary differential equations: 

-T- = 2^ kj a jk{a) (*=l...r) 

with initial condition a(0,X) = e being the identity element, then the following iden- 
tities hold: 

f (x; a(t , X)) = exp (/ X\ X\-\ \-t X r X r ) (xi) =hi(x;t,X\,..., X r ) 

(i=l...n) 

and they show how the hi are recovered from the ft. 

Proof Indeed, multiplying the equation (7) by Xj and summing over j for j equals 
1 up to r, we get: 

r df r r 

E IT E h a ik{a) = £ Xjtjiifi, ...,/») (f=i...n). 

fc=l ^ ;=1 j=l 

Thanks to the assumption about the a^, we can replace the second sum of the left- 
hand side by which yields identities: 

in the left hand side of which we recognize just a plain derivation with respect to t: 

■^ = ^ [/<(*:«(*»*))] = •••,/«) (i=l...n). 

But since f(x; a(0, A)) = f(x; e) = x has the same initial condition x at t = 
as the solution /i(jc;?,A) to (6), the uniqueness of solutions to systems of first 
order ordinary differential equations immediately gives the asserted coincidence 
f(x;a(t,X))=h(x;t,X). □ 



80 4 One-Term Groups and Ordinary Differential Equations 

4.6 Applications to the Economy of Axioms 



We now come back to the end of Chap. [31 Sect. 13.91 where the three standard group 
axioms (composition; identity element; existence of inverses) were superseded by 
the hypothesis of existence of differential equations. We remind that in the proof of 
Lemma [331 a relocalization was needed to assure that det^(a) ^ 0. For the sake 
of clarity and of rigor, we will, in the hypotheses, explicitly mention the subdomain 
stf x C srf where the determinant of the yiy(a) does not vanish. 

The following (apparently technical) theorem which is a mild modification of the 
Theorem 9 on p. 72 of 0, will be used in an essential way by Lie to derive his 
famous three fundamental theorems in Chap. [9] below. 

Theorem 9. If, in the transformation equations defined for (x, a) e SE x 

(1) x f i = f i (x\,...,x n ;ai,...,a r ) (i=i •••»), 

the r parameters a\ , . . . , a r are all essential and if in addition, certain differential 
equations of the form: 

dx'- r 

(2) j^=2^\ir kj (a h ...,a r )Z ji (x' 1 ,... 1 x' n ) (i=i-n-,k=i-r) 

are identically satisfied by x\ = f\(x;a) 1 ...,x' n = f n (x;a), where the matrix 
Wkj( a ) is holomorphic and invertible in some nonempty subdomain g/ 1 C s& , 
and where the functions E,ji(x') are holomorphic in SE , then by introducing the 
r infinitesimal transformations: 

x k -= £ &«•(*) 
i=i ox ' 

it holds true that every transformation x J j = f(x; a) whose parameters ai,...,a r 
lie in a small neighborhood of some fixed a G £/ 1 can be obtained by firstly 
performing the transformation: 

Xi = fi(xi,... ,x n ;a\ ,...,a°) (/=i •••«), 

and then secondly, by performing a certain transformation: 

x'j = exp (tXiXi H h t X r X r ) (xj) (i= i-n) 

of the one-term group generated by some suitable linear combination of the X^, 
where t and k\ , . . . , %r are small complex numbers. 
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Especially, this technical statement will be useful later to show that whenever r 
infinitesimal transformations Xi, . . . ,X r form a Lie algebra, the composition of two 
transformations of the form x = exp is again of the same form, 

hence the totality of these transformations truly constitutes a group. 

Proof. The arguments are essentially the same as the ones developed at the end of 
the previous section (p.l79l) for a genuinely local continuous transformation group, 
except that the identity parameter e (which does not necessarily exist here) should 
be replaced by a . 

For the sake of completeness, let us perform the proof. On the first hand, we 
fix a G srf 1 and we introduce the solutions = cik(t,Xi,. . .,X r ) of the following 
system of ordinary differential equations: 

= fl^j a jk(a) (*=l-r), 

with initial condition a^O, X\ , . . . , X r ) = a?, where X\ , . . . , X r are small complex pa- 
rameters and where, as before, OCjk(a) denotes the inverse matrix of y/"^(a), which 
is holomorphic in the whole of sf\ . 

On the second hand, we introduce the local flow: 

exp {tX\X\ H \-tX r X r ) (jc) =: h(x; t,X) 

of the general linear combination X\X\ H h X r X r of the r infinitesimal transfor- 
mations Xj, = Y!i=\ %ki( x ) j-> where x is assumed to run in s^ 1 . Thus by its very 
definition, this flow integrates the ordinary differential equations: 

dhi r 

~77 = E Xj£ji(hi,...,h n ) (i=l-n) 

with the initial condition h (x; 0, A ) =x. 

On the third hand, we solve first the ^ in the fundamental differential equa- 
tions (2) using the inverse matrix a: 

Wh---,fn) = £ ff;i(«)r (i=l-n;j=l-r). 
k=\ da k 

Then we multiply by Xj, we sum and we recognize which we then substitute: 
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i=\ k=i k 7=1 

_ ^ dfj da k 
da k dt 

= — [fi(x;a(t,X))] (i=i-n). 

So the fi(x; a(t, A)) satisfy the same differential equations as the h{(x; f, A), and in 
addition, if we set x equal to f(x; a°), both collections of solutions will have the 
same initial value for t = 0, namely f(x; a°). In conclusion, by observing that the fi 
and the hi satisfy the same equations, the uniqueness property enjoyed by first order 
ordinary differential equations yields the identity: 

f(x; a{t,X)) = exp (tiXiXi H \-tX r X r ) (f(x; a )) 

expressing that every transformation x' = f(x; a) for a in a neighbourhood of a° 
appears to be the composition of the fixed transformation x = f(x; a°) followed by 
a certain transformation of the one-term group exp (t X{X\ H h tX r X r ) (x) . □ 



§ 18. 

We now apply the preceding general developments to the peculiar case where 
the oo r transformations x\ = fi{x\,. . . 7 x nj a\,...,a r ) consitute an r-term group. 

If the equations (1) represent an r-term group, then according to Theorem 3 
p.|37l there always are differential equations of the form (2); so we do not need 
to specially enunciate this requirement. 

Moreover, we observe that all infinitesimal transformations of the form 

E"=i | Lj=i hjE,ji(x) | ^ can be linearly expressed by means of the following r 
infinitesimal transformations: 

" df 

X k(f) = £ ^ki(xi,---,X n )^- (*=1 -»•), 

since all the infinitesimal transformations (9) are contained in the expression: 

t Wf). 

k=\ 

Here, as we have underscored already in the introduction of this chapter, the 
infinitesimal transformations X\ (/),.. . ,X r (f) are independent of each other. 

Consequently, we can state the following theorem about arbitrary r-term 
groups: 
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Theorem 10. To every r-term group: 

x- = /i(xi,...,x n , ai,...,a r ) (i=i-n) 
are associated r independent infinitesimal transformations: 

X k(f) = &d( x h ■ ■ ■ ,*n) a- (i=l-n), 
(=1 aXi 

which stand in the following relationship to the finite transformations of the 
group: if x\ = f(x\ ,. .. ,x n ; a®,.. ., a~) is any transformation of the group, then 
every transformation x| = f{x,a) whose parameter lies in a certain neigh- 
bourhood of a\, . . . ,a® can be obtained by firstly executing the transforma- 
tion xi = fi(x\, . . . ,x n , a®, . . . ,aj?) and secondly a certain transformation x J i = 
(Oi(xi, . . .,x n ) of a one-term group, the infinitesimal transformation of which has 
the form X\X\ (/) H h k r X r {f), where k\ , . . . , Xr denote certain suitably cho- 
sen constants. 



If we not only know that the equations x\ = f(x, a) represent an r-term group, 
but also that this group contains the identity transformation, and lastly also that 
the parameters a\ represent a system of values of the identity transformation in 
the domain ((%)), then we can still say more. Indeed, if we in particular choose 
for the transformation xi = fi(x,a :°) the identity transformation, we then realize 
immediately that the transformations of our group are nothing but the transfor- 
mations of those one-term groups that are generated by the infinitesimal trans- 
formations: 

hXl(f) + ~- + XrX r (f). 

Thus, if for abbreviation we set: 

£ hX k (f) = C k (f), 
k=l 

then the equations: 

t t 2 

4 = Xi + jC(x,) +—C(C( Xi )) +■■■ (i=l-n) 

represent the oo r transformations of the group. The fact that the r+ 1 parameters: 
Xi,...,X r ,t appear is just fictitious here, for they are indeed only found in the r 
combinations kit, . . . , X r t. We can therefore quietly set t equal to 1 . In addition, if 
we remember the representation of a one-term group by a single equation given 
in eq. (3) on p. [651 then we realize that the equations of our r-term group may 
be condensed in the single equation: 
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f( x ' u ...X)=f(x u ...,x n )+C(f) + ^C(C(f))+---. 

That it is possible to order the transformations of the group as inverses in pairs 
thus requires hardly any mention. 

We can briefly state as follows the above result about the r-term groups with 
identity transformation. 

Theorem 11. If an r-term group: 

x'i = fi(xi,...,x n , a h ...,a r ) (i=l-n) 

contains the identity transformation, then its °° r transformations can be orga- 
nized in oo'" -1 families of transformations in such a way that each family 
amongst these °° r ~ 1 families consists of all the transformations of a certain 
one-term group with the identity transformation. In order to find these one-term 
groups, one forms the known equations: 



dx' r 

-J ±= Y^ ¥kj(ai,---,a r )^ji(x l ,...,x' n ) (i=\-n;k=l-r 

a k j = \ 



which are identically satisfied after substituting jcj = fi(x, a), one further sets: 

Y £ M (x h ...,X n )^-=X k (f) (*=l...r), 

hence the expression: 

k=\ 

with the r arbitrary parameters X\ , . . . , Xr represents the infinitesimal transfor- 
mations of these oo' _1 one-term groups, and their finite equations have the form: 

A*§u(x) + £ j^Xk(£ji) + --- (i=l-n). 

k=l kj 

The totality of all these finite transformations is identical with the totality of all 
transformations of the group x' t = fi(x,a). Besides, the transformations of this 
group can be ordered as inverses in pairs. 



§ 19. 

In general, if an r-term group contains all transformations of some one-term 
group and if, in the sense discussed earlier, this one-term group is generated by 
the infinitesimal transformation X(f), then we say that the r-term group contains 
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the infinitesimal transformation X(f). Now, we have just seen that every r-term 
group with the identity transformation can be brought to the form: 

r 

• • • X) = f{ x h ■ ■ ■ ,X n ) + h^kif) 

k=l 

where Ai , . . . , X r denote arbitrary constants, while X\ (/),.. . ,X r (f) stand for mu- 
tually independent infinitesimal transformations. So we can say that every such 
r-term group contains r independent infinitesimal transformations. 

One is very close to presume that an r-term group cannot contain more than r 
independent infinitesimal transformations. 

In order to clarify this point, we want to consider directly the question of when 
the infinitesimal transformation: 

r(/) = X>(*i,...,*n)f^ 
i=l ox ' 

is contained in the r-term group with the r independent infinitesimal transforma- 

tionsXrif ),..., X r (f)- 

If Y(f) belongs to the r-term group in question, then the same is also true of 
the transformations: 

4 =x t +~ rji(x) + Y^YiVi) + ■■■ = 1 -») 

of the one-term group generated by Y(f). Hence if we execute first an arbitrary 
transformation of this one-term group and after an arbitrary transformation: 

x>> = x>+iA k ^ l + 1 £^X>(^ l )+-.. 

k=i kj w 

of the r-term group, we then must obtain a transformation which also belongs to 
the r-term group. By a calculation, we find that this new transformation has the 
form: 

r 

X 1 ! = Xi + TJ]i(x) + £ X k % H (x) +■■■ (i=l •••«), 

k=l 

where all the left out terms are of second and of higher order with re- 
spect to Ai, . . . , A,-, T. For arbitrary Ai,...,A r , %, this transformation must be- 
long to the r-term group. Now, if the r + 1 infinitesimal transformations 
X\ (/),... ,X r (f),Y(f) were independent of each other, then according to the 
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Proposition 4 p. [781 the last written equations would represent oo r + 1 transfor- 
mations; but this is impossible, for the r-term group contains in general only 
oo r transformations. Consequently, X\ (/),.. .,X r (f),Y(f) are not independent 
of each other, but since X\ (/),.. -,X r (f) are so, then Y(f) must be linearly de- 
duced from X\ (/),.. .,X r (f), hence have the form: 

Y(f) = £ l k X k {f\ 
k=l 

where l\ , . . . , l r denote appropriate constants. That is to say, the following holds: 

Proposition 2. If an r-term group contains the identity transformation, then it 
contains r independent infinitesimal transformations X\ (f) , . . . , X r (f) and every 

infinitesimal transformation contained in it possesses the form X\X\ (/) H h 

X r X r (f), where X\, . . . , X r denote constants. 

We even saw above that every infinitesimal transformation of the form 

X\X\ (/) H h X r X r (f) belongs to the group; hence in future, we shall call the 

expression X\X\ (/) H h X r X r (f) with the r arbitrary constants X\, . . . , X r the 

general infinitesimal transformation of the r-term group in question. 

From the preceding considerations, it also comes the following certainly spe- 
cial, but nevertheless important: 

Proposition 2. If an r-term group contains the m ^ r mutually independent 
infinitesimal transformations X\ (/),... ,X r (f), then it also contains every in- 
finitesimal transformation of the following form: X\ X\ (/) + ■•• + X m X m (f), 
where Xi,...,X m denote completely arbitrary constants. 

Of course, the researches done so far give the means to determine the infinites- 
imal transformations of an r-term group x\ = fi(x, a) with the identity transfor- 
mation. But it is possible to reach the objective more rapidly. 

Let the identity transformation of our group go with the parameters: 
" and let r lie in the domain ((a)), so that the determinant 

£ ±l//ii (a ) ■ ■ ■ \j/ rr (a ) is hence certainly different from zero. Now, we have: 

r J 

Vkj(ai,---,ar)tji(Mx,a),...,f n (x,a)) = ■^■f i (x,a), 
hence when one sets a^ = a\: 

r 

£ Wkj{cP)^ji{xu...,x n ) = 

7=1 

We multiply this equation by ^ and we sum for i from 1 to n, which then gives: 



da 



■ fi(x, a) 
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j=l i=l L 



df 

.0 dx, 



— (k=l-r) 



Now, since . . . are independent infinitesimal transformations and 

since in addition the determinant of the \jfkj(a ) is different from zero, the right- 
hand sides of the latter equations represent r independent infinitesimal transfor- 
mations of our group. 

The following method is even somewhat simpler. 

One sets = a® + dt^, where it is understood that 8t\ , . . . , 8 r are infinitely 
small quantities. Then it comes: 

^ = fi(xi,...,x n , a^ + 5ti,...,a^ + 8t r ) 
^ fi(x, a) 



k=\ 



8t k +--- 



where the left out terms are of second and of higher order with respect to the 8tk- 
Here, it is now immediately apparent that our group contains the r infinitesimal 
transformations: 



X; = Xi+ 



dak 



fi(x,a) 



8t k 



= 1 -n) 



J a=ao 
(k=l-r) 



However, the question whether these r infinitesimal transformations are indepen- 
dent of each other requires in each individual case yet a specific examination, if 
one does not know from the beginning that the determinant of the y does not 
vanish for a^ = a\. 

Example. We consider the general projective group: 

, x + a\ 



a 2 x + a-i 



of the once-extended manifold. 



The infinitesimal transformations of this group are obtained very easily by 
means of the method shown right now. Indeed, one has a? = 0, a\ = 0, a% = 1, 
hence we have: 



x + 8ti 



x8t 2 + l + 8t3 



+ 8t 



:8h 



8t 2 + --- 



that is to say, our group contains the three mutually independent infinitesimal 
transformations: 
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x,(/) = g, x 2 (/)=4, x 3 (/) = ^g. 

The general infinitesimal transformation of our group has the form: 

hence we obtain its finite transformations by integrating the ordinary differential 
equation: 

dx' 

2 = dr ' 

Ai + X2X' + X^x' 

adding the initial condition: x 1 = x for t = 0. 

In order to carry out this integration, we bring the differential equation to the 
form: 

dx' dx' 

ydt, 



by setting: 



whence: 



x' -a x' - /3 



a/3y a + /3 ni 7 

Ai = 5-, A 2 = 5-7, A 3 - 



a-/3' a-j8" a-/3 



2a = -^ + - ; , 2/3 = — ^ — ^ , 

A3 A3 A3 A3 

7= ^A|-4AiA 3 . 

By integration, we find: 

Z(x / -a)-/(jc'-j8) = 7f + Z(x-a)-Z(x-j8), 
or: f 

and now there is absolutely no difficulty to express a, /3 , 7 in terms of Ai , A 2 , A3, 
in order to receive in this way the °° 3 transformations of our three-term group 
arranged in °° 2 one-term groups, exactly as is enunciated in Theorem 1 1 . 

Besides, a simple known form of our group is obtained if one keeps the two 
parameters a and /3, while one introduces the new parameter 7 instead of 
then our group appears under the form: 
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Chapter 5 

Complete Systems of Partial Differential Equations 



Abstract Any infinitesimal transformation X = £" =1 £;(jc) ^ can be consid- 
ered as the first order analytic partial differential equation Xco = with the un- 
known ft). After a relocalization, a renumbering and a rescaling, one may supp- 
pose t, n (jc) = 1 . Then the general solution ft) happens to be any (local, analytic) 
function Q [co\, . . . , ft),j-i) of the [n — 1) functionally independent solutions de- 
fined by the formula: 

co k (x) :=exp(-x n X)(x k ) (*=i-n-i). 

What about first order systems X\(0 = ■ ■ ■ = X q (0 = of such differential equa- 
tions? Any solution ft) trivially satisfies also Xj(Xk(cd)) — X^(X,(ft))) = 0. But 
it appears that the subtraction in the Jacobi commutator X,(X yt (-)) — X k (Xi(-)) 
kills all the second-order differentiation terms, so that one may freely add such 
supplementary first-order differential equations to the original system, contin- 
uing again and again, until the system, still denoted by X\(0 = • • • = X q co = 0, 
becomes complete in the sense of Clebsch, namely satisfies, locally in a neigh- 
borhood of a generic point x°: 

(i) for all indices /, k = l,...,q, there are appropriate functions Xikfi (x) so that 

Xi{X k (f)) -X k (X i (f))=Xiki(x)X l (f) + --- + Xik q (x)X q (f); 

(ii) the rank of the vector space generated by the q vectors Xi | , . . . is 

constant equal to q for all x near the central point x°. 

Under these assumptions, it is shown in this chapter that there are n — q func- 
tionally independent solutions x\ , . . . of the system that are analytic near 
xq such that any other solution is a suitable function of these n — q fundamental 
solutions. 
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First Order Scalar Partial Differential Equation 

As a prologue, we ask what are the general solutions co of a first order partial 
differential equation Xco = naturally associated to a local analytic vector field 
X = Y!i=\ ^i( x ) j~- F ree relocalization being always allowed in the theory of 
Lie, we may assume, after possibly renumbering the variables, that % n does not 
vanish in a small neighborhood of some point at which we center the origin of 
the coordinates. Dividing then by £ n (x), it is equivalent to seek functions ft) that 
are annihilated by the differential operator: 

&(*) d_ + _d_ 
f-[ £„(x) dxj dx n ' 

still denoted by X and which now satisfies X(x„) = 1. We recall that the corre- 
sponding system of ordinary differential equations which defines curves that are 
everywhere tangent to X, namely the system: 

dxi = gi(x(Q) dx„_i _ g„-i(x(f)) dx„(Q _ 

dt &,(x(f))' ' dt ^(x(r)) ' dt 

with initial condition for t = being an arbitrary point of the hyperplane {x n = 
0}: 

xi(0) =x\, ,x„_i(0) =x„-i, x n (0) =0 

is solvable and has a unique vectorial solution (xr, . . . , x n _i , x„) which is analytic 
in a neighborhood of the origin. In fact, x n (t) = t by an obvious integration, and 
the (n — 1) other x^(?) are given by the marvelous exponential formula already 
shown on p. [64] 

xjt(^) =exp(fX)(*jt) = £ 77* (**) (*=i-..n-i). 

We then set t := — x„ in this formula (minus sign will be crucial) and we define 
the (n— 1) functions that are relevant to us: 

(Ok(xi,. . .,x n ) := x k (-x n ) = exp ( -x n X) (x k ) 

= I(-i)'%^W 

Proposition 5.1. 77ze (n — 1) so defined functions ft>i, . . . , ft)„-i are functionally 
independent solutions of the partial differential equation X(o = with the rank 
of their Jacobian matrix (^ L ) \^ k f n 1 fein^ eowa/ to n—\ at the origin. Fur- 
thermore, for every other solution ft) o/Iffl = 0, ?/zere exists a /oca/ analytic 
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function Q = Q (ft>i, . . . , COfo-l) defined in a neighborhood of the origin in K" 1 
such that: 

(0(x) = Q(ah(x),...,(0 n - 1 (x)). 

Proof. Indeed, when applying X to the above series defining the ftty., we see that 
all terms do cancel out, just thanks to an application Leibniz' formula developed 
in the form: 

X[(x n ) l X l (x k )]=l(x n y- l X l (x k ) + (x n yx' + \x k ). 

Next, the assertion that the map x i — > (ft)] (x), . . . , Gt)„-i (jc)) has rank n — 1 is 
clear, for (Ok{x\,. .. ,x n ~\,Q) = x k by construction. Finally, after straightening X 
to X' := -£t in some new coordinates {x\ , . . . , thanks to the theorem on p.l62l 
the general solution co'(x > ) to X'co' = happens trivially to just be any function 
Q'(x' v ...,x' n -i) of*i = wj,...,^! = ©^j. □ 



Chapter 5. 

The Complete Systems. 

We assume that the theory of the integration of an individual first order linear 
partial differential equation: 

X(f) = Y,£ i (x 1 ,...,x n )^ = 0, 

or of the equivalent simultaneous system of ordinary differential equations: 

dx\ dx n 

ir = '" = i7' 

is known; nonetheless, as an introduction, we compile without demonstration a few 
related propositions. Based on these propositions, we shall very briefly derive the 
theory of the integration of simultaneous linear partial differential equations of the 
first order. In the next chapter, we shall place in a new light [in ein neues Licht 
setzen] this theory due in the main whole to Jacobi and to Clebsch, by explaining 
more closely the connection between the concepts [Begriffen] of "linear partial 
differential equation" and of "infinitesimal transformation", a connection that we 
have already mentioned earlier (Chap. HI p. 1671) . 

§ 21. 

One can suppose that £i , . . . , t, n behave regularly in the neighborhood of a deter- 
minate system of values x\, . . . ,x Q n , and as well that ^„(x^, . . . ,x°) is different from 
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zero. Under these assumptions, one can determine x\,... ,x n _] as analytic functions 
of x n in such a way that by sustitution of these functions, the simultaneous system: 



dx n CJn djfjj <^ 

is identically satisfied, and that in addition x\ , . . . ,x„-i for jc„ = ;t~ take certain pre- 
scribed initial values [ Anfangswerthe] jcj , . . . , x' n _ j . These initial values have to be 
interpreted as the integration constants. 

The equations which, in the concerned way, represent x\ , . . . ,x„_i as functions of 
x n are called the complete integral equations of the simultaneous system; they can 
receive the form: 

x k = ( x n ~ x n) ^k{ x l ~ x li ■ ■ ■ i x n-\ ~ x n- 1 ' X n ~ x n) 

(k=l-n-l), 

where the ^ denote ordinary power series in their arguments. By inversing the 
relation between x\,... ,x n -i,x n and x\ , . . . ,x^_,,x^, one again obtains the integral 
equations, resolved with respect to only the initial values x\, . . - ,x' n _ l : 

x k = x k~^ { x n ~~ x n) ^k{ x l ~~ x \i ■ ■ ■ i x n ~~ x ^i) = ®k( x li ■ ■ ■ i x n) 
(k=\-n-\). 

Here, the functions (Ok are the so-called integral functions of the simultaneous sys- 
tem, since the differentials of these functions: 

A do) k 

&(D k =}— — dXi (k=l-n-l) 

,ti dxi 

all vanish identically by virtue of the simultaneous system, and every function of 
this sort is called an integral function of the simultaneous system. But every such 
integral function is at the same time a solution of the linear partial differential equa- 
tion X(f) = 0, whence Oh,..., (W, 7 _i are solutions of X(f) = 0, and in fact, they 
are obviously independent. In a certain neighborhood of x\,...,x^ these solutions 
behave regularly; in addition, they reduce for x n = x„ to x\, . . . ,x n -i respectively; 
that is why they are called the general solutions of the equation X(f) = relative to 
Xn — x n . 

If one knows altogether n — 1 independent solutions: 

y/i(xi,...,x n ), ,yf n -i(xi,...,x n ) 



of the equation X(f) = 0, then the most general solution of it has the form 
. . . , Vn-i), where Q denotes an arbitrary analytic function of its arguments. 



§ 22. 95 

§ 22. 

If a function i/a(jci , . . . ,x n ) satisfies the two equations: 

Xi(/) = 0, x 2 (/) = o, 

then it naturally also satisfies the two differential equations of second order: 

X l (X 2 (f))=0, X 2 (X l (f))=0, 
and in consequence of that, also the equation: 

X 1 (X 2 (f))-X 2 (X 1 (f))=0, 

which is obtained by subtraction from the last two written ones. 
If now one lets: 

X k(f) = £ $d(xi,---,Xn)jp (*=1,2), 
('= 1 1 

then it comes: 

*i(x 2 (/)) -x 2 (x l (f)) = £ -x 2 (&)} |i, 

( =1 

because all terms which contain second order differential quotients are cancelled. 
Thus, the following holds: 

Proposition 1. If a function \j/(x\, . . .,x n ) satisfies the two differential equations of 
first order: 

Mf) = £ 6u(*i ,...,x n ) 1 f- = (k= 1,2), 

/=1 ax i 

then it also satisfies the equation: 

X, (X 2 (f)) -x 2 (*iC/)) = £ {Z!(&) -z 2 (^-)} |£ = o, 

!=1 ^ 

which, likewise, is of first order. 

It is of great importance to know how the expression Xi(X 2 (f)) —X 2 (Xi(f)) 
behaves when, in place of x\ , . . . , x n , new independent variables y \ , . . . , y n are intro- 
duced. 

We agree that by introduction of the y, it arises: 

Uf) = £ X M = £ n«(yi, ■ • • = **(/) 
; ti <^ S <^ 

(*=1,2). 
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Since / denotes here a completely arbitrary function of x\ , . . . , x n , we can substitute 
X\ (f) or X2(f) in place of /, so we have: 

X l (X 2 (f))=Y 1 (X 2 (f))=Y 1 (Y 2 (f)) 
X 2 (X l (f))=Y 2 (X l (f))=Y 2 (Y l (f)), 

and consequently: 

x, (x 2 (/)) -x 2 (x, (/)) = Fi (y 2 (/)) - r 2 (/)) • 

Thus we have the 

Proposition 2. If, by the introduction of a new independent variable, the expres- 
sions X\(f) and X 2 (f) are transferred to Yi(f) and respectively to Y 2 (f), then the 
expression Xi(X 2 (f)) -X 2 (X x {f)) is transferred to Y x (Y 2 (f)) -Y 2 (Y l (f)). 

This property of the expression Xi (X 2 (/)) — X 2 (Xi(/)) will be frequently used 
in the course of our study. The same proposition can be stated more briefly: the 
expression Xi (X 2 (/)) — X 2 (Xi(/)) behaves invariantly through the introduction of 
a new variable. 

We now consider the q equations: 

(1) *i(/) = o, ,x,(/) = o, 

and we ask about its possible joint solutions. 

It is thinkable that between the expressions X k (f), there are relations of the form: 

(2) £^(x!,...,x n )X fc (/) = 0. 

k=l 

If this would be the case, then certain amongst our equations would be a conse- 
quence of the remaining ones, and they could easily be left out while taking for 
granted the solution of the stated problem. Therefore it is completely legitimate to 
make the assumption that there are no relations of the form (2), hence that the equa- 
tions (1) are solvable with respect to the q of the differential quotients -J-_. It is to be 
understood in this sense, when we refer to the equations (1) as independent of each 
other 0. 

According to what has been said above about the two equations X\ (/) = and 
X 2 (/) = 0, it is clear that the possible joint solutions of our q equations do also 
satisfy all equations of the form: 

X;(X*(/))-X*(X;(/))=0. 

And now, two cases can occur. 

1 This is a typical place where a relocalization is in general required in order to insure that the vectors X\ | , ...,JE^ 
are locally linearly independent, and the authors, as usual, understand it mentally. 
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Firstly, the equations obtained this way can be a consequence of the former, when 
for every i and k ^ q, a relation of the following form: 

X l (X k (f))-X k (X l (f)) = 

= Xikl (Xl , • • • ,X n )Xi (/) H h %ikq{x\ , • • • ,X n ) X q (f) . 

holds. With Clebsch, we then say that the q independent equations X\ (/) = 0, . . . , 
X q (f) = Oform a q-term complete system [^-gliedrig vollstandig System]. 

However, in general the second possible case will occur; amongst the new formed 
equations: 

Xi(X k (f))-X k (Xi(f))=0, 

will be found a certain number which are independent of each other, and from the q 
presented ones. We add them, say: 

X q+1 (f) = 0, ,X q+s (f) = 

to the q initial ones and we now treat the obtained q + s equations exactly as the 
q ones given earlier. So we continue; but since we cannot come to more than n 
equations Xj(f) = that are independent of each other, we must finally reach a 
complete system which consists of n or less independent equations. Therefore we 
have the proposition: 

Proposition 3. The determination of the joint solutions of q given linear partial 
differential equations of first order X\(f) = 0, . . . ,X q (f) =0 can always be reduced, 
by differentiation and elimination, to the integration of a complete system. 

We now assume that X\ (/) = 0, . . . , X q (f) = form a g-term complete system. 
Obviously, these equations may be replaced by q other ones: 

q 

Yk(f) = £ \lf kj (x h ...,x n )X j (f) = (k=l-q). 

7=1 

In the process, it is only required that the determinant of the y/jy does not vanish 
identically, whence the Xj(f) can also be expressed linearly in terms of the Y k (f). 
Visibly, relations of the form: 

(3) Yi(Y k (f)) -Y k (Yi(f)) = £ 6} ikj (x h ...,x n )Yj(f) 

j=i 

then hold true; so the equations Y k (f) = too do form a g-term complete system 
and hence are totally equivalent to the equations X k (f) = 0. 

As it has been pointed out for the first time by Clebsch, some y/^- are always 
available for which all the £0 ; ^ vanish. In order to attain this in the simplest way, we 
select with A. Mayer the y/jy so that the Y k (f) = appear to be resolved with respect 

to q of the differential quotients, for instance with respect to ... , — : 

OX n OXn—q+l 
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~\ r n—q ~\ r 

(4) Y k (f) = 1 +£ Vti-L {k=l- q ). 

uXn—q+k j = \ oXi 

Then the expressions Yi(Y k (f)) — Y k [Yi(f)) will all be free of -j^— -, ■ ■ ■, Jj-, and 
consequently they can have the form £y ®ikj Yj(f) only if a U the Otykj vanish. Thus: 

Proposition 4. If one solves a q-term complete system: 

Xi(f) = 0, ,X q {f) = 

with respect to q of the differential quotients, then the resulting equations: 

~\ r n—q ~\ r 

(4) n(/) = r J -+EiK/=o (k=i... q ) 

uXn—q-\-k j = i OXi 

stand pairwise in the relationships: 

(5) Y i (Y k (f))-Y k (Y l (f))=0 (i,k=i-q). 



§ 23. 



We now imagine that a given g-term complete system is brought to the above- 
mentioned form: 



(4) ^(/) = v^-+Et|«/ = (*=i •••?)■ 

UXn—aA-k ,_1 OXi 



It will be shown that this system possesses n — q independent solutions, for the 
determination of which it suffices to integrate q individual linear partial differential 
equations one after the other. 

At first, we integrate the differential equation: 

amongst its n — 1 independent solutions x\,... ,x! n , the following q — 1, namely: 

/ / 

x n—q+l — x n— q+li i x n—\ x n— 1 

are known at once. If the n—1 expressions -,x' n _ x together with the quantity x n 
which is independent of them, are introduced as new variables, then our complete 
system receives the form: 



§ 23. 99 
{k=\-q-\). 

Now, since the expressions Y{ (Yk(f)) — Y^ (Yi(f)) behave invariantly through the in- 
troduction of new variables (cf. Proposition 2 of this chapter), they must now again 
also vanish, from which it follows that all rj' ki must be functions of only x[ , . . . , x' n _ l , 
and be free of x n . The initial problem of integration is therefore reduced to finding 
out the joint solutions of the q — 1 equations: 

W) = ^—+1 v'M, ■ ■ ■ X-i) % = o 

n—q+k i=l i 
{k=\-q-\), 

and in fact these equations, which depend upon only n — 1 independent variables, 
namely x\, . . . : x' n _ l , do stand again pairwise in the relationships: Y[(Y^{f)} — 

3(W)) = o. 

We formulate this result in the following way. 

Proposition 5. The joint solutions of the equations of a q-term complete system in n 
variables can also be defined as the joint solutions of the equations of a (q — Y)-term 
complete system in n—\ variables. In order to be able to set up this new complete 
system, one only has to integrate a single linear partial differential equation of first 
order in {n — q + 1) variables. 

The new complete system again appears in resolved form; we can hence at once 
continue our above-mentioned process and by applying it (q — 1) times, we obtain 
the following: 

Proposition 6. The joint solutions of the equations of a q-term complete system in n 
variables can also be defined as the solutions of a single linear partial differential 
equation of first order in n — q + 1 variables. In order to be able to set up this 
equation, it suffices to integrate q—\ individual equations of this sort one after the 
other. 

From this it follows easily: 

Proposition 7. A q-term complete system in n independent variables always pos- 
sesses n — q independent solutions. 

But conversely, the following also holds: 

Proposition 8. If q independent linear partial differential equations of first order in 
n independent variables: 

Xi(/) = o, ,W) = o 
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have exactly n — q independent solutions in common, then they form a q-term com- 
plete system. 

For the proof, we remark that according to what precedes, the equations: 

Xi(/) = 0, ,X q {f) = 

determine a complete system with q or more terms; now, if this complete system 
would contain more than q independent equations, then it would possess not n — q, 
but only a smaller number of independent solutions; under the assumptions of the 
proposition, it is therefore g-term, that is to say, it is constituted by the equations 
Xi(f) = 0, . . . , X q (f) = themselves. 

If n — q independent functions CDi, . . . , CO n -q ofx\,...,x„ are presented, then one 
always can set up q independent linear partial differential equations which are iden- 
tically satisfied by all CO. Indeed, if we take for granted that the determinant: 

dx\ dx n - q 



does not vanish identically, which we can 
equations: 



iL 


df 




dx\ 


dx„-q 


dx„- q+ k 






dcOi 


dx\ 


dx n - q 


dXn-q+k 



achieve without restriction, then the q 



= (k=l-q) 



dCQn-q _ _ _ dcQ„-q d® n - q 
dxi dx„- q dx n - q+k 

are differential equations of that kind; because after the substitution / = C0j, they go 
to an identity, and because they are independent of each other, as shows their form. 
According to the last proposition, these equations form a g-term complete system. 
Thus: 

Proposition 9. Ifn — q independent functions ofn variables presented, 
then there always exists a determinate q-term complete system in xi,...,x n of which 
these functions constitute a system of solutions. 

§ 24. 

However, for our goal, it does not suffice to have proved the existence of the so- 
lutions to a complete system, it is on the contrary rather necessary to deal more 
closely with the analytic properties of these solutions. 

On this purpose, we shall assume that in the presented g-term complete system: 

3 r n—q ~j r 

Yk(f) = - r J — +L n«;n = o (jfc=i~«), 

uXn—q+k i = \ oXi 

the analytic functions r\ ki behave regularly in the neighborhood of: 
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X\ = ■ ■ ■ = x n = 0. 

As quantities x\, . . . ,^ n _\, we now choose amongst the solutions of the equation: 

dxn •_ j dx[ 

the formerly defined general solutions of this equation, relative to x n = 0. 

We know that these general solutions x\ , . . . ,x' n _ x are ordinary power series with 
respect to xi, . . . ,x n in a certain neighborhood of x\ = ■ ■ ■ = x n = 0, and that for 
x n = 0, they reduce to xi,...,x n _i respectively. The solutions already mentioned 
above: 

x n—q+l = x n— q+li 1 = 1 

are therefore general solutions. 

Conversely, according to the observations in § 21, x\, . . . ,x ;i _i are also analytic 
functions of x r l , . . .,x' n _ l ,x n and they behave regularly in the neighborhood of the 
system of values x\ = ■■ ■ = x' n _ x = x n = 0. Now, since in the new complete system 
Y£(f) = 0, the coefficients r\' ki behave regularly as functions of xi, . . . ,x n , they will 
also be ordinary power series with respect to x[, . . .,x J n _ l ,x n in a certain neighbor- 
hood of x[ = 0, . . . = 0, x n = 0, and in fact they will be, as we know, free of 
x n . 

Next, we determine the general solutions of the equation: 

df »-* , df 
dx n _ x dx t 

relative to x^_j = 0. These solutions, that we may call x'(, . . . ,x''_ 2 , behave regularly 

as functions of x[ , . . . , x' n _ x in the neighborhood of x\ = ■ ■ ■ = x' n _ j = and are hence 

also regular in the neighborhood of x\ = ■ ■ ■ = x n = 0, as functions of x\ , . . . , x n . After 

the substitution x' n _ x = 0, the functions xf(, . . . ,x''_ 2 reduce to Xj, . . . ,x^_ 2 , whence 

they reduce to x\,.. . ,x„_2 after the substitution x n -\ = x n = 0. The coefficients 

of the next (q — 2) -term complete system are naturally ordinary power series in 
„// „// 

After iterating q times these considerations, we obtain at the end n — q indepen- 
dent solutions: xf \ . . - ,x^} q of our complete system. These are ordinary power se- 
ries with respect to the xf 1 ' in a certain neighborhood of xf 1 ' = ■ ■ ■ = x^_ q+ j = 0, 
and just in the same way also, series with respect to the x; in a certain neighbor- 
hood of x\ = ■ ■ • = x n = 0. For x£_q\\ = 0, the xf' ,x^l q reduce respectively to 

xf , . . . , x^_ q ^ and hence to x\ , . . . , x n - q for x n - q+ \ = ■ ■ - = x n = 0. Therefore one 
has: 

X® = X i + <# i (x 1 ,...,X n ) {i=l-n-q), 

where the all vanish for x n - q+ \ = • • • = x n = 0. 
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We call the solutions xf\ . . . ,x„_ q of our complete system its general solutions 
relative to x n - q+ \ = 0, . . . , x n = 0. 

We may state the gained result in a somewhat more general form by introducing 
a general system of values: jq, . . . ,x„ in place of the special one: 

X\ = X2 = ■ ■ ■ = x n = 0. 

Then we can say: 

Theorem 12. Every q-term complete system: 

d f n—q ^ r 

3 V r] ki (xu... : x n ) — = (k=i- q ) 

OXn-q+k != j oXi 

whose coefficients r}^ behave regularly in the neighborhood of x\ = x\, . . . , x n = 
x„ possesses n — q independent solutions xf\ . . . ,x^l q which behave regularly in 
a certain neighborhood of x\ = x®, x n = x® and which in addition reduce to 
X\ , . . . , x n — q respectively after the substitution 

The main theorem of the theory of complete systems has not been stated in this 
precise version, neither by Jacobi, nor by Clebsch. Nevertheless, this theorem is 
implicitly contained in the known studies due to Cauchy, Weierstrass, Briot and 
Bouquet, Kowalevsky and Darboux and which treat the question of existence of 
solutions to given differential equations. 

§ 25. 

The theory of a single linear partial differential equation: 

X(/) = E6(xi,...,Xn) |^=0 
i=l ox i 

stands, as already said, in the closest connection with the theory of the simultaneous 
system: 

dxi dx n 

Moreover, something completely analogous takes place also for systems of linear 
partial differential equation^. 

Consider q independent linear partial differential equations of first order which, 
though, need not constitute a complete system. For the sake of simplicity, we imag- 
ine that the equations are solved with respect to q of the differential quotients: 



3 r n—q 3 r 

(4') Y k {f)= 7 ru d (x h ...,x n )^- = (k=i- q) . 

uXn—q+k ; _j OXj 



T This connection has been explained in detail for the first time by BOOLE. Cf. also A. MAYER about unrestricted 
integrable differential equations, Math. Ann. Vol. V. 
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If co(xi, . . . ,x n ) is a general solution of these equations, then it holds: 

dco "f? dco 



whence: 



; =1 ^ L t=1 J 



Consequently, the differential dco vanishes identically by virtue of the n — q total 
differential equations: 

q 

(6) dXf- £ r] ki dx n - q+k = (i=l-n- 9 ). 

ik=l 

But one calls every function of this nature an integral function of this system of total 
differential equations. Thus we can say: 

Every joint solution of the q linear partial differential equations (4') is an integral 
function of the system ofn — q total differential equations (6). 

But conversely also, every integral function of the system (6) is a joint solution of 
the equations (4'). 

Indeed, if w{x\ , . . . ,x n ) is an integral function of (6), then the expression: 
vanishes identically by virtue of (6), that it is to say, one has: 

k= l L ax n-q+k i= \ OX, ) 

and from this it is evident that w satisfies the equations (4) identically. 

But now, the integration of the system (6) is synonymous to the finding [Auffind- 
ung] of all its integral functions; for, what does it mean to integrate the system (6)? 
Nothing else, as is known, but to determine all possible functions pi, . . - ,p n -q of 
xi, . . . ,x n which make the expression: 

n-q r q \ 

£ Pi{x\, ■ ■ ■ ,x n )l dxi - £ rjtidxn-q+k > 
(=1 L k=\ J 

to become a complete differential, hence to be the differential of an integral func- 
tion. 

In other words: 
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The integration of the system (4') of q linear partial differential equations is 
accomplished if one integrates the system of the n — q total differential equations (6), 
and conversely. 

This connection between the two systems (4') and (6) naturally presupposes that 
they (respectively) possess integral functions; however, there still exists a certain 
connection also when there are no joint solutions to (4'), and hence too, no integral 
functions for (6). That will be considered on another occasion (Chap. 6, p. ll 161) . 

Since the equations (4') have at most n — q independent solution in common, 
the system (6) has at most n — q integral functions. If it possess precisely n — q 
such independent solutions, the system (6) is called unrestrictedly integrable 
[unbeschrankt integrabel]; so this case occurs only when the q equations (4') 
form a g-term complete system. 

We suppose that the system (6) is unrestrictedly integrable, or what is the same, 
that all the expressions Yi c (Yj(f)) — YjyY^f)) vanish identically. Furthermore, we 
imagine that the n — q general solutions: 

C&i(xi,...,X n ), (Dn-qfa, . . . ,X n ) 

of the complete system (4') relative to: 

r , - r° r - r° 

A n— q+1 A n—q+li ■ ■ ■ : A n 

are determined. Then the equations: 

@h (xi j • • • ]Xn) =0-1, . . . , (O n —q{x \ , . . . , Xn) = a n —q 

with the n — q arbitrary constants a\ , . . . , a n - q are called the complete integral equa- 
tions of the system (6). These integral equations are obviously solvable with respect 
to x\ , . . . , x n - q , for cot , . . . , (Q n -q reduce to x\ , . . . , x n - q (respectively) for: 

r , - r° r - r° 

A n— q+l A n—q+l ■> ■ ■ ■ i A n A n- 

Hence we obtain: 

Xj = yfi(x n -q+i,. . . ,X n , fli, . . . ,a„- q ) (i=l-n-q). 

One can easily see that the equations (6) become identities after the substitution 
x\ = y/i, . . . , x n -q = y n -q- Indeed, we at first have: 

Xi-\]/j(x n - q+ l,...,X n , (Ol,...,CQ n - q ) =0 (i=l-n-q); 

so if we introduce x; — y/, in place of / in Yk(f), we naturally again obtain an iden- 
tically vanishing expression, and since all Ifc(coi) , . . . , Yk((Q n - q ) are identically zero, 
it comes: 



§ 26. 105 

7] ld (x\ ,...,X n )~ ^— \{fi (x n - q+ l, . . . ,X n , ©1, . . . , COn-q) = 

OXn-q+k 

(k=l---q; i = \---n — q). 

If we here make the substitution x\ = iffi, . . . , x n - q = y n - q , it comes: 

T]ki{ty\ i • • • i tyn—qi x n— q+1 1 • • • i x n) 3 V^' (^/7— g+1 5 • • • i x ni 

uXn—q+k 

ai, .. .,a n - q ) = 0. 

We multiply this by dx n - q +k, we sum with respect to from 1 to q and we then 
realize that the expression: 

i 

dxi—^ r} ki (xi,...,x n )dx n _ q+k 

k=l 

does effectively vanish identically after the substitution x\ = y/i , . . . , x n - q = y n - q . 
If we yet add that, from the equations co ; = a,-, we can always determine the a,- so 
that the variables x\ , . . . , x n - q take prescribed initial values x\ , . . . , x n ~ q for x n - q+ \ = 
x n- q +i ' • • • ' x n = m en we can say: 

If the system of total differential equations (6) is unrestrictedly integrable, then 
it is always possible to determine analytic functions x\,... ,x n - q ofx n - q+ i, . ..,x n 
in such a way that the system (6) is identically satisfied and that x\,... ,x n - q take 
prescribed initial values for x n - q+ i = x^_ q+1 ,...,x n =x%. 

§ 26. 

For reasons of convenience, we introduce a few abbreviations useful in the future. 

Firstly, the parentheses around the / in X(f) shall from now on be frequently left 
out. 

Further, since expressions of the form X(Y(f)) —Y(X(f)) shall occur always 
more frequently [immer haufiger], we want to write: 

X(Y{f))-Y (X{f)) = XYf - YXf = [X, Y] ; 

also, we shall not rarely employ the following language [Redeweise bedienen]: the 
expression, or the infinitesimal transformation [X, Y\ arises as the "composition" 
[Zus ammensetzung] , or the "combination" [Combination], of Xf and Y f. 
Yet the following observation may also find its position at this place: 
Between any three expressions Xf, Yf,Zf there always exists the following iden- 
tity: 

(7) [[X,Y],Z] + [[Y,Z],X] + [ [Z, X],Y]= 0. 
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5 Complete Systems of Partial Differential Equations 



This identity is a special case of the so-called Jacobi identity, which we shall get to 
know later. Here, we want to content ourselves with verifying the correctness of the 
special identity (7); later at the concerned place (cf. Volume 2), we shall enter into 
the sense of the Jacobi identity. 
One has obviously: 

[ [X, Y] , Z] = XYZf - YXZf -ZXYf + ZYXf; 

if one permutes here circulary Xf,Yf : Zf and then sums the three obtained re- 
lations, one gets rid of all the terms in the right-hand side, and one receives the 
identity pointed out above. 

This special Jacobi identity turns out to be extremely important in all the re- 
searches on transformation groups. 

The above simple verification of the special Jacobi identity could be given for the first time by 
Engel. 



Chapter 6 

New Interpretation of the Solutions of a Complete System 



If, in the developments of the preceding chapter, we interpret the expression X(f) 
as the symbol of an infinitesimal transformation, or what is the same, as the symbol 
of a one-term group, then all what has been said receives a new sense. If on the other 
hand, we interpret the variables x\, . . . ,x n as point coordinates [Punktcoordinaten] 
in a space of n dimensions, the results obtained at that time also receive a certain 
graphic nature [Anschaulichkeit]. 

The goal of the present chapter is to present these two aspects in details and then 
to put them in association; but for that, the introduction of various new concepts 
turns out to be necessarjQ. 

§ 27. 

Let x > i = fi(x\, . . . ,x n ) be a transformation in the variables x\,...,x n and let 
<P(x\, . . . ,x n ) be an arbitrary function; now, if by chance this function is constituted 
in such a way that the relation: 

4>(fi(x),...J n (x)) = &(xi,...,Xn) 

holds identically, then we say: the function <P(xi,. ..,x n ) admits [gestattet] the 
transformation x' j = fi(xi,. . . ,x n ), or: it allows [zulasst] this transformation; we 
also express ourselves as follows: the function <P(x\, . . . ,x n ) remains invariant 
through the mentioned transformation, it behaves as an invariant with respect to 
this transformation. 

If a function 4>(jq, . . . ,x n ) admits all the°°' transformations^ = fi(xi, . . . ,x n , ai, . . . 
of an r-term group, we say that it remains invariant by this group, and that it admits 
this group; at the same time, we call <P an absolute invariant, or briefly an invariant 
of the group. 

Here, we restrict ourselves to one-term groups. So consider a on-term group: 



t The formations of concepts [BEGRIFFSBILDUNGEN] presented in this chapter have been developed by Lie in 
the Memoirs of the Scientific Society of Christiania 1872, 1873, 1874 and 19 february 1875. Cf. also Math. Ann. Vols. 
VIII, IX and XI. 
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X (f) = E &(*1>- ■•>*«) 

(=1 1 

the finite transformations of which have the form: 

t t 2 

x'i = x, + - %i + y^X(^) + ■■■ (i=i ...»). 

We ask for all invariants of this group. 

If 4>(jci, . . . ,jc n ) is such an invariant, then for every t, the equation: 

$(xi+f£i + --- , , + + ••■) = <£(xi,...,x n ) 

must hold identically. If we expand here the left-hand side in a series of powers of t 
according to the general formula (7) in Chap. HI p. [651 then we obtain the condition: 

t t 2 

&(xi,...,x n ) + jX(&) + —X(X(4>)) + -.. = 4>(x h ...,x n ) 

for every t. From this, it immediately follows that the expression X(<P) must vanish 
identically, if <P admits our one-term group; as a result, we thus have a necessary 
criterion for the invariance of the function <P by the one-term group X(f). 

As we have seen earlier (cf. p. [66b. the expression X(<P) determines the increase 
[Zuwachs] that the function <f> undergoes by the infinitesimal transformation X(f). 
Now, since this increase 8<P =X(<P)8t vanishes together with X(<P), it is natural to 
introduce the following language: when the expression X(<P) vanishes identically, 
we say that the function <P admits the infinitesimal transformation X(f). 

Thus, our result above can also be enunciated as follows: 

For a function <P of x\ ,...,x n to admit all transformations of the one-term group 
X(f), it is a necessary condition that it admits the infinitesimal transformation X(f) 
of the concerned group. 

But it is easy to see that this necessary condition is at the same time sufficient. 
Indeed, together with X(<P), all the expressions X(X(<P)), X (X (X (&))), etc. also 
vanish identically, and consequently, the equation: 

®(x[,..., x' n ) = ®( Xl , ...,x n ) + jX(®) + --- 

reduces to <P(x') — <&(x) for every value of t, hence with that, it is proved that the 
function <P(x) admits all transformations of the one-term group X(f). Now, since 
the functions <P(x\, . . .,x n ) for which the expression X(4>) vanishes identically are 
nothing but the solutions of the linear partial differential equation X(f) = 0, we 
therefore can state the following theorem. 

Theorem 13. The solutions of the linear partial differential equation: 
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x(/) = E&(*i,. ■•,*») f^=o 

are invariant by the one-term group X(f), and in fact, they are the only invariants 

byx(f). 

Of course, it should not be forgotten that the invariants of the one-term group 
X(f) are also at the same time the invariants of any one-term group of the form: 

p(xi,...,x„) £ &(xi,...,x n ) — = pX(f), 

whichever p can be as a function of its arguments. 

This simply follows from the fact that one can multiply by any arbitrary func- 
tion p of xi, . . . ,x„ the equation X(f) = which defines the invariants in question. 
We can also express this fact as follows: if a function of xi, . . . ,x n admits the in- 
finitesimal transformation X(f), then at the same time, it admits every infinitesimal 
transformation p (xi , . . . ,x n )X (f) . 

One sees that the two concepts of one-term group X (f) and of infinitesimal trans- 
formation X(f) are more special [specieller] than the concept of linear partial dif- 
ferential equation X(f) = 0. 

On the basis of our developments mentioned above, we can now express 
in the following way our former observation that the joint solutions of two 
equations X;(/) = and Xk(f) = simultaneously satisfy the third equation 
X i (X k (f))-X k (X l (f))=0. 

Proposition 1. If a function of xi, . . . ,x n admits the two infinitesimal transforma- 
tions X((f) andXk(f) in these variables, then it also admits the infinitesimal trans- 
formation Xi(X k (f)) -X k (X,(f)). 

Expressed differently: 

Proposition 2. If a function of x\, . ..,x n admits the two one-term groups Xi(f) and 
Xk(f), then it also admits the one-term group XiLX^f)) — 

If \\f\ , . . . , tyn-q is a system of independent solutions of the a-term complete sys- 
tem X\(f) = 0, . . . , X q {f) = 0, then £2 ( y/i , . . . , y n - q ) is the general form of a so- 
lution of this complete system, whence &(yfi, ■ ■ ■ , Wn-q) generally admits every 
infinitesimal transformation of the shape: 

(1) ^ 1 (xi,...,x n )Z 1 (/) + --- + ^(x 1 ,...,x n )X 9 (/), 

whatever functions %\ , . . . , % q one can choose. It is even clear that aside from 
the ones written just now, there are no infinitesimal transformations by which all 
functions of the form Q(y/\, . . . , Wn-q) remain invariant; for we know that the 
a-term complete system X\ (/) = 0, . . . , X q (f) = is characterized by its solutions 
m,---,¥n- q - 
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Naturally, the functions £2 also admit all finite transformations of the one-term 
group (1). Besides, one can indicate all finite transformations through which all 
functions ■ • • » Yn-q) remain simultaneously invariant. The form of these 

transformations obviously is: 

Wk(x'iT--i x 'n) = Vk(xi,...,Xn) {k=l-n-q) 

tt j (j(? 1 ,...,x' n ,xi,...,x n ) = C/=i-«), 

where the ilj are subjected to the condition that really a transformation arises. More- 
over, the x' k and the Xk as well must stay inside a certain region. 
We want to say that the system of equations: 

7l\(x\, . . . ,x n ) =0, 7t m (xi,...,x n ) = 

admits the transformation x\ = fi(x\,. . . ,x n ) when the system of equations: 

Tti(x\,. . . ,x' n ) = 0, . . . , n m (x[,. . . y n ) = 

is equivalent to Tt\(x) = 0, . . . , 7t m (x) = after the substitution x\ = fi{x\,. . . ,x n ), 
hence when every system of values xi,...,x n which satisfies the m equations 
ftu (x) = also satisfies the m equations: 

K\ (/i (x), . . . , f„(x)) = 0, . . . , TZ m (/i (x) , . . . , fm{x)) = 0. 

With the introduction of this definition, it is not even necessary to assume that the 
m equations %\ = 0, . . . , % m = are independent of each other, though this assump- 
tion will always be done in the sequel, unless the contrary is expressly admitted. 

From what precedes, it now comes immediately the 

Proposition 3. If W\ , W2, ■ ■ ■ , W m (m ^ n — q) are arbitrary solutions of the q-term 
complete system X\(f) = 0, . . . , X q (/) =0 in the n independent variables x\,...,x n 
and if furthermore ai,...,a m are arbitrarily chosen constants, then the system of 
equation: 

W\ =a\, .... W m = a m 
admits any one-term group of the form: 

1 

Xk(xi,---,x n )X k (f), 

k=\ 

where it is understood that %\,...,Xq are arbitrary functions of their arguments. 
§ 28. 

In the previous paragraph, we have shown in a new light the theory of the integration 
of linear partial differential equations, in such a way that we brought to connection 
the infinitesimal transformations and the one-term groups. At present, we want to 
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take another route, we want to attempt to make accessible the clear, illustrated con- 
ception of this theory of integration (and of what is linked with it), by means of 
manifold considerations [Mannigfaltigkeitsbetrachtungen]. 

If we interpret xi , . . . ,x n as coordinates in an n-times extended space R n , then the 
simultaneous system: 

dx\ dx n 

1T = '" = 17 

receives a certain illustrative sense; namely it attaches to each point xi, . . . ,x n of the 
R n a certain direction [Richtung]. 

The integral equations of the simultaneous system determine n — 1 of the vari- 
ables xi, . . . ,x„, hence for instance x\, . . . ,x n _i, as functions of the n-th: x n and of 
the initial values xi, . . . ,x n ; consequently, after a definite choice of initial values, 
these integral equations represent a determinate once-extended manifold which we 
call an integral curve of the simultaneous system. Every such integral curve comes 
into contact [beruhrt], in each one of its points, with the direction attached to the 
point. 

There is in total oo" _1 different integral curves of the simultaneous system, and 
in fact, through every point of the R n , there passes in general one integral curve. 

If y/i, . . . , yf n -\ are independent integral functions of the simultaneous system, 
then all the integral curves are also represented by means of the n — 1 equations: 

y/fc(xi,...,x n ) =C k (k=i-n-i), 

with the n — 1 arbitrary constants C\ , . . . , C„_i . If one sets an arbitrary integral func- 
tion Q(\jfi,.. ., \\f n - 1 ) to be equal to an arbitrary constant: 

i2(Vi,...,V>rc-i) =A, 

then one gets the equation of oo 1 (n — l)-times extended manifolds, which are en- 
tirely constituted of integral curves and in fact, every such manifold is constituted 
of oo n ~ 2 different integral manifolds. Lastly, if one sets in general m ^ n — 1 inde- 
pendent integral functions fl\ , . . . , Q m to be equal to arbitrary constants: 

%Oi>--->Vn-l) =A jLt (M=l-»), 

then one obtains the analytic expression of a family of °° m (n — m) -times extended 
manifolds, each one of which consists of oo"-'"- 1 integral curves. 

The integral functions of our simultaneous system are at the same time the solu- 
tions of the linear partial differential equations: 

£&(*!,..., Jk)|£=X(/) = 0. 
i=\ ax i 

Occasionally, we also call the integral curves of the simultaneous system the 
characteristics of the linear partial differential equation X(f) = 0, if we take up 
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again a terminology introduced by Monge for n = 3. Using this way of expressing, 
we can also say: every solution of the linear partial differential equation X(f) = 
represents, when it is set equal to a constant, a family of manifolds which 
consists of oo"~ 2 characteristics ofX(f) = 0. 

Now, we imagine that we are given two linear partial differential equations, say 

Xi(/) = 0andX 2 (/) = 0. 

It is possible that the two equations have characteristics in common. This case 
happens when there is an identity of the form: 

Xl(xh---,Xn)Xi(f)+X2(xi,...,x n )X 2 (f) = 0, 

without Xi and Xi both vanishing. Then obviously every solution of Xi(/) = 
satisfies also X 2 (f) = and conversely. 

If the two equations X\(f) = and X 2 (f) = have distinct characteristics, then 
they do not have all their solutions in common; then the question is whether they 
in general possess solutions in common, or, as we can now express: whether the 
characteristics of X\ (/) = can be gathered as manifolds which consist of charac- 
teristics ofX 2 (f) = 0. 

This question can be answered directly when one knows the characteristics of the 
two equations Xi(/) = and X 2 (f) = 0; however, we do not want to halt here. In 
the sequel, we shall restrict ourselves to expressing in the language of the theory of 
manifolds [Mannigfaltigkeitslehre] the former results which have been deduced 
by means of the analytic method [durch analytische Methoden]. 

Let the q mutually independent equations: 

X 1 (/) = 0,...,X 9 (/) = 

form a g-term complete system; let , . . . , \]/ n - q be independent solution of it. Then 
the equations: 

Vl C^l 5 • • • iXn) = C\ , . . . , \l/ n —q(^Xl, . . . = C n —q 

with the n — q arbitrary constants Q represent a family of °o n ^ q g-times extended 
manifolds, each one of which consists of ooi~ l characteristics of each individual 
equation amongst the q equations X\{f) = 0,...,X q (f) = 0. We call these oo"-^ 
manifolds the characteristic manifolds of the complete system. 

If one sets any n — q — m independent functions of yf\ , . . . , yf n -q equal to arbitrary 
constants: 

• • • , Yn-q) =Mi ■■■■> Qn-q-miVli- ■ -iWn-q) = An-q-m, 

then one gets the analytic expression of a family of oo n ^^ m (^r + m) -times extended 
manifolds, amongst which each individual one consists of °° m characteristic mani- 
folds. 
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The equations of the <x> n -i characteristic manifolds show that every point of the 
R n belongs to one and to only one characteristic manifold. Consequently, we can say 
that the whole R n is decomposed [zerlegt] in <x> n ~i q-times extended manifolds, 
hence that our complete system defines a decomposition [Zerlegung] of the space. 

Conversely, every decomposition of the R n in oo"~4 g-times extended manifolds: 

<Pl(xi,...,X n ) =Ai, (p„- q (xi, . . . ,X„) = A n _ q 

can be defined by means of a g-term complete system; for 91, ... , %- q necessarily 
are independent functions, whence according to Proposition 9, p. |100[ there is a q- 
term complete system the most general solutions of which is an arbitrary function 
of <pi, . . . , <Pn-q', this complete system then defines the decomposition in question. 

An individual linear partial differential equation X(f) = attaches to every point 
of the R n a certain direction. If one has several such equations, for instance the 
following ones, which can be chosen in a completely arbitrary way: 

" df 
Xk(f) = £ • • • ,*n) = (*=!-?), 

then each one of these equations associates to every point of the space a direction 
of progress [Fortschreitungsrichtung]. For instance, the q directions associated 
to the point x\ , . . . are determined by: 

8x, : 8x° 2 : ■ ■ • : 8x Q n = ^(x°) : & 2 (x°) : ■ ■ • : ^ fa (x ) 

(k=l-q). 

We call these q directions in the chosen point independent of each other if none of it 
can be linearly deduced from the remaining ones, that is to say: if it is not possible 
to indicate q numbers X\, . . . , X q which do not all vanish although the n equations: 

^l£i;H \-h£qi (i=l-n) 

are satisfied. 

From this, it follows that the q equations X\(f) = 0, . . .,X q (f) = associate to 
every point in general position q independent directions when they are themselves 
mutually independent, thus when the equation: 

1 

£ Xk(xi,...,x n )X k (f) = 

k=\ 

can be identically satisfied only for %\ = 0, . . . , % q = 0. 

If one wants to visualize geometrically what should be understood by "indepen- 
dent directions", one should best start in ordinary, thrice-extended space Ry, for it 
is then really obvious. In a point of the R3 one calls two directions independent of 
each other when they are generally distinct; three directions are independent when 
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they do not fall in a same plane passing through the point; there is in general no 
more than three mutually independent directions in a point of the R3. 

Accordingly, q directions in a point of the R„ are independent of each other if 
and only if, when collected together, they are not contained in any smooth manifold 
through this point which has less than q dimensions. 

Every possible common solution of the q equations: 

X 1 (f)=0,...,X q (f) = 
also satisfies all equations of the form: 

(2) Y,Xk(xi,...,x n )X k (f) = 0. 

k=l 

The totality of all these equations associates a whole family of directions 
to any point of the R n . If we assume from the beginning that the equations 
Xi(f) = 0, . . . , X q (f) = are mutually independent, we do not restrict the gener- 
ality of the investigation; thus through the equations (2), we are given a family of 
co q ^ 1 different directions which are attached to each point xi,...,jc n . One easily 
realizes that these oo 1 ? -1 directions in every point form a smooth bundle, and hence 
determine a smooth g-times extended manifold passing through this point, namely 
the smallest smooth manifold through the point which contains the q independent 
directions of the q equations X\(f) = 0, . . . ,X q (f) = 0. 
Every possible joint solution of the equations: 

Xi(/) = 0,...,X 9 (/) = 
satisfies also all equations of the form: 

X k (X J (f))-X J (X k (f))=0. 

These equations also do attach to any point xi,...,x n certain directions, but in 
general, the directions in question shall only exceptionally belong to the above- 
mentioned bundle of °° q ~ 1 directions at the point x\,...,x n . It is only in one case 
that at each point of the space, the directions attached to all equations: 

X k (X J (f))-X J (X k (f))=0 

belong to the bundle in question, namely only if for every k and j there exists a 
relation of the form: 

X k (Xj(f)) -Xj(X k (f)) = £ (D kjs (x h ...,x n )X s (f), 

s=l 

that is to say, when the equations X\(f) = 0, . . . , X q (f) = do coincidentally form 
a g-term complete system. — 
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We can also define by the equations: 

q q 

dxi : • • • : 8x n = £ % k {x) : • • • : £ Xk{x) 

k=l k=\ 

(k=l-q) 

the bundle of directions which is determined at every point x\,...,x n by the 
equations X\f = 0, . . . , X q f = 0. By eliminating from this the arbitrary functions 
X\ , . . • , %q, or, what is the same, by setting equal to zero all the determinants in 
q+l columns of the matrix: 



dx\ dx2 ■ 


■ dx„ 


€n £12 ■ 


■ £ln 


%ql £q2 ■ 





we obtain a system of n — q independent total differential equations. This system at- 
taches to every point x\,...,x n exactly the same smooth bundle of oo^ 1 directions 
as did the equations (2). It follows conversely that the totality of the linear par- 
tial differential equations (2) is also completely determined by the system of total 
differential equations just introduced. 

The formulas become particularly convenient when one replaces the q equations 
X\ (f) = 0, . . . , X q (f) = by q other equations which are resolved with respect to q 

of the differential quotients for instance by the following q equations: 

-\ r n—q 3 f 

Yk(f) = + £ ri kl (x l ,...,X n )j L =0 (k=l-q). 

uXfj—q+k OXj 

The totality of all the equations (2) is equivalent to the totality of all the equations: 

1 

£ Xk(xh---,x n )Y k (f) = 0; 

k=l 

hence the directions which are attached to the point x\, . . . ,x n axe also represented 
by the equations: 

dx\ : ■ ■ • : dx n - q : dx n - q +\ : ■ ■ ■ : dx n = 

q q 
= £ Xklkl ■ ■■■ ■ £ Xklk,n-q ■ Xl ■ ■■■ ■ Xq- 

k=\ k=\ 

If we therefore eliminate X\ 1 ■ ■ ■ 1 Xq, we obtain the following system of total differ- 
ential equations: 
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9 

(3) dxi- Y, ritd{x)dx n - q+k = {i=\-n-q). 

k=\ 

We have already seen in the preceding chapter, from p. 11021 up to p. 1 104L that 
there is a connection between the system of the linear partial differential equations 
Y\(f) = 0, . . ., Y q (f) = and the above system of total differential equations. But 
at that time, we limited ourselves to the special case where the q equations: 

Y 1 (f)=0,...,Y q (f) = 

possess solutions in common, and we showed that the determination of these joint 
solutions amounts to the integration of the above total differential equations. 

However, in the developments carried out just now, the integrability of the 
concerned system of differential equations is out of the question. With that, 
the connection between the system of the linear partial differential equations 
Y\(f) = 0, . . . , Y q (f) = and the system of the total differential equations (3) is 
completely independent of the integrability of these two systems; this connection 
is just based on the fact that the two systems attach a single and the same smooth 
bundle of oo? -1 directions. 

To conclude, we still make the following remark which seems most certainly 
obvious, but nevertheless has to be done: if the q equations X\f = 0, . . . , X q f = 
constitute a g-term complete system, then at each point xi, . . . ,x„, the characteristic 
manifold of the complete system comes into contact with the oo 1 ?- 1 directions that 
all equations of the form (2) attach to this point. 

§ 29. 

Lastly, it is advisable to combine the manifold-type considerations [Mannig- 
faltigkeitsbetrachtungen] of the previous paragraph with the developments of 
§ 27. But before, we still pursue a bit the manifold considerations. 

Every transformation x\ = fi(x\, . . . ,x n ) can be interpreted as an operation which 
exchanges [vertauscht] the points of the R n , as it transfers each point x\, . . . ,x n in 
the new position x\ = f\ (x) , . . . , x' n = f n (x) (Chap. [Q p. CO- 

A system of m independent equations: 

Q\(x\,...,x n ) =0, Q m (xi,...,x n ) =0 

represents a (n — m) -times extended manifold of the R n . We say that this 
manifold admits the transformation x\ = fi(xi,...,x n ) if the system of equa- 
tions Q\ = 0, . . . , Q m = admits this transformation. According to § 27 it is 
the case when every system of values xi,...,x n which satisfies the equations 
Q\(x) = 0, . . . , Q m (x) = satisfies at the same time the equations: 

fll (/l (jO ,...,/„(*))= 0, ... , torn (h (X),...,f n (x))=0. 

Hence we can also express ourselves as follows: 
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The manifold: 

Q\(xi,...,x n ) =0, Q m (xi,...,x n ) = 
admits the transformation: 

x \ = f\( x \-) ■ • • i x n)i ■ ■ • 5 X n = fn{x\i ■ ■ ■ iXn) 

if every point xi,...,x n of the manifold is transferred by this transformation to a 
point x?i , . . . , x' n which likewise belongs to the manifold. 

In Chapter 3, p. [60] sq., we have seen that through every point x\, . . . ,x n in gen- 
eral position of R n there passes an integral curve [Bahncurve] of the infinitesimal 
transformation: 

i=\ ax i 

There, we defined this integral curve as the totality of all the positions that the point 
x\,...,x n can take by means of all the o° ! transformations of the one-term group 
X(f) ; besides, the point xi , . . . , x n on the integral curve in question could be chosen 
completely arbitrarily. From this, it results that, through every transformation of 
the one-term group X(f), every point xi,...,x n stays on the integral curve passing 
through it, whence every integral curve of the infinitesimal transformation X (/) 
remains invariant by the oo 1 transformations of the one-term group X(f). The same 
naturally holds true for every manifold which consists of integral curves. 

But the integral curves of the infinitesimal transformation X (f) are nothing else 
than the integral curves of the simultaneous system: 

dxi dx n 

ir = "' = ir 

hence from this it again follows that the above-mentioned characteristics of the 
linear partial differential equation X(f) = coincide with the integral curves of the 
infinitesimal transformation X(f) . 

Earlier on (Chap.Hl p.l60l). we have emphasized that an infinitesimal transforma- 
tion Xf attaches to every point xi, . . . ,x n in general position a certain direction of 
progress, namely the one with which comes into contact the integral curve passing 
through. Obviously this direction of progress coincides with the direction that the 
equation Xf associates to the point in question. 

Several, say q, infinitesimal transformations: 

X k f= Zki(xi,---,Xn) -5— (k=l-q) 

i=l dxi 

determine q different directions of progress at each point x\ , . . . ,x„ in general posi- 
tion; in accordance with what precedes, we call these directions of progress indepen- 
dent of each other if the equations X\f = 0, . . . , X q f = are mutually independent. 
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From this, it follows immediately that the q infinitesimal transformations 
Xif,.. .,X q f attach precisely h ^ q independent directions of progress when all the 
(h + 1) x (h + 1) determinants of the matrix: 

■ ■ £lH 
ql ' ' ^qn 

vanish identically, without all its h x h determinants doing so. — 

What we have in addition to say here can be summarized as a statement. 

Proposition 4. If q infinitesimal transformations Xif,...,X q f of the n-times 
extended space Xi,...,x n are constituted in such a way that the q equations 
X\f = 0, . . . , X q f = are independent of each other, then X\f, . . . ,X q f attach to 
every point xi,...,x n in general position q independent directions of progress; 
moreover, if the equations X\f = 0, . . . , X q f = form a q-term complete system, 
then X\f, ...,X q f determine a decomposition of the space in oa n ^i q-times ex- 
tended manifolds, the characteristic manifolds of the complete system. Each one 
of these manifolds comes into contact in each of its points with the directions that 
X\f, . . .,X q f associate to the point; each such manifold can be engendered by the 
integral curves of an arbitrary infinitesimal transformation of the form: 

Xi(x u ...,x n )Xif^ VX q {xh---,x n )X q f, 

where it is understood that X\i---iXq are arbitrary functions of their arguments; 
lastly, each one of the discussed manifolds admits all the transformations of any 
one-term group: 

XlXlf+--- + XqXqf. 



Chapter 7 

Determination of All Systems of Equations 
Which Admit Given Infinitesimal Transformations 



At first, we shall define what should mean the phrase that the system of equations: 

£ii(xi,...,Xn) =0, n n - m (xi,...,x n ) =0 

admits the infinitesimal transformation X(f). Afterwards, we shall settle the ex- 
tremely important problem of determining all systems of equations which admit 
given infinitesimal transformations^. 

But beforehand, we still want to observe the following: 

We naturally consider only such system of equations: 



fli=0, 







that are really satisfied by certain systems of values xi,...,x n ; at the same time, 
we always restrict ourselves to systems of values x\, . . . ,x n in the neighbourhood of 
which the functions Q\,.. .,Q. n - m behave regularly. In addition, we want once for 
all agree on the following: unless the contrary is expressly allowed, every system of 
equations Q\ = 0, . . . , Q n -m = which we consider should be constituted in such 
a way that not all (n — m) x (n — m) determinants of the matrix: 



(1) 



d£2j 
dx\ 



dx„ 
dx„ 



vanish by means of Q\ = 0, . . . , Q„- m = 0. It is permitted to make this assumption, 
since a system of equations which does not possess the demanded property can 
always be brought to a form in which it satisfies the stated requirement. 



§ 30. 

In the variables x\ , 



,x n , let an infinitesimal transformation: 



t Cf. Lie, Scientific Society of Christiania 1872-74, as also Math. Ann. Vol. XI, Vol. XXIV, pp. 542-544. 
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120 7 Determination of All Systems of Equations Which Admit Given Infinitesimal Transformations 

be given. In the studies which relate to such an infinitesimal transformation, we shall 
always restrict ourselves to systems of values for which the <£jj behave regularly. 
If a system of equations Qi =0, . . . , Q n -m = admits all finite transformations: 

Xj=Xi + eXXi-\ (i=l-n) 

of the one-term group Xf, then the system of equations: 

Qk (xi + eXx\ H , . . . , x n + eXx n H ) =0 

(k= 1 — n— m), 

or, what is the same, the system: 

Q k + eXQ k -\ = {k=l-n-m) 

must be equivalent to the system of equations: 

Q\ = 0, . . . , Q. n -m = 

for all values of e. To this end it is obviously necessary that all XQ^ vanish for the 
system of values of £l\ = 0, . . . , Q. n -m = 0, hence that the increment XQ^St that 
Qk undergoes by the infinitesimal transformation x\ = x\ + ^i8t, vanishes by means 
of Q\ = 0, . . . , Q. n - m = 0. 

These considerations conduct us to set up the following definition: 

A system of equations : 

Qi(xi,...,x n ) =0, Q n - m = 

admits the infinitesimal transformation Xf as soon as all the n — m expressions XQ^ 
vanish by mean^ of the system of equations. 

Then on the basis of this definition, the following obviously holds: 

Proposition 1. If a system of equations admits all transformations of the one-term 
group Xf, then in any case, it must admit the infinitesimal transformation Xf. 

In addition, we immediately realize that a system of equations which admits the 
infinitesimal transformation Xf allows at the same time every infinitesimal transfor- 
mation of the form %{x\, . . .,x n )Xf, provided of course that the function % behaves 
regularly for the system of values which comes into consideration in the concerned 
system of equations. 

Without difficulty, one can see that the above definition is independent of the 
choice of coordinates, so that every system of equations ^1 = 0, . . . , Q n - m = 

1 An example appearing p. U24l below illustrates this condition. 
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which admits the infinitesimal transformation Xf in the sense indicated above, must 
also admit it, when new independent variables yi,...,y n are introduced in place of 
the x. The fact that this really holds true follows immediately from the behaviour of 
the symbol Xf after the introduction of new variables. Here as always, it is assumed 
that the y are ordinary power series in the x, and that the x are ordinary power 
series in the y, for all the systems of values x\, . . . ,x n and y\, . . . ,y n coming into 
consideration. 

It yet remains to show that the definition set up above is also independent of the 
form of the system of equations Q.\ = 0, . . . , £2 n -m = 0. Only when we will have 
proved this fact shall the legitimacy of the definition be really established. 

Now, in order to be able to perform this proof, we provide at first a few general 
developments which are actually already important and which will later find several 
applications. 

Suppose that the system of equations Q\ = 0, . . . , Q n - m = admits the infinites- 
imal transformation Xf. Since not all m x m determinants of the matrix (1) vanish 
by means of Q\ — 0, . . . , Q n - m = 0, we can assume that the determinant: 



dx\ 



Bx 



belongs to the nonvanishing ones. Then it is possible to resolve the equations fl^ = 
with respect to xi, . . .,x m , and this naturally delivers a system of equations: 



*1 — 



(Pn—m (■X-n—m-\- 1 ; • • • j %n) 



which is analytically equivalent to the system Q.\ = 0, 
by the sign [ ] we denote the substitution x\ = <pi, . . . , x n - m 

[fll] =0,..., [Q n -m] =0\ 



Qn-m = 0. Therefore, if 
(p n - m , we have: 



and moreover, the fact that the system of equations Q\ = 0, . . . , Q n 
the infinitesimal transformation Xf is expressed by the identities: 

[xflj =o,..., [xn n - m ] =o. 



admits 



Now, let <£(jci,.. 
system of values . 



,x n ) be an arbitrary function which behaves regularly for the 
. . . , x n coming into consideration. Then one has: 

~d<P~ 



dxj 



and on the other hand: 



k=\ 



dxk 



+ > . [X*n— m+jii] 



GXri—m+li 
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whence: 
(2) 



[X*] = [*[<*>]] + £ [X(x k -cp k 

k=l 



If in place of we insert one after the other the functions Q\ , . . . , Q n - m , and if we 
take into account that [X2y] and also X[l2y] plus [X[,Qy]] vanish identically, then 
we find: 

n-m IdQ' 
[XQj] = £ [X(x k -<p k )] 

k=\ 



'dQi 






dx\ 




dx 



= 1 —n-m). 

Now, because [X"X2y] vanishes identically in any case, while the determinant: 

I± 

does not vanish identically, it follows: 

[X(x k -(p k )]=0 (k=l-n-m), 

whence the equation (2) takes the form: 

(3) [X<P] = [X[<P]]. 

This formula which is valid for any function ^(xi, . . . ,x n ) will later be very useful. 
Here, we need it only in the special case where <P vanishes by means of = 
0, Q. n - m = 0; then [<J>] is identically zero and likewise [X [<£]]; our formula 
hence shows that also [X$] vanishes identically. In words, we can express this 
result as follows: 



Proposition 2. If a system of equations : 

Qi(xi,...,x n ) =0, Q n 
admits the infinitesimal transformation: 



X/= ^,i(x h ...,x n )-^- 



i(xi,...,x n ) =0 



df 



i=\ 



and ifV (xi , . . . , x n ) is a function which vanishes by means of this system of equation, 
then the function XV also vanishes by means of Q\ = 0, . . . , 0. n -m = 0. 



NOW, ifVi=0, ...,V n -r 



= is an arbitrary system analytically equivalent to: 
Q\ = 0, . . . , Q n -m = 0, 
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then according to the proposition just stated, all the n — m expressions XV k vanish 
by means of Q\ = 0, . . . , Q n - m = and hence they also vanish by means of V\ = 
0, . . . , V n - m = 0; in other words: the system of equations V\ — 0, . . . , V n - m = too 
admits the infinitesimal transformation Xf. 

Finally, as a result, it is established that our above definition for the invariance 
of a system of equations by an infinitesimal transformation is also independent of 
the form of this system of equations. Therefore, the introduction of this definition is 
completely natural [naturgemass]. 

We know that a system of equations can admit all transformations of the one-term 
group Xf only when it admits the infinitesimal transformation Xf. But this neces- 
sary condition is at the same time sufficient; indeed, it can be established that every 
system of equations which admits the infinitesimal transformation Xf generally al- 
lows all the transformations of the one-term group Xf. 

In fact, let the system of equation Q\ = 0, . . . , Q n - m = admit the infinitesimal 
transformation Xf; moreover, let x\ = <pi, . . . , x n - m = (p n -m De a resolved form for 
the system of equations £2\ =0, fi n -m — 0; lastly, let the substitution = (jfy 
be again denoted by the sign [ ] . 

Under these assumptions, we have at first [& k ] = 0, then [Xi2j = and from 
the Proposition 2 stated just now we obtain furthermore: 

[XXQ k ] = 0, [XXXQ k ] = 0, • • • . 

Consequently, the infinite series: 

2 

n k+ jxn k +^xxn k +--- 

vanishes identically after the substitution^ = (p^, whichever value the parameter e 
can have. So for any e, the system of equations: 

Q k + eXQ k -\ = (k=\-n-m) 

will be satisfied by the systems of values of the system of equations = 
0, . . . , Q.,i-m = 0, and according to what has been said earlier, this does mean 
nothing but: the system of equations: 

Qi = 0, . .. , Q n -m = 

admits all transformations: 

x\ = Xi + eXXj-\ (i = l-n) 

of the one-term group Xf. With that, the assertion made above is proved; as a result, 
we have the 



Theorem 14. The system of equations: 
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iii(xi,. ..,x„) = 0, . . . , Q n - m = 

admits all transformations of the one-term group Xf if and only if it admits the 
infinitesimal transformation Xf, that is to say, when all the n — m expressions XQ.^ 
vanish by means ofQ\=Q,..., Q n -m = 0. 

This theorem is proved under the assumption, which we always make unless 
something else is expressly notified, under the assumption namely that not all (n — 
m) x [n — m) determinants of the matrix (1) vanish by meansofi2i =0, fi n -m = 
0. In addition, as already said, both the Qk and the must behave regularly for the 
systems of values xi,...,x n coming into consideration. 

It can be seen that Theorem 14 does not hold true anymore when this assumption 
about the determinant of the matrix (1) is not fulfilled. Indeed, we consider for 
instance the system of equations: 

Q l = x \ = 0, . . . , Q n - m = x\_ m = 0, 

by means of which all the (n — m)x(n — m) determinants of the matrix (1) vanish. 
We find for these equations: XQ^ = Ix^Xx^, hence all the XQ^ vanish by means 
of Qi = 0, . . . , Q n - m = 0, whatever form Xf can have. Consequently, if the Theo- 
rem 14 would be also true here, then the system of equations: 

x\ = 0, . . . , x\_ m = 

would admit any arbitrary one-term group Xf, which obviously is not the case. 

From this we conclude the following: when the system of equations Q\ = 
0, . . . , Q. n - m = brings to zero all the (n — m) x (n — m) determinants of the 
matrix (1), the vanishing of all the XQ^ by means of = 0, . . . , Q. n -m = is of 
course necessary in order that this system of equations admits the one-term group 
Xf, but however, it is not sufficient. 

Nevertheless, some general researches frequently conduct one to systems of 
equations for which one has no means to decide whether the repeatedly mentioned 
requirement is met. Then how should one recognize that the system of equations in 
question admits, or does not admit, a given one-term group? 

In such circumstances, there is a criterion which is frequently of great help and 
which we now want to develop. 

Let: 

Ai(xi, . . . ,x n ) =0, A s (xi,...,x n ) =0 

be a system of equations. We assume that the functions A\, . . . ,A S behave regularly 
inside a certain region B, in the neighbourhood of those systems of values x\ , . . . ,x n 
which satisfy the system of equations. However, we assume nothing about the be- 
haviour of the functional determinants of the A's; we do not demand anymore that 
our s equations are independent of each other, so the number s can even be larger 
than n in certain circumstances. 
Moreover, let: 
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Xf=Y< Zi(xi, ■ ■ ■ ,X n ) -J- 

be an infinitesimal transformation and suppose that amongst the system of values 
x\,...,x n for which £1, . . . , <fj n behave regularly, there exist some which satisfy the 
equations A\ = 0, . . . , A s = and which in addition belong to the domain B. 
Now, if under these assumptions the s expressions XA a can be represented as: 

.V 

XA a = £ p ar (xi,...,x n )A r (xi,...,x n ) (a=l-s), 

T=l 

and if at the same time all the p ax behave regularly for the concerned system of 
values of: 

A l = 0,...,A s = 0, 
then our system of equations admits every transformation: 

/ e 
Xi=Xi + -XXi-\ (i=l— n) 

of the one-term group Xf. 

The proof of that is very simple. We have: 

A a (x 1 , . . . ,x n ) =A a (xi,...,x„) + -XA a -\ ; 

but it comes: 

XX A a = £ <Xp aT + £ ponpnxfAr, 

where in the right-hand side the coefficients of the A again behave regularly for 
the system of values of Ai = 0, . . . , A s = 0. In the same way, the XXX A a express 
linearly in terms of A\ , . . . , A s , and so on. In brief, we find: 

j - 

A (J (x' 1 ,...,x n )=Y, yf ai ;(xi,...,x n ,e)A T (x) (a=i-s), 

where the \\f ax are ordinary power series in e and behave regularly for the system 
of values of A\ = 0, . . . , A s = 0. From this, it results that every system of values 
x\,...,x n which satisfies the equations Ai(x) = 0, . . . , A s (x) = also satisfies the 
equations: 

A a (xi + jXx\-\ , x n + jXx n -\ j (a=l-s) 

so that the system of equations A\ = 0, . . . , A s = really admits the one-term group 
Xf. 

As a result, we have the 
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Proposition 3. If, in the variables xi,...,x n , a system of equations: 

Ai(xi,...,x„) = 0, A s (xi,...,x n ) = 

is given, about which it is not assumed that its equations are mutually independent, 
and even less that the s x s determinants of the matrix: 









dxi\ 


dA s _ 


. iA. 


dx\ 


dx„ 



vanish or do not vanish by means of A\ = 0, . . . , A s = 0, then this system of equa- 
tions surely admits all the transformations of the one-term group Xf when the s 
expressions XA a can be represented under the form: 

s 

XA a = Po%{x\,...,X n )A % ((7=1-*), 

T=l 

and when at the same time the pax behave regularly for those systems of values 
x\ , . . . ,x n which satisfy the system of equations A\ = 0, . . . , A s = 0. 

§ 31. 

In the preceding paragraph, we have shown that the determination of all systems of 
equations which admit the one-term group Xf amounts to determining all systems 
of equations which admit the infinitesimal transformation Xf. Hence the question 
arises to ask for [Es entsteht daher die Frage nach] all systems of equations Q\ = 
0, . . . , C2 n -m = (m ^ n) which admit the infinitesimal transformatiorQ: 

" df 
i=\ ax i 

This question shall find its answer in the present paragraph. 
Two cases must be distinguished, namely either not all functions £,\ , . . . , <^ n vanish 
by means of: 

Q\ = 0, . . . , £l n -m = 
or the equations = 0, . . . , E, n — are a consequence of: 

Q.\ = 0, . . . , Q„- m = 0. 

To begin with, we treat the first case. 

Suppose to fix ideas that ^„ does not vanish by means of = 0, . . . , Q n - m = 0. 
Then the concerned system of equations also admits the infinitesimal transforma- 
tion: 



2 (in the sense of the definition p. 1 1201 
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£,n dxi % n dx n -\ dx n 

If now x®, . . . ,x„ is a system of values which satisfies the equations ^ = and for 
which does not vanish, then we may think that the general solutions of Xf = 
relative to x n = x®, or, what is the same, of Yf, are determined; these general so- 
lutions, that we may call yi,...,y n -i> behave regularly in the neighbourhood of 
;q,...,jc„ and are independent of x n . Hence if we introduce the new independent 
variables yi,.. . y n = x n in place of the x, this will be an allowed transfor- 
mation. Doing so, Yf receives the form J^, and the system of equations Q\ = 
0, . . . , Q n -m = is transferred to a new one: 

&i(yi,---,y n ) = 0, Q n - m (yi, . . . ,y n ) = 

which admits the infinitesimal transformation 

oyn 

From this, it follows that the system of equations = is not solvable with 
respect to y n . Indeed, if it would be solvable with respect to y n , and hence would 
yield y n — (p(y\ , . . . ,y n -i) = 0, then the expression: 

Y(y n -¥) = 3-(yn-v) = i 
oy n 

would vanish by means of X2i = 0, . .., Q. n - m = 0, which is nonsensical. Conse- 
quently, y„ can at most appear purely formally in the equations = 0, that is to 
say, these equations can in all circumstances be brought to a form such as they 
represent relations between yi,.. - ,y n -l aloneH. Here, the form of these relations is 
subjected to no further restriction. 

If we now return to the initial variables, we immediately realize that the system 
of equations Q k = can be expressed by means of relations between the n — 1 in- 
dependent solutions yi,.. - ,y n -l of the equation Xf = 0. This outcome is obviously 
independent of the assumption that itself should not vanish by means of = 0; 
we therefore see that every system of equations which admits the infinitesimal trans- 
formation Xf and which does not annihilate £i , . . . , is represented by relations 
between the solutions of Xf = 0. On the other hand, we know that completely arbi- 
trary relations between the solutions of Xf = do represent a system of equations 
which admits not only the infinitesimal transformation, but also all transformations 
of the one-term group Xf (Chap.|6l Proposition 3, p. II 101 ). Consequently, this con- 
firms the previously established result that our system of equations = admits 
the one-term group Xf. 

We now come to the second of the above two distinguished cases; naturally, this 
case can occur only when there are in general systems of values xi,...,x n for which 
all the n functions ^ vanish. 



3 For instance, the system of two equations y\y n = and y\ = invariant by amounts to just y\ = 0. 
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If Xj,...,jc„ is an arbitrary system of values for which all ^ vanish, then the 
transformation of our one-term group: 

2 

x' i =Xi + j^ + ^X^ i + --- (i=l...n) 

reduces after the substitution x; = X; to: 

r' - r° r - r° 

A 1 A J , . . . , Afl A n , 

and we express this as: the system of values x^, . . . ,x® remains invariant by all trans- 
formations of the one-term group Xf. For this reason, it comes that every system of 
equations of the form: 

§i = 0, £ n = 0, y/i(xi,...,x n ) = 0, \if 2 (xi,...,x n ) = 0, 

admits the one-term group Xf, whatever systems of values xi, . . . ,x n are involved 
in it. But such a form embraced [umfasst] all systems of equations which bring 
£i, ...,<!;„ to zero; so as a result, the second one of the two previously distinguished 
cases is settled. 

We summarize the gained result in the 

Theorem 15. There are two sorts of systems of equations which admit the infinites- 
imal transformation: 

Xf= £ ■■•,*») ^- , 
i=\ ax i 

and hence in general admit all transformations of the one-term group Xf. The sys- 
tems of equations of the first sort are represented by completely arbitrary relations 
between the solutions of the linear partial differential equation Xf = 0. The systems 
of equations of the second sort have the form: 

£1 =0, £ n = 0, yi(*i,...,Jtn) = 0, y 2 (xi,...,x n ) =0, 

in which the \ff are absolutely arbitrary, provided of course that there are systems 
of values x\, . . . ,x n which satisfy the equations in question. 

We yet make a brief remark on this. 

Let Ci,... ,C n - m be arbitrary constants, and let Qi,. . . ,f2 n - m be functions of x, 
which however are free of the C; lastly, suppose that each system of equations of 
the form: 

(-*•! 5 • • • )-^n) = Ci . . . , £l n — m {xi , . . . ,x t i) = C n — m 



4 In Lie's thought, a first system of equations embraces (verb: UMFASSEN) a second system of equations when the 
first zero-set is larger than the second one so that the first system implies the second one, at least locally and generically, 
and perhaps after some allowed algebraic manipulations. Nothing really more precise about this notion will come up 
later, and certainly nothing approaching either the Nullstellensatz or some of the concepts of the so-called theory of 
complex spaces. 
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admits the infinitesimal transformation Xf, which is free of C. Under these assump- 
tions, the n — m expression XQ^ must vanish by means of: 

— C\ , . . . , Q n — m = Cn— mi 

and certainly, for all values of the C. But since the XQ^ are all free of the C, this 
is only possible when the XQ^ vanish identically, that is to say, when the are 
solutions of the equation Xf = 0. Thus, the following holds. 

Proposition 4. If the equations: 

£1\ [X\i ■ ■ ■ jXn) — C\ i ■ ■ ■ , £2 n — m (Xi, . . . ,X lr ) = C n — m 

with the arbitrary constants C\ , . . . , C n - m represent a system of equations which 
admits the infinitesimal transformation Xf, then .,Q n - m are solutions of the 
differential equation Xf, which is free of the C. 

§ 32. 

At present, consider q arbitrary infinitesimal transformations: 

^kf=J^^d(xi,...,Xn)-^- (k=l-q) 
i=\ ax i 

and ask for the systems of equations Q\ = 0, . . . , Q.2 — 0, • • • which admit all these 
infinitesimal transformations. As always, we restrict ourselves here to systems of 

values x\, . . . ,x n for which all the §y behave regularly. 

At first, it is clear that every sought system of equations also admits all infinites- 
imal transformations of the form: 

q 

Xk{x\,...,x n )X k f, 

k=l 

provided that behave regularly for the systems of values x\ , . . . ,x n which 

satisfy the system of equations. From the previous paragraph, we moreover see that 
each such system of equations also admits all finite transformations of the one-term 
groups that arise from the discussed infinitesimal transformations^. 

Furthermore, we remember Chap. [6l Proposition 1, p. 11091 At that time, we saw 
that every function of x\, . . . ,x n which admits the two infinitesimal transformations 
X\f and Xif also allows the transformation X\Xif — XjX\f. Exactly the same prop- 
erty also holds true for every system of equations which allows the two infinitesimal 
transformations X\f and X2/. 

In fact, assume that the system of equations: 

Glk{x\, ■ ■ ■ ,X n ) = (k=l-n-m) 
In fact, Proposition 3 p. U25| gives a more precise statement. 
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admits the two infinitesimal transformations X\f and X2/, so that all the expres- 
sions X[Qj and Xiflj vanish by means of the system Q\ = 0, . . . , Q n -m = 0. Then 
according to Proposition 2 p. 11221 the same holds true for all expressions XiX2&j 
and X2X\Qj, so that each X^^j —X2X{Qj vanishes by means of the system of 
equations Q\ — 0, . . . , Q n - m = 0. As a result, we have the 

Proposition 5. If a system of equations : 

Qi(xi,...,x n ) =0, Q n - m (xi,...,x n ) = 

admits the two infinitesimal transformations X\f and X2/, then it also admits the 
infinitesimal transformation X1X2/ — X2X\f. 

We now apply this proposition similarly as we did at a previous time in the Propo- 
sition 1 on p.[95l where the question was to determine the joint solutions of q given 
equations X\f = 0, . . . , X q f = 0. At that time, we reduced the stated problem to the 
determination of the solutions of a complete system. Now, we proceed as follows. 

We form all infinitesimal transformations: 

XkXjf - XjXkf = [Xjfc, Xj] 

and we ask whether the linear partial differential equations [X^, Xj] = are a conse- 
quence of X\f = 0, . . . , X„f = 0. If this is not the case, then we add all transforma- 
tions \X k , Xj] to the infinitesimal transformations Xif, . . . ,Xq$\, which is permitted, 
since every system of equations which admits Xif, . . .,X q f also allows [X^, Xj]. At 
present, we treat the infinitesimal transformations taken together: 

Xif, X q f, [X k , Xj] (k,j= 1 -q) 

exactly as we did at first with X\f, . . . ,X q f, that is to say, we form all infinitesimal 
transformations: 

[[X k ,Xj],X,}, [fa, Xj], 

and we ask whether the equations obtained by setting these expressions equal to zero 
are a consequence of X k f = 0, {X k , Xj] = (k, j = 1 , . . . , q). If this is not the case, 
we add all the found infinitesimal transformations to X k f, [X k , Xj] (k, j = 1 , . . . , q). 

We continue in this way, and so at the end we must obtain a series of infinitesimal 
transformations: 

Xif, Xqf, X q+ lf, Xqif W>q) 

which is constituted in such a way that every equation: 

[X k ,Xj]=0 k.i 1 •••(/'• 

is a consequence of Xif = 0, . . . , X q /f = 0. The equations: 

* In practice, one will in general not add all infinitesimal transformations [X^,Xi], but only a certain number amongst 
them. 
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X 1 f = 0,...,Xjf = 

then define a complete system with q' or less terms. Hence we have the 

Theorem 16. The problem of determining all systems of equations which admit q 
given infinitesimal transformations X\f, . . . ,X q f can always be led back to the de- 
termination of all systems of equations which, aside from X\f,... ,X q f, admit yet 
certain further infinitesimal transformations: 

X q+ \f,.--,X q if W>q), 

where now the equations: 

X l f = 0,...,X q f = 0, X q+l f = 0,...,X q ,f = 

define a complete system which has as many terms as there are independent equa- 
tions in it. 

Thus we can from now on limit ourselves to the following more special problem: 
Consider q infinitesimal transformations in the variables x\,...,x n : 

11 df 
X k f= &d(xh---> x n) "a" (k=l-q) 

with the property that amongst the q equations: 

X l f = 0,...,X q f = 0, 

there are exactly p ^ q equations which are mutually independent, and with the 
property that any p independent ones amongst these q equations form a p-term 
complete system which belongs to X\f = 0, . . . ,X q f = 0. To seek all systems of 
equations in x\,. .. ,x n which admit the infinitesimal transformations X\f, . . . ,X q f. 

It is clear that we can suppose without loss of generality that X\f, . . . ,X q f are 
independent of each other as infinitesimal transformations. Furthermore, we notice 
that under the assumptions of the problem, the (p + 1) x (p + 1 ) determinants of the 
matrix: 



(4) 



vanish all identically, whereas not all p x p determinants do. 

The first step towards the solution of our problem is to distribute the systems 
of equations which admit the q infinitesimal transformations X\f,... ,X q f in two 
separate classes [in zwei getrennte Classen]; as a principle of classification, we 
here take the behaviour of the p x p determinants of (4). 
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In the first class, we reckon all systems of equations by means of which not all 
p x p determinants of the matrix (4) vanish. 

In the second class, we reckon all systems of equations by means of which the 
p x p determinants in question all vanish. 

We now examine the two classes one after the other. 
33. 

Amongst the q equations X\f = 0, . . . , X q f = 0, we choose any p equations which 
are independent of each other; to fix ideas, let X\f = 0, . . . , X p f = be such equa- 
tions, so that not all p x p determinants of the matrix: 



(5) 



£ll • • §1H 

\>pl ' ' £>pn 



vanish identically. We now seek, amongst the systems of equations Q.\ = 
0, . . . , Q n - m = of the first species, those which do not cancel the independence 
of the equations X\f = 0, . . . , X p f = 0, hence those which do not annihilate all 
p x p determinants of the matrix (5). Here, we want at first to make the special 
assumption that a definite p x p determinant of the matrix (5), say the following 
one: 

•at,/?— p+l ' ' "rl" 

D= ■ ■■ ■ 

*~>p,n—p+l ' ' %pn 

neither vanishes identically, nor vanishes by means of Q\ = 0, . . 
Under the assumptions made, there are identities of the form: 



Xp+ jf = 52 ( Xl ' • • • ' ■*•") ^nf 



(j=l-q-p). 



7t=\ 



For the determination of the functions Xjn, we have here the equations: 



52 ZnvXjn — %p+j,v 

71=1 



(V = l-n;j = l-q-p); 



now since the determinant D does not vanish by means of Q\ = 0, . . . , fi n -m = 0> 
we realize that the Xjx behave regularly for the system of values of Q[ = 
0, . . . , Q n - m = 0, so that we can, under the assumptions made, leave out the 
infinitesimal transformations X p+ if,...,X q f; because, if the system of equa- 



tions £2] 



0, 



£2r. 



admits the transformations X\f, ...,X p f, then it 



automatically admits also X p+ \f, . . . ,X q f. 

We replace the infinitesimal transformations X\f, . . . ,X p f by p other infinitesimal 
transformations of the specific form: 
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df V / s df 

Y nf=3 1" L r lni\ x li---i x n)-~r- (n=l-p). 

OXn—p+% -_j OXj 

We are allowed to do that, because for the determination of Y\f, . . . , Y p f we obtain 
the equations: 

p 

Y £j,n-p+nYnf — Xjf (y=l-p)j 

7T=1 

which are solvable, and which provide for the Y^ expressions of the form: 

p 

Y nf = Pnj(x h ...,X n )Xjf (n=l-p), 
7=1 

where the coefficients p K j behave regularly for the systems of values of: 

Q\ = 0, . . . , Q n -m = 0. 

Hence if the system of equations = admits the infinitesimal transformations 
X\f,.. .,X p f, it also admits Y\f, . . . , Y p /, and conversely. 

Let jcj, . . . ,jc^ be any system of values which satisfies the equations Q\ = 
0, . . . , ^2„_ m = and for which the determinant D is nonzero. Then the r\ n \ behave 
regularly in the neighbourhood of x\ , . . . , x„. Now, the equations Y\f = 0, . . . , Yp/ = 
constitute a p-term complete system just as the equations X\f = 0, . . . , X p f = 0, 
hence according to Theorem 12 p. I102[ they possess n — p general solutions 
yi,.. - ,y n -p which behave regularly in the neighbourhood of Xj, . . . ,x„ and which 
reduce to x\, . . . ,x n - p (respectively) for x n - p+i = x®_ p+1 , . . . , x n = x° n . 

Thus, if we still set y n - P +i = x n - p+ \, . . . , y n = x n , we can introduce y\ , . . . ,y n as 
new variables in place of the x. At the same time, the infinitesimal transformations 
Y n f receive the form: 



df T , r df 

Vn-p+l 

but the system of equations £2% = is transferred to: 



Yif = 3 , ■ ■ ■ , Y p f — ^ — . 

oy n - P +\ oy n 



£2i(yi,...,y n ) =0, fl„_ m (yi,...,y n ) =0, 

and now these new equations must admit the infinitesimal transformations 
t , . . . , From this, it follows that the equations £1^ = are solvable with 
respect to none of the variables y n _p+i, . . . ,y n , that they contain these variables 
at most fictitiously and that they can be reshaped so as to represent only relations 
between y\, . . . ,y n -p alone. 

If we now return to the original variables xi, . . . ,x n , we then see that the equa- 
tions C2\ = 0, . . . , Q n -m = are nothing but relations between the solutions of the 
complete system Y\f = 0, . . . , Y p f = 0, or, what is the same, of the complete system 
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X\f = 0, . . . , Xpf = 0. Moreover, this result is independent of the assumption that 
precisely the determinant D should not vanish by means of .fli = 0, . . . , Q n -m — 0; 
thus it holds always true when not all p x p determinants of the matrix (5) vanish 
by means of Q\ = 0, . . . , Q n - m = 0. 

Consequently, we can state the following theorem: 

Theorem 17. If q infinitesimal transformations Xif,...,X q f in the variables 
xi, . . . ,x n provide exactly p ^ q independent equations when equated to zero, say 
X\f = 0, . . . , Xpf = 0, and if the latter equations form a p-term complete system, 
then every system of equations: 

Qi(xi,...,x„) =0, Q n - m (xi,...,x n ) = 

which admits the q infinitesimal transformations X\f, . . .,x q f without cancelling 
the independence of the equations: 

X l f = 0,...,X p f = 0, 

is represented by relations between the solutions of the p-term complete system 
X 1 f = 0,...,X p f = 0. 

Thanks to this theorem, the determination of all systems of equations which be- 
long to our first class is accomplished. In place of Xif = 0, . . . , X p f = 0, we only 
have to insert in the theorem one after the other all the systems of p independent 
equations amongst the q equations Xif = 0, ... , X q f = 0. 

§ 34. 

We now come to the second class of systems of equations which admit the infinites- 
imal transformations Xif, . . . ,X q f, namely to the systems of equations which bring 
to zero all p x p determinants of the matrix (4). 

Here, a series of subcases must immediately be distinguished. Namely it is possi- 
ble that aside from the px p determinants of the matrix (4), the system of equations: 

fli = o,..., n n - m = o 

also brings to zero yet all (p — 1) x (p — 1) determinants, all (p — 2) x (p — 2) 
determinants, and so on. 

We hence see that to every sought system of equations is associated a determinate 
number h < p with the property that the concerned system of equations brings to 
zero all p x p, all (p — 1) x (p — 1), . . . , all (h+ 1) . . . (h+ 1) determinants of the 
matrix (4), but not all h x h determinants. Thus, we must go in details through all the 
various possible values 1 , 2, . . . ,p — 1 of h and for each one of these values, we must 
set up the corresponding systems of equations that are admitted by Xif, . . . ,X q f. 

Let h be any of the numbers 1, 2, . . . ,p — 1. A system of equations which brings 
to zero all (h+l) x [h + 1) determinants of the matrix (4), but not all the h x h 
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ones, contains in any case all equations which are obtained by equating to zero 
all (h+1) X (h+ 1) determinants A\,...,A S of (4). Now, if the equations A\ = 
0, . . . , A s = would absolutely not be satisfied by the systems of values jci, . . . ,x n 
for which the <^y(x) behave regularly, or else, if the equations A\ = 0, . . . , A s = 
would also bring to zero all h x h determinants of (4), then this would be a sign 
that there is absolutely no system of the demanded nature to which is associated the 
chosen number h. So we assume that none of these two cases occurs. 

At first, it is to be examined whether the system of equations A\ = 0, . . . A s = 
is reducible. When this is the case, one should consider every irreduciblaj [irre- 
ducibel] system of equations which comes from A\ = 0, . . . , A s = 0, and which 
does not bring to zero all hx h determinants of (4). 

Let W\ = 0, . . . , Wi = be one of the found irreducible systems of equations, and 
suppose that it is already brought to a form such that not all / x / determinants of 
the matrix: 







dx\ 


dx„ 


dW, _ 


dWi 




dx n 



vanish by means of W\ = 0, . . . , W; = 0. Thus we must determine all systems of 
equations which are admitted by X\f, . . . ,X q f, which contain the equations W{ = 
0, . . . , Wi = and which at the same time do not bring to zero all h x h determinants 
of (4). When we execute this for each individual irreducible system obtained from 
A\ = 0, . . . , A s = 0, we find all systems of equations which admit X\f, . . . ,X q f and 
to which is associated the number h. 

In general, the system of equations W\ = 0, . . . , Wi = will in fact not admit the 
infinitesimal transformations X\f, . . . ,X q f. To a system of equations which contains 
W\ = 0, . . . , Wi = and which in addition admits X\f, . . . ,X q f there must belong in 
any case yet the equations: 

X k W x =0, XjX k W x =0 (k,j=l- q ; 1 = 1-1), 

and so on. We form these equations and we examine whether they become con- 
tradictory with each other, or with W\ = 0, . . . , W/ = 0, and whether they possibly 
bring to zero all h x h determinants of (4). If one of these two cases occurs, then 
there is no system of equations of the demanded constitution; if none occurs, then 
the independent equations amongst the equations: 

W A =0, X k W x =0, XjX k W x =0,... (A=i.«i;M=i... ? ) 

represent a system of equations which is admitted by X\f, . . .,X q f. Into this system 
of equations which can naturally be reducible, we stick all systems of equations 
which admit Xif, . . . ,X q f, which contain the equations W\ = 0, . . . , W; =0, but 
which embrace no smaller system of equations of the same nature. 



This means smooth after stratification and not decomposable further in an invariant way. 
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The corresponding systems of equations are obviously the smallest systems of 
equations which are admitted by X\f, . . .,X q f and which bring to zero all (h+l) x 
(h + l) determinants of (4), though not all the hxh ones. 

Let now: 

(6) Wi=0,..., W n - m = (n - m> I) 

be one of the found irreducible systems of equations; then the question is to add, 
in the most general way, new equations to this system so that one obtains a system 
of equations which is admitted by X\f, . . . ,X q f but which does not bring to zero all 
hxh determinants of (4). 

Since not all hxh determinants of (4) vanish by means of: 

(6) Wi = 0,...,W n - m = 0, 

we can assume that for instance the determinant: 

Sl,n-A+1 ' ' bin 
hh,n—h-\r\ ' ' ^shn 

belongs to the nonvanishing ones and we can set ourselves the problem of deter- 
mining all systems of equations which are admitted by X\f,.. .,X q f and which at 
the same time do not make A equal to zero. When we carry out this problem for 
every individual hxh determinant of (4) which does not vanish already by means 
of (6), we then evidently obtain all the sought systems of equations which embrace 

Wl=0,...,W n - m = 0. 

The independence of the equations X\f = 0, . . . , X^f — is, under the assump- 
tions made, not cancelled by W\ = 0, . . . , W n - m = 0, and in fact, for the systems of 
values of (6), there are certain relations of the form: 

h 

X h+jf= ¥jk(xi,...,X n )X k f (j = l-q-h) 

k=l 

where the iff^ are to be determined out from the equations: 

h 

Zh+j,v = VjkZkv (j=l-q-h;v = l-n). 

k=\ 

Since all (h+l) x (h+l) determinants of (4) vanish by means of (6) while A 
does not, the functions ^ are perfectly determined and they behave regularly for 
the systems of values of (6). Without loss of generality, we are hence allowed to 
leave out the infinitesimal transformations X h+ if, . . .,X q f; because every system of 
equations which contains the equations (6), which at the same time does not bring 
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to zero the determinant A, and lastly, which is admitted by Xif,...,X/ r f, is also 
automatically admitted by X h+ if, . . . ,X q f. 

One can easily see that no relation between x n -h + \, . . . ,x n alone can be derived 
from the equations (6). Indeed, if one obtained such a relation, say: 

x„ - G)(x n -h+i,. ■ ■ ,x n -i) = 0, 

then the h expressions: 

h-i da 

X k (x n - ft)) = §b, - "5 Zk,n-h+j (k= 1 - A) 

j—\ &Xn—h+j 

would vanish by means of (6). From this, we draw the conclusion that the number 
n — m is in any case not larger than n — h and that the equations (6) can be resolved 
with respect to n — m of the variables x\,... ,x n _/j, say with respect to %i, . . . ,x n - m : 

(7) Xk = ^>k(x n - m +l,...,X n ) (k=\-n-m) (n-m^n-h). 

We can therefore replace the system (6) by these equations. 

Every system of equations which contains the equations (6) or equivalently the 
equations (7) can obviously be brought to a form such that, aside from the equa- 
tions (7), it yet contains a certain number of relations: 

Vj(x n - m+ i,...,x n ) =0 {j=i,2,-) 

between x n - m +i, . . . ,x n alone. Now, if the system of equations in question is sup- 
posed to admit the infinitesimal transformations Xif, . . . ,X h f, then all the expres- 
sions XfcVj must vanish by means of (7) and of Vi = 0, . . . ; or, if we again denote by 
the sign [ ] the substitution x\ = <pi, . . . , x n - m = (p n - m : the expressions: 

m dV 

[XkVj] = fen-m+juK " (k=l-h;j=l,2,-) 

f±=l vXn—m+ll 

vanish by means of V\ = 0, But we can also express this as follows: the system 

of equations V\ = 0, . . . in the variables x n - m+ i, . . . ,x n must admit the h reduced 
infinitesimal transformations: 

— m df 

Xkf=Y [%k,n-m+n] ^ (k=l-h) 

H=l vXn—m+ii 

in these variables. In addition, the system of equations V\ = 0, . . . should naturally 
not bring to zero the determinant [A] . 

Conversely, every system of equations V\ = 0, . . . which possesses the property 
discussed just now provides, together with (7), a system of equations which does not 
make A be zero and which in addition admits X\f,... ,X/ 7 f and also X^f, . . . ,X q f 
as well. 
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As a result, our initial problem is reduced to the simpler problem of determining 
all systems of equations in m < n variables which admit the h ^ m infinitesimal 
transformations X\f, . . . ,Xhf and for which the determinant: 

=•= [€l,n-ft+l] • • • [£h,n-h+h] 

is not made zero. 

We summarize what was done up to now in the 

Theorem 18. If q infinitesimal transformations: 

Xkf=Y,^ki(xi,...,X n )^- (k=l-q) 
i=l dx < 

are constituted in such a way that all (p + 1) x (p + 1) determinants, but not all 
p x p determinants of the matrix: 

^11 ■ ■ £lH 

%q\ ' ' ^>qn 

vanish identically, and that any p independent equations amongst the equations 
X\f = 0, . . . , X q f = Oform a p-term complete system, then one finds in the following 
manner all systems of equations in x\ , . . . , x n which admit X\f,..., X„f and which at 
the same time bring to zero all (h+l) x (h+l) determinants of the above matrix, 
but not all h x h ones: by forming determinants [durch Determinantenbildung], 
one seeks at first the smallest system of equations for which all (h + l) x (h+l) 
determinants of the matrix vanish, but not all h x h ones. If there exists a system 
of this sort, and if W\ = 0, . . . , Wi = is one such, then one forms the equations 
XkWi = 0, XjXkWj = 0, . . . , and one determines in this way the possibly existing 
smallest system of equations which embraces W\ = 0, . . . , Wi = 0, which is admitted 
byX\f,... ,Xqf and which does not make equal to zero all hxh determinants of the 
matrix; ifWi = 0,..., W n - m = (n — m^ I) is such a system of equations, which 
does not bring to zero for instance the determinant: 

A = J2 ±^l,n-/j+l • • ■ %h,n-h+hi 

then his ^ m and the equations Wi = 0, . . . , W n -m = can be resolved with respect 
ton — m of the variables xi,... ,x n -h, say as follows: 

Xk = Wk{ x n-m+\-,- ■■iXn) (k=l-n-m). 

Lastly, one determines all systems of equations in the m variables x n - m+ i,. ..,x n 
which admit the h reduced infinitesimal transformations: 
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— m df 

Xkf = ^ ^>k,n— m+fl (*Pl 5 ■ ■ ■ 5 tyn—mi x n—m+li • • • i x n) 3 

f r f -1 d f 

= L l$k,n-m+n\ 3 (fc=l-A) 

and which do not bring to zero the determinant: 

[A] = [£l,n-A+l] ■ ■ ■ [Zh,n h +h] ■ 

Each one of these systems of equations represents, after adding the equations x\ = 
q>i, . . . , Xn-m = %-m, a system of equations of the demanded constitution. By car- 
rying out the indicated developments in all possible cases, one obtains all systems 
of equations of the demanded constitution. 

It frequently happens that one already knows a system of equations U\ = 0, U2 = 
0, . . . , U n - S = which admits the infinitesimal transformations X\f, . . . ,X q f and 
which brings to zero all (h+ 1) x (h+ 1) determinants of the matrix (4), and which 
nevertheless does not bring to zero the hx h determinant A . Then one can ask for 
all systems of equations which comprise the equations U\ = 0, . . . , U n - S = and 
which likewise do not bring A to zero. 

The determination of all these systems of equations can be carried out ex- 
actly as in the special case above, where the smallest system of equations 
W\ = 0, . . . , W n - m = of the relevant nature was known, and where one was 
looking for all systems of equations which were admitted by X\f, . . . ,X q f, which 
comprised the system W\ = 0, . . . , W n - m = and which did not bring A to zero. 

Indeed, in exactly the same way as above, one shows at first that h ^ s and that the 

equations Z7i = 0, , U n - S = can be resolved with respect to n — s of the variables 

x\,.. -,x n -h, say as follows: 

Xk= Vk(Xn-s+l, ■ ■ ■ ,Xn) (k=l-n-s). 

Now, in order to find the sought systems of equations, one forms the h reduced 
infinitesimal transformations: 

- s , df 

Xkf — 52 %k,n-s+G (Vl) ■ ■ • i Wn-si Xn-s+li • • ■ j x n) 3 

(j = l uXn—s+fj 

— hk,n-s+o-p> (k=l-h) 

and next, one determines all systems of equations in the s variables x„_ 5+ i, . . . ,x n 
which admit X\f, . . . and which do not bring to zero the determinant: 



^ = 52 ± £l,n-fc+l " " " %h,n-h+h- 
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By adding these equations one after the other to the equations x\ — = 
0, . . . , x n - s — tyn-s = 0, one obtains all systems of equations of the demanded 
constitution. 

It is not necessary to explain more precisely what has been just said. 
§ 35. 

The problem which has been set up at the beginning of § 32 is now basically settled. 
Indeed, thanks to the latter theorem, this problem is reduced to the determination 
of all systems of equations in the m variables x n - m +i, . . . ,x n which admit the h 
infinitesimal transformations X\f, . . . .X^f. But this is a problem of the same type as 
the original one, which is simplified only inasmuch as the number m of the variables 
is smaller than n. 

Now, about the reduced problem, the same considerations as those about the ini- 
tial problem can be made use of. That is to say: if the equations X\f = 0, . . . , X^f = 
do not actually form an /z-term complete system, then one has to set up for k, j = 
1, . . . ,h the infinitesimal transformations [X^, Xj] and to ask whether the indepen- 
dent equations amongst the equations X^f = 0, [X^, Xj] = for a complete system, 
and so on, in brief, one proceeds just as for the original problem. The only differ- 
ence in comparison to the former situation is that from the beginning one looks for 
systems of equations which do not cancel the independence of the equations: 

X l f = 0,...,X h f = 0, 

and especially, which do not bring the determinant \A] to zero. 

Exactly as above for the original problem, the reduced problem can be dealt with 
in parts, and be partially reduced to a problem in yet less variables, and so forth. 
Briefly, one sees that the complete resolution of the original problem can be attained 
after a finite number of steps. 

We therefore need not to address this issue further, but we want to consider some- 
how into more details a special particularly important case. 

Let as above the system of equations: 

(V) x\ — (p\ (x n _ m -|-i , . . . ,x n ) = 0, . . . , x n - m — (p n - m (xi,. . . ,x n ) = 

be constituted in such a way that it admits the infinitesimal transformations 
X\f, . . .,X q f and assume that it brings to zero all (h+1) x (h+1) determinants of 
the matrix (4), while it does not bring to zero the determinant A. In comparison, by 
the system of equations (V), we want to understand not just the smallest one, but a 
completely arbitrary one of the demanded constitution. 

Amongst the equations X\f = 0, . . . , X q f = 0, assume that any p independent 
amongst them, say for instance X\f = 0, . . . , X p f = 0, form a p-complete system; 
thus in any case, there are relations of the form: 
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9 

[X k ,Xj] = £ (O k j a (xi,...,X n )X a f (k,j=\~q). 
C7=l 

For the systems of values of (V) there remain only h equations: 

X l f = 0,...,X h f = 

that are independent of each other, whereas Xh+if, . . . , X q f can be represented under 
the form: 

h 

X h+jf= ¥jrixi,...,Xn)X v f {j=\-q-h), 

where the Xf/jk behave regularly for the concerned system of values. 

Now, we want to make the specific assumption that also all the coefficients C0kj s 
behave regularly for the system of values of (7); then evidently for the concerned 
system of values, equations of the form: 

h f q-h \ 

\ X k, X j] = E \ (Okja + £ (Okjh+x Wza \ X af 

(7=1 L T=l J 

hold true. In this special case one can indicate in one stroke all systems of equations 
which embrace the equations (V), which admit X\f,..., X q f and which do not bring 
A to zero. This should now be shown. 

For all systems of values x\,...,x n which satisfy the equations (7'), there are 
relations of the form: 

h 

[X k ,Xj} = £ w k ja(xi,...,x n )X a f (k,j=l-h). 

(7=1 

Here, the w^ja behave regularly and likewise the functions [w^], if by the sign [ 
we denote as before the substitution: 

X\ = <Pi, . . . , Xn—m = (Pn—m- 

We decompose the above relations in the following ones: 

h 

jv — X jE,kv = J! w kjs(xi,...,X n )^ sV 

s=i 

(k,j=l-h;v = l-n), 

and they naturally hold identically after the substitution [ ], so that we have: 

(8) Kvi-^yEj;^]^]. 

s=l 
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But now the system of equations x k — <p& = admits the infinitesimal transforma- 
tions X\f,... ,Xhf, so the relation (3) derived on p. 11221 

[X k <P] EE [X k [&]] 

holds true, in which <P(xi,. ..,x n ) is a completely arbitrary function of its argu- 
ments. We can write this relation somewhat differently, if we remember the in- 
finitesimal transformations: 

Xkf = J! [tsk,n-m+n] 3 (k=l-h); 

indeed, one evidently has: 

[X k [<P]} =X k [&], 

whence: 

[X k <P] =X k [0}. 

From this, it follows that the identities (8) can be replaced by the following ones: 

X k [Zjv] -Xjttkv) = £ fay,] [&v]. 

s=l 

In other words, there are identities of the form: 

h 

\X h Xj] =X k Xjf-XjX k f=Y, [w k js]Xsf, 

s=l 

that is to say, the equations X\f = 0, . . . , Xf,f = form an /z-term complete system 
in the m independent variables x n - m+ \, . . . ,x n . 

Now, we remember the observations that we have linked up with Theorem 18. 
They showed that our problem stated above comes down to determining all sys- 
tems of equations in x n - m +i, . . . ,x n which admit X\f,... ,Xhf and do not cancel 
the independence of the equations X\f = 0, . . . , X]J = 0. But since in our case the 
equations X\f = 0, . . . , Xj 7 f = form an /i-term complete system, we can at once 
apply the Theorem 17. Thanks to it, we see that the sought systems of equations in 
x n - m+ \, . . . ,x n are represented by relations between the solutions of the complete 
system Xtf = 0, ...,X h f = 0. 

Consequently, if we add arbitrary relations between the solutions of this complete 
system to the equations x k = <p k , we obtain the general form of a system of equations 
which admits the infinitesimal transformations X\f, . . .,X q f, which comprises the 
equations x k = (p k and which does not bring A to zero. 

It appears superfluous to formulate as a proposition the result obtained here in its 
full generality. By contrast, it is useful for the sequel to expressly state the following 
theorem, which corresponds to the special assumption q = p = h. 
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Theorem 19. If a system ofn — m independent equations in the variables X\ , . . . ,x„ 
admits the h infinitesimal transformations: 

X k f=Y,^ki(xu...,x n )^- (k=l-h) 
i=i dXi 

and if at the same time the determinant: 

A = 52 i^n-fc+l ' ' ' £h,n-h+h 

neither vanishes identically, nor vanishes by means of the system of equations, then 
h is ^ m and the system of equations can be resolved with respect to n — m of the 
variables x\ , . . . , x n -h, say as follows: 

X\ *Pl (pCn— J»+l) • • • ;^ra); ■ ■ ■ ■> Xn—m = ^Pn—mip^n—m+lj ■ ■ ■ i%n)- 

Now if, for the systems of values x\, . .. ,x n of these equations, all the expressions 
[Xjfc, Xj] can be represented in the form: 

h 

[Xk,Xj] = w kjs(xi,...,x n )X s f (k,j=l-h), 

s=l 

where the w^js behave regularly for the concerned systems of values, then one finds 
as follows all systems of equations which comprise the equations: 

X\ - <pi = 0, . . . , Xn-m - <Pn-m = 0, 

which admit the infinitesimal transformations X\f,... ,Xhf and which do not bring 
to zero the determinant A: one sets up the h reduced infinitesimal transformations: 



Xkf = Yj ^k,n—m+n (*Pl) • • ■ 5 tyn—mi x n—m+li ■ ■ ■ >-*■«) 3 

(k=l-h); 



then the h mutually independent equations X\f = 0, . . . , X^f = form an h-term 
complete system in the independent variables x n - m+ \ , . . . ,x n ; if: 

W\ {Xn—m+\ ) • • • i^n) j • • • j ^m—hi^'n—m+l j • • • t^n) 

are independent solutions of this complete system, then: 

xi - <p\ = 0, . . . , x n - m - (p n - m = 0, & t {u\ , . . . , u m _ h ) = 

= i, 2,-) 

is the general form of the sought system of equations; by the <t>i here are to be 
understood arbitrary function of their arguments. 
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§ 36. 

The analytical developments of the present chapter receive a certain clarity and 
especially a better transparency when one applies the ideas and the forming of con- 
cepts of the theory of manifolds [die Vorstellungen und Begriffsbildungen der 
Mannigfaltigkeitslehre]. We now want to do that. The sequel stands in compari- 
son to the §§ 30 to 35 in exactly the same relationship as Chap. 6 stands in compar- 
ison to Chap. 5. 

Every system of equations in the variables xi, . . . ,x n represents a manifold of the 
ft-times extended manifold R n . If the system of equations admits the one-term group 
Xf, then according to the previously introduced way of expressing, the correspond- 
ing manifold also admits Xf; so if a point x\, . . . ,x n belongs to the manifold, then all 
points into which xi, . . . ,x n is transferred by all the transformations of the one-term 
group Xf also lie in the same manifold. 

If now Xj, . . . ,x° is any point of the space, two cases can occur: either £i, . . . 
do not all vanish for xi — x-, or the quantities £>\ (x ), . . . , £ n (x ) are all equal to 
zero. In the first case, the point x^, ...,x„ takes infinitely many positions by the 
oo 1 transformations of the one-term group Xf, and as we know, the totality of these 
positions is invariant by the one-term group Xf and it constitutes an integral curve of 
the infinitesimal transformation Xf. In the second case, Xj, . . . ,x„ keeps its position 
through all transformations of the one-term group Xf; the integral curve passing by 
Xj, . . . ,x„ shrinks to the point itself. 

So if a manifold admits the one-term group Xf and if it consists in general of 
points for which <§i ,...,<§„ do not all vanish, then it is constituted of integral curves 
of the infinitesimal transformation Xf. By contrast, if the manifold in question con- 
sists only of points for which <fji, . . . , £;„ all vanish, then each point of the manifold 
keeps its position through all transformations of the one-term group Xf. Evidently, 
every smaller manifold contained in this manifold then admits also the one-term 
group Xf. 

With these words, the conceptual content [der begriffliche Inhalt] of the Theo- 
rem 15 is clearly stated, and in fact fundamentally, the preceding considerations can 
be virtually regarded as a providing a new demonstration of the Theorem 15. 

We still have to explain what does it means conceptually for a system of equations 
Q\ = 0, . . . , Qn-m = to admit the infinitesimal transformation Xf. 

To this end, we remember that the infinitesimal transformation Xf attaches to 
each point xi, . . . ,x n at which not all ^ vanish the completely determined direction 
of progress: 

5xi : • • • : Sx n = & : • ■ • : 

while it attaches no direction of progress to a point for which £i = • • ■ = <jj„ = 0. We 
can therefore say: 

The system of equations fii = 0, ...,Q n - m = admits the infinitesimal 
transformation Xf when the latter attaches to each point of the manifold 
Q\ = 0, . . . , Q n -m = either absolutely no direction of progress, or a direction of 
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progress which satisfies the n — m equations: 

— OX\ H h — OX„ (jfc= 1 — n-m) , 

(7X1 C'-^n 

hence which comes into contact with the manifold. 

This definition is visibly independent both of the choice of the variables and of 
the form of the system of equations: 

Q.\ = 0, . . . , O-n-m = 0. 

The Theorem 14 can now receive the following visual version: 

If the infinitesimal transformation Xf attaches to each point of a manifold either 
absolutely no direction of progress, or a direction of progress which comes into 
contact with the manifold, then the manifold admits all transformations of the one- 
term group Xf. 

In conclusion, if we yet introduce the language: "the manifold Q\ = 0, . . . , Q n - m = 
admits the infinitesimal transformation Xf, we can express as follows the Theo- 
rem 14. 

A manifold admits all transformations of the one-term group Xf if and only if it 
admits the infinitesimal transformation Xf. 

In the §§ 32 and 34, we gave a classification of all systems of equations which 
admit the q infinitesimal transformations X\f,.. -,X q f. There, we took as a starting 
point the behaviour of the determinants of the matrix (4): 



Sin 



We assumed that all (p+l) x (p+l) determinants of this matrix vanished iden- 
tically, whereas the px/j determinants did not. We then reckoned as belonging to 
the same class all systems of equations by means of which all (h+1) x (h+1) 
determinants of the matrix vanish, but not all hxh determinants; in the process, the 
integer h could have the p + l different values: p,p — 1, . . . , 2, 1, 0. 

Already in Chap. 6 we observed that, under the assumptions made just now, the 
q infinitesimal transformations: 

Xlf,---,Xqf 

attach exactly p independent directions of progress to any point x\,...,x n in gen- 
eral position. It stands to reason in the corresponding way that X\f, . . .,X q f attach 
exactly h independent directions of progress to a point xi, . . . ,x n , when the hxh 
determinants of the above matrix do not all vanish at the point in question, while 
by contrast all (h + 1) x (h + 1) determinants take the zero value. Now, since every 
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system of equations which admits the infinitesimal transformations X\f,...,X q f 
represents a manifold having the same property, our previous classification of the 
systems of equations immediately provides a classification of the manifolds. Indeed, 
amongst the manifolds which admit X\f, . . . ,X q f we always reckon as belonging to 
one class those systems, to the points of which are associated the same number 
h ^ p of independent directions of progress by the infinitesimal transformations 
X\f,...,X q f. 

If a manifold admits the infinitesimal transformations X\f, . . .,X q f, then at each 
one of its points, it comes into contact with the directions of progress that are at- 
tached to the point by X\f,...,X q f. Now, if X\f, . . . ,X q f determine precisely h 
independent directions at each point of the manifold, then the manifold must obvi- 
ously have at least h dimensions. Hence we can state the proposition: 

Proposition 6. If q infinitesimal transformations X\f ', . . .,X q f attach precisely h in- 
dependent directions of progress to a special point x®, . . . ,x% then there is in any 
case no manifold of smaller dimension than h which contains the point ;q, . . . ,jc„ 
and which admits the q infinitesimal transformations X\f,.. . , X q f. 

Basically, this proposition is only another formulation of a former result. In § 34 
indeed, we considered the systems of equations which admit X\f,...,X q f and 
which at the same time leave only h mutually independent equations amongst the 
q equations X\f = 0, . . . , X q f = 0. On the occasion, we saw that such a system of 
equations consists of at most n — h independent equations, so that it represents a 
manifold having at least h dimensions. 



Chapter 8 

Complete Systems Which Admit 
All Transformations 
of a One-term Group 



If, in a g-term complete system: 

Xkf= ^d(xi,...,Xn) -5— (k=l-q) 
i=l ax i 

one introduces new independent variables x\ = Fi(x\, . . . ,x n ), . . . ,xf n = F n , then as 
was already observed earlier (cf. Chap. [51 p. |99]), one again obtains a g-term com- 
plete system in x^, . . . ,x! n . Naturally, this new complete system has in general a form 
different from the initial one; nonetheless, it can also happen that the two complete 
systems do essentially not differ in their form, when relationships of the shape: 

q n ^j- 

Xkf = £ ¥kj(A , • • • ,x' n ) £ W\ > • • • X) ^7 ( k = 1 -9) 

j=i i=i ax i 

hold, in which of course the determinant of the y/jy does not vanish identically. In 
this case, we say: the complete system: 

X l f = 0, ...,X q f = 

admits the transformation x\ = Fj(x\, . . . ,x n ), or: it remains invariant through this 
transformation. 
By making use of the abbreviated notations: 

^ki(x[,- ■ ■ = 

£ ^ki -JJ = X kf' 
i=1 OX i 

we can set up the following definition: 
The q-term complete system: 

X kf=J\ ^ ki (x h ...,X n )—=0 (k=l-q) 
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admits the infinitesimal transformation x / i = Fi{x\ , . . . ,x n ) if and only if for every k, 
there is a relation of the form^ 

(i) w=i,¥kM,---X)x'jf- 

The sense of this important definition will best be elucidated [verdeutlichen] by 
means of a simple example. 
The two equations: 

x,/=|I = o, x 2 / = |i = o 

OX\ OX2 

in the three variables xi,X2,X3 form a two-term complete system. By introducing 
the new variables: 

— X\ -\- X'l-, X?2 = X\ — X 2l -£3 = X3 

in place of the x, we obtain the new complete system: 

dx\ dx\ dx' 2 dx2 dx\ dx' 2 

which is equivalent to the system 44 = 0, = 0. So there are relations of the 
form: 

Xif = X[f + Xlf, X 2 f = X{f- xtf, 

whence the complete system ^ = 0, ^ = admits the transformation: x[ = x\ + 
x 2 ,x' 2 =X\ -x 2 . 



§ 37. 



Let the q-term complete system X\f = 0, . . . , X q f = admit the transformation 
x\ = Fi(xi, . . . ,x n ), so that for every / there are relations of the form (1). Now, if 
<p(jci, . . . ,x n ) is a solution of the complete system, the right-hand side of (1) vanishes 
identically after the substitution / = (p(x\, . . . ,x' n ), whence the left-hand side also 
vanishes identically after the substitution / = (p(F\(x), . . . ,F n (x)); consequently, as 
<p(x) itself, (p(Fi(x), . . . ,F n (x)) constitutes at the same time a solution, or, as one 
can express this fact: the transformation x\ = Fi(x) transfers every solution of the 
complete system X\f = 0, . . . , X q f = to a solution of the same complete system. 

But conversely the following also holds true: if every solution of the g-term com- 
plete system X\f = 0, . . . , X q f = is transferred, by means of a transformation 
x'i = Fi(x\ , . . . ,x n ), to a solution, then the complete system admits the transforma- 
tion in question. Indeed, by the introduction of the variables xi in place of the vari- 



t Lie, Scientific Society of Christiania, February 1875. 



149 



ables xf t , the equations X[f = 0, . . . , X'f = convert into a g-term complete system 
which has all its solutions in common with the g-term system X\f = 0, . . . , X q f = 0; 
but from this it follows that relations of the form (1) hold, hence that the complete 
system X\f = 0, . . . , X q f = really admits the transformation x\ = Fi(x) . 

From all that, it results that a q-term complete system admits the transformation 
x! i = Fi(x\, . . . ,x n ) if and only if this transformation transfers every solution of the 
complete system into a solution. Naturally, for this to hold, it is only necessary 
that the transformation transfers to solutions any n — q independent solutions of the 
system. 

Next, the present line of thought will completely correspond to the one followed 
in Chaps. 6 and 7 if we now ask the question: how can one realize that a g-term 
complete system X\f = 0, . . . , X q f = admits all transformations of the one-term 
group Yf! Indeed, this question actually belongs to the general researches about 
differential equations which admit one-term groups, and that is why this question 
will also be took up again in a subsequent chapter of this Division, in the Chapter 
on differential invariants, and on the basis of the general theory developed there, it 
will be settled. But before, we need criteria by means of which we can recognize 
whether a given complete system admits or not all transformations of a given one- 
term group. That is why we want to derive such criteria already now, with somewhat 
simpler expedients. 

Let us denote any n — q independent solutions of the g-term complete system 
X\f = 0, . . . , X q f = by <pi , . . . , (p n - q . If now the complete system admits all trans- 
formations: 

t t 2 

x\ =Xi + - Yxj + — YYxi + ■■■ (i=i •••«) 

of the one-term group Yf, then the n — q independent functions: 

t t 2 

(p k (x + tYx + ---) =(p k (x) + jY(p k + — YY(p k + --- 

(k=l-n-q) 

must also be solutions of the system, and for every value of t. From this, we deduce 
that the n — q expressions Ycp k are in any case solutions of the system, hence that 
relations of the form: 

(2) Y(p k = CD k ((p 1 ,...,(p n - q ) (k=l-n-q) 

must hold. This condition is necessary; but at the same time it is also sufficient, since 
if it is satisfied, then all YY(p k , YYY(p k , . . . , will be functions of <Pi, . . . , (p n - q only, 

whence the expressions (p k (x + tYx-\ ) will be solutions of the complete system, 

and from this it follows that this system effectively admits all transformations of the 
one-term group Yf. 

Consequently, the following holds. 
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Proposition 1. A q-term complete system X\f=0, X q f = with the n — q 
independent solutions (p\ , . . . , <p n -q admits all the transformations of the one-term 
group: 

" df 
i=i dXi 
if and only ifn — q relations of the form: 

Y(p k = OfcOi,...,<p„- 9 ) (k=l-n-q) 

hold. 

Saying this, the gained criterion naturally is practically applicable only when 
the complete system is already integrated. But it is very easy to deduce from this 
criterion another one which does not presupposes that one knows the solutions of 
the complete system. 

If in the identity: 

x k (Y(f)) -Y(x k (f)) = £ (i^-yy d -f 

1=1 ax ' 
one sets in place of / any solution <p of the complete system, then one obtains: 

x k (Y(f))^t( x ^-y^)^- 

;=1 0Xl 

Now, if the complete system allows all transformations of the one-term group Yf, 
then by the above, Y (<p) also a solution of the system, hence the left-hand side of 
the last equation vanishes identically; naturally, the right-hand side does the same, 
so every solution of the complete system also satisfies the q equations: 

£(^-^-)g = 0; 

but from this it follows that q identities of the form: 
n df q 

£ {X k T]i-Y^ kl ) — = £ Xkj(xi,---,Xn)Xjf (k=l-q) 
(=1 dx i j=\ 

hold. 

On the other hand, we assume that identities of this form exist and we again 
understand by <p, any solution of the complete system. Then it follows immediately 
that the q expressions X k (Y(f)) — Y (X k (f)^j vanish identically after the substitution 
/ = <p; but from that, it comes: X k (Y(<p)) = 0, that is to say Yep is a solution of the 
system, so there exist n — q relations of the form: 
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(2) Y(p k = (D k ((p h ...,(p n - q ) (k=l-n-q), 

and they show that the complete system admits all transformations of the one-term 
group Yf. 

As a result, we have the 

Theorem 20.0 A q-term complete system: 

11 df 

Xkf= Y. &(>1, •■•,*«) 3— =0 (k=l-q) 

in the variables x\,...,x n admits all transformations of the one-term group: 

n df 
Yf=Y,rn(x h ...,x n )j- 

i=l 1 

if and only of all X k (Y(f)) — Y(X k (f)) can be expressed linearly in terms of 
Xif,...,X q f: 

[X k , Y]=X k (Y(f))-Y(X k (f)) = £ Xkj(x h ...,x n )Xjf 

(3) j= i 

(k=l-q). 

The existence of relations of the form (3) is therefore necessary and sufficient in 
order that the system X\f = 0, . . . , X q f = admits all transformations of the one- 
term group Yf. For various fundamental reasons, it appears to be desirable to still 
prove the necessity of the relation (3) also by means of a direct method. 

The transformations of the one-term group Yf have the form: 

A =*i + Y Hi + 77^ Yr]i + --- (i= 1 ...„). 

If we now introduce the new variables , . . . , x' n in the expressions X k f by means of 
this formula in place of x\ , . . . , x„, we receive: 

(=1 OX i 

Here, the X k x\ have still to be expressed in terms of x\, . . . ,xf n . By leaving out the 
second and the higher powers of t, it comes immediately: 

(4) X k x' i =X k x i + tX k r] i + --- . 
Furthermore, one has (cf. Chap. HI Eq. (3a), p.l65l): 



t Lie, Gesellschaft d. W. zu Christiania, 1874. 
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Xw = Z u (x) = &-jY , & + ... 
tX k 7]i = tXM . 

Hence it comes: 

X k x> = ^ + t{xM-Y'^) + ..., 

and lastly: 

(5) X k f =X' k f+ t - (Xp'f - Y'Xjj) + ■■■, 

where the left out terms are of second or of higher order in t. 

Now, if the complete system X\f = 0, . . . , X q f = admits all transformations of 
the one-term group Yf, then the system of the q equations: 

X k f+j[X h Y}+--- = (*=!...,) 

must be equivalent to X\f = 0, . . . , X q f = and this, for all values of t. Con- 
sequently, the coefficients of t must in any case be expressible by means of 
Xif,.. .,X q f, that is to say, relations of the form (3): 

X k (Y(f))-Y(X k (f)) = [X k , Y] = £ % kj(xi,...,x n )Xjf 

7=1 

(k=l-q) 

must exist. 

As a result, we have shown directly that the existence of these relations is neces- 
sary; but we do not want to show once more its sufficiency, and we want to content 
ourselves with what has been said. 

We want to speak of complete systems which admit an infinitesimal transforma- 
tion Yf in the same way as we spoke of the systems of equations: 

Qi(xi,...,x n ) =0, Q n - m (xi,...,x n ) =0 

which do the same. We shall say: the q-term complete system X\f = 0, . . . , X q f = 
admits the infinitesimal transformation Yf when relations of the form (3) hold. 
With the use of this language, we can also express the Theorem 20 as follows: 

The q-term complete system X\f = 0, . . . , X q f = admits all transformations of 
the one-term group Yf if and only if it admits the infinitesimal transformation Yf. 

When a complete system admits all transformations of a one-term group, we say 
briefly that it admits this one-term group. 

The conditions of the Theorem 20 are in particular satisfied when Yf has the 
form: 
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9 

Y f = L Pj( x h---,X n )Xjf, 

where it is understood that the pj are arbitrary functions of the x. Indeed, there 
always exist relations of the form (3) and in addition, it holds that Yq) = 0. This 
is in accordance with the developments of Chap. [61 p. 11091 which showed that ev- 
ery solution Q(<pi, . . . , <p n -q) °f the complete systemXi/ = 0, . . . ,X q f = remains 
invariant by the transformations of all one-term groups of the form Y^pjXjf. 

On the other hand, if an infinitesimal transformation Yf which does not have 
the form Y*Pj( x )Xjf satisfies the conditions of Theorem 20, then the finite trans- 
formations of the one-term group Yf do not at all leave invariant each individual 
solution of the complete system, but instead, they leave invariant the totality of all 
these solutions. 

Amongst the infinitesimal transformations that are admitted by a given complete 
system X\f = 0, . . . , X q f = 0, there are those of the form £ pj(x)Xjf which are 
given simultaneously with the complete system, and which, for this reason, have 
to considered as trivial. By contrast, one cannot in general indicate the remaining 
infinitesimal transformations that the system admits before one has integrated the 
system. 

As we have seen above, when the complete system X\f = 0, . . . , X q f = admits 
the infinitesimal transformation Yf, every solution Q. (<pi, . . . , <p n - q ) of the complete 
system is transferred to a solution by every transformation: 

X { = Xj + - YXi H (i=l-n) 

of the one-term group Yf. Hence if we interpret the x and the x' as coordinates for 
the points of an n-times extended space and the transformation just written as an op- 
eration by which the point x\ , . . . ,x n takes the new position x\,. ..,x' n , and if we re- 
member in addition that, with the constants a\ , . . . , a n - q , the equations <pi = a\, . . . , 
<Pn-q = &n-q represent a characteristic manifold of the complete system X\f = 0, 
. . . , X q f = (cf. Chap.[6l p. ll 12|) . then we realize immediately that the transforma- 
tions of the one-term group Yf send every characteristic manifold of the complete 
system to a characteristic manifold. The characteristic manifolds of our complete 
system are therefore permuted with each other by the transformations of the one- 
term group Yf, hence they form, as we want to express this, a family [Schaar] which 
is invariant by the one-term group Yf. Since the mentioned characteristic manifolds 
determine, according to Chap. [61 p. ll 131 a decomposition of the space, we can also 
say that this decomposition remains invariant by the one-term group Yf. 

§ 38. 

Still a few simple statements about complete systems which admit one-term groups: 
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Proposition 2. If a q-term complete system admits every transformation of the two 
one-term groups Yf and Zf, then it also admits every transformation of the one- 
term group Y(Z(f)) -Z{Y(f)) = [Y,Z]. 

Let X k f = be the equations of the complete system. One then forms the Jacobi 
identity: 

[[Y, Z], X k ] + [[Z, X k ], Y] + [[X k , Y],Z]= 0, 

and one takes into consideration that [Y, X k ] and [Z, X k ] can, according to the as- 
sumption, be expressed linearly in terms of Xif, . . .,X q f, hence one realizes that the 
same property is enjoyed by \[Y, Z], X k \. But as a result, our proposition is proved. 

Proposition 3. If the equations A\f = 0, . . . , A q f = and likewise the equations 
B\f = 0, . . . , B s f = Oform a complete system, then a complete system is also formed 
by the totality of all possible equations Cf = which the two complete systems 
share, in the sense that relations of the form: 

q s 

Cf=Y* a j{ x h---,x n )Ajf= £ p k (xi,...,x n )B k f 

7=1 k=\ 

hold. If the two complete systems A k f = and B k f = admit a certain one-term 
group Xf, then the complete system of equations Cf = also admits this group. 

Proof. Amongst the equations Cf = 0, one can select exactly, say m but not more, 
equations: 

d/ = 0, ...,C m f = 

which are independent of each other. Next, there exist for every /! = 1 , . . . , m rela- 
tions of the form: 

q s 

C M /= £ a flj (x)A j f= £ Pvk(x)B k f; 

7=1 k=l 

consequently, every C M (C v (/)) — C v (C^(/)) = [C^, C v ] can be expressed both in 
terms of the Af and in terms of the Bf, that is to say, every [C^, C v ] expresses 
linearly in terms of C\f, . . . ,C m f. As a result, the first part of our proposition is 
proved. Further, every [X, C^] expresses both in terms of the Af and in terms of the 
Bf, hence there there exist relations of the form: 

m 

[X,C M ] = Y^v(xi,...,x n )C v f Gu=i-m). 

v=l 

This is the second part of the proposition. 

If two complete systems A\f = 0, . . . , A q f = and B\f = 0, . . . , B s f = are 
given, then all possible solutions that are common to the to systems can be defined 
by means of a complete system which, under the guidance of Chap. |5l p. |97l one 
can derive from the equations: 
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Ai/ = 0, ...,A q f = 0, BJ = 0, ...,B s f = 0. 
What is more, the following holds. 

Proposition 3. If the two complete systems A\f = 0, . . . , A q f = and B\f = 0, . . . , 

5 S / = admit the one-term group Xf, then the complete system which defines the 
common solution of all the equations A k f = and B k f = also admits the one-term 
groupXf. 

Proof. The identity: 

[[Aj, B k ],X] + [[B k , X],Aj] + [[X, Aj],B k ] = 

shows that all [[Aj, B k ], X\ can be expressed linearly in terms of the Af, of the Bf 
and of the [A, B] . Hence, when the equations [Aj, B k ] = 0, together with the Af = 
and the Bf = 0, already produce a complete system, the assertion of our proposition 
is proved. Otherwise, one treats the system of the equations Af = 0, Bf = 0, [A, B] = 
exactly in the same way as the system Af = 0, Bf = just considered, that is to 
say: one forms the Jacobi identity with Xf for any two expressions amongst the Af, 
Bf, [A, B], and so on. 

The propositions 3 and 4 can be given a simple conceptual sense when x\,.. .,x n 
are interpreted as coordinates for the points of a space R n . 

At first, we remember that the oo' !_ 9 g-times extended characteristic manifolds M q 
of the complete system A \f = 0, . . . , A q f = form a family that remains invariant 
by the one-term group Xf. Next, we remark that also the oo n ~ s s-times extended 
characteristic manifolds M s of the complete system B\f = 0, . . . , B s f = form 
such an invariant family. 

Let us agree that the number s is at least equal to q. Then every M lS of general 
position will be decomposed in a family of co s ~ c i+ h (q — h) -extended manifolds, 
those in which it is cut by the M q , where one understands that h is a determined 
number amongst 0,1,..., q. Therefore in this way, the whole R n is decomposed 
in a family of oo"~^+ h — h) -extended manifolds. Naturally, the totality of these 
manifolds remain invariant by the one-term group Xf, for it is the cutting of the 
totality of all M q with the totality of all M. v , and these two totalities are, as already 
said, invariant by the group Xf. 

The considered (q — h) -times extended manifolds are nothing but the character- 
istic manifolds of the complete system Cf = which appears in Proposition 3, and 
under the assumptions made, this complete system is (q — /z)-term. 

On the other hand, one can ask for the smallest manifolds which consist both of 
M q and of M s . When there are manifolds of this kind, the totality of them naturally 
remains invariant by the one-term group Xf; they are the characteristic manifolds 
of the complete system which is defined in Proposition 4. 



Chapter 9 

Characteristic Relationships 

Between the Infinitesimal Transformations of a Group 



In Chap. [3] and in Chap. 4 (Proposition 1, p. l39l) it has been shown that to every r- 
term group, there belong r independent infinitesimal transformations which stand in 
a characteristic relationship to the group in question. Now, we want at first to derive 
certain important relations which exist between these infinitesimal transformations. 
Afterwards, we shall prove the equally important proposition that r independent 
infinitesimal transformations which satisfy the concerned relations do always deter- 
mine an r-term group with the identity transformation. 



§ 39. 



Instead of considering an r-term group, we at the moment want to take the somewhat 
more general point of view of considering a family of «/ different transformations: 

x'i = fi(xi,...,x n , ai,...,a r ) (i=l-n) 

which satisfy differential equations of the form: 

dx'- r 

(i=l-.n; k=l-r). 

We then know (cf. Chap. [3l p. 154]) that the r infinitesimal transformations: 

i=l OX i 

are independent of each other, and that the determinant of the yfkj( a ) do not vanish 
identically; consequently, as we have already done earlier, we can also write down 
the above differential equations as: 

^jiix'^. . . ,4) = £ ajk(au ■■■,a r ) 

(1) k= i °Uk 

(i=l-n; j=\ -r). 
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Here naturally, the determinant of the ajk(a) does not vanish identically. 
If on the other hand, we imagine that the equations: 

x 'i =fi(xi,---,x n , a\,...,a r ) {i=\-n) 

are solved with respect to x\ , . . . , x n : 

Xi = Fi{x[,...,x' n , ai,...,a r ) (i=i-n), 

then we can very easily derive certain differential equations that are satisfied by 
F\, . . . ,F n . We simply differentiate the identity: 

Fi(fi(x, a),...,f n (x, a), a h ...,a r ) = x t 

with respect to a k ; then we have: 

^ dFi{x',a) dfy(x,a) | dF i (x',a) _ Q 
dx' v da k da k 

provided that one sets x' v = f v (x, a) everywhere. We multiply this identity by Ctjk(a) 
and we sum it for k equals 1 to r; then on account of: 



^a jk {a) d J^-^^ v {f u ...J n ), 



k 

we obtain the following equations: 

n ^p. r 

^•v( x l>--->4)^-f +L oCjk(.a h ...,a r )^- L = 

v=l " x v k=\ k 

(i=l-n; j=l — r). 

According to their derivation, these equations hold identically when one makes 
the substitution x' v = f v (x, a) in them; but since they do not at all contain xi,...,x n , 
they must actually hold identically, that is to say: Fi,...,F n are all solutions of the 
following linear partial differential equations: 

" r)F r ?F 

(2) v= i ox v M=1 c/a^ 

y=l-r). 

These r equations contain n + r variables, namely x[,. .. ,x' n and a\,...,a r ;m addi- 
tion, they are independent of each other, for the determinant of the a ;jU (a) does not 
vanish identically, and hence a resolution with respect to the r differential quotients 
jf£-, . . . , is possible. But on the other hand, the equations (2) have n indepen- 
dent solutions in common, namely just the functions Fi(x l , a), . . . ,F n (x > , a) whose 



§ 39. 
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functional determinant with respect to the x' : 

L dF\ dFn _ 
dx[ ' ' ' d x' n = 



1 



y -j- Hi df„ 

dx\ ' ' ' dx n 

does not vanish identically, because the equations x[ = fj(x, a) represent transfor- 
mations by assumption. Therefore, the hypotheses of the Proposition 8 in Chap. [5j 
p.[99]are met by the equations (2), that is to say, these equations constitute an r-term 
complete system. 
If we set: 

IM«)^=A J (F) 



and furthermore: 



v=i ux v 



in accordance with a designation employed earlier, then the equations (2) receive 
the form: 

n j (F)=X' j (F)+A j (F) = U=i...r). 

As we know, the fact that they constitute a complete system is found in their 
expressions: certain equations of the form: 

r 

£2 k (£2j(F))-Qj(Q k (F)) = £ Aj S (x' u . . . ,xf n ,a h . . .,a r ) Q S (F) 

.5=1 

(k,j = l-r) 



must hold identicallyLl, whichever F can be as a function of JCj, . . . ,xf n , a\, 
But since these identities can also be written as: 

^(xj(F)) -X'j{X' k (F)) +A k {A J (F)) -Aj{A k (F)) = 

s=l s=l 

we can immediately split them in two identities: 

X[{X f j(F)) -X}(Xl(F)) = t OkjXF) 

s=l 

A k (Aj(F)) -Aj(A k (F)) = £ 1h js MF), 



,a r . 



(3) 



s=l 



and here, the second series of equations can yet again be decomposed in: 



These are identities between vector fields. 
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r 

Ak{ajn) -Aj(a k ^) = £ %a sfl {kj,n=i-r). 

5=1 

Now, because the determinant of the a sfl does not vanish identically, then the &kjs 
in these last conditions are completely determined, and it comes out that the i}kjs 
can only depend upon a i , . . . , a r , whereas they are in any case free of x[ , . . . , x' n . But 
it can be established that the fyis are also free of a\, . . . ,a r . For, if in the first series 
of the identities (3), we consider F as an arbitrary function of only x\ , . . . ,x' n , then 
we obtain by differentiating with respect to the following identically satisfied 
equations: 

But since X[(F), . . .,X' r (F) are independent infinitesimal transformations, and since 
in addition the do not depend upon x[,... ,x' n , then all the vanish identi- 
cally; that is to say, the #jy s are also free of ai, . . . ,a r , they are numerical constants. 
Thus, we have the 

Theorem 21. If a family of°° r transformations: 

A = fi{ x \i ■■■,x n ,a\,...,a r ) (i=l-n) 

satisfies certain differential equations of the specific form: 

dx' r 

g- L= Y, ¥kj(ai,...,a r )^ji(x[,...,x n ) (i=l-«; k=\-r) 

a k j = i 

and if one writes, what is always possible, these differential equations in the form: 

£ji(x'li ■ ■ ■ >-4) = L <Xjk(au... 7 a r )-^- (i=\... m j=\-r), 
k=\ k 

then there exist between the 2r independent infinitesimal transformations: 

n r)F 

i=i ox > 

- dF 
A j( F ) = E ay M (ai,...,a r )^ — U=i-r) 

relationships of the form: 
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(4) 



XftXftF)) -X'j(x' k (F)) = £ c kj X(F) (k,j=i-r), 

s=l 

A k (Aj(F)) -Aj(A k (F)) = £ c kjs As(F) (*,j = i-r), 

.5=1 

where the c k j s denote numerical constants. In consequence of that, the r equations: 

X , j (F)+A j (F) = (k=i- r ), 

~\ r< ~\ j-< 

which are solvable with respect to J^-, . . . , J^-, constitute an r-term complete sys- 
tem in the n + r variables xf^, . . . ,xf n , a\,...,a r ; if one solves the n equations x\ = 
fi(x, a) with respect to x\ , . . . , x n : 

Xi = Fi(x[, . . . ,x' n , ai,...,a r ) (i=i-n), 

then F\ (x f , a), . . . , F n (x J , a) are independent solutions of this complete system. 

This theorem can now be immediately applied to all r-term groups, whether or 
not they contain the identity transformation. 

When applied to the case of an r-term group with the identity transformation, the 
theorem gives us certain relationships which exist between the infinitesimal trans- 
formations of this group. We therefore obtain the important 

Theorem 22. If an r-term group in the variables x\, . . . ,x n contains the r indepen- 
dent infinitesimal transformations: 

n df 

X k(f) = £ ^ ki (x h ...,Xn)^- (k=l-r), 
i=l dX i 

then there exist between these infinitesimal transformations pairwise relationships 
of the form: 

X k (Xj(f)) -Xj(X k (f)) = £ c kjs X s (f), 

s=l 

where the c k j s denote numerical constant^ 

From this, it follows in particular the following important 

Proposition 1. If a finite continuous group contains the two infinitesimal transfor- 
mations: 

*(/) = £ to. ■ • • T^> Y (/) = I , • ■ ■ ,*n) f^, 

j=l ax i i=\ dx ' 

then it also contains the infinitesimal transformation: 



t Lie, Math. Ann. Vol. 8, p. 303; Gottinger Nachr. 1874. 
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X(Y(f))-Y(X(f)). 



§ 40. 

Conversely, we imagine that r independent infinitesimal transformations in 
x^,. . . ,x n '. 

n r)F 

i=\ OX i 

are presented, which stand pairwise in relationships of the form: 
Xl(x'j{F)) -X'j{x[(F)) = £ c kjs X' s (n, 

5=1 

where the c k j s are numerical constants. In addition, we imagine that r infinitesimal 
transformations in ai, . . . , a r : 



r dF 
A j( F ) = E 0Cjfi(ai,...,a r )^ — C/=i-r) 
li=\ da V 



are given, which satisfy analogous relations in pairs of the form: 
A k (Aj(F)) -Aj{A k (F)) = £ c kjs A s (F), 



5=1 



with the same c k j s and whose determinant £ ±0Cn(a) • • • (X rr (a) does not vanish 
identically. We will show that under these assumptions, the infinitesimal transfor- 
mations X[(F), . . . ,Xl(F) generate a completely determined r-term group with the 
identity transformation. 

To this aim, we form the equations: 

Q j (F)=X > j (F)+A J {F) = (j=i-r), 

which, according to the assumptions made, constitute an r-term complete system; 
indeed, there exist relations of the form: 

n k (Qj(F))-Qj(Q k (F)) = £ c kjs Q s (F) 

5=1 

and in addition, the equations Qi (F) = 0, . . . , £2 r (F) = are solvable with respect 

aa\ ' ' aa r 

Now, let cP v . . . ,a® be a system of values of the a, in a neighbourhood of which 
the (Xj k (a) behave regularly and for which the determinant £ ±GCn(a°) • • ■ a rr (a°) 
is different from zero. Then according to Theorem 12, Chap. [51 p. 11021 the com- 
plete system Qj(F) = possesses n solutions F\(x! ', a), . . . ,F„(x' , a) which reduce 
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to x 1 ^ , . . . ,x' n respectively for = a?; they are the so-called general solutions of the 
complete system relative to % = a9. We imagine that these general solutions are 
given, we form the n equations: 

Xi = F i (x' l ,...,x? n , ai,...,a r ) (z=i-n), 

and we resolve them with respect to x\,...,x' n , which is always possible, for 
are obviously independent of each other, as far as x\,...,x' n are con- 
cerned. The equations obtained in this way: 

x'i = fi(*l,- ■ -,Xn, . .,a r ) (i=l-n) 

represent, as we shall now show, an r-term group and in fact naturally, a group with 
the identity transformation; because for = a9, one gets x' i = X[. 
At first, we have identically: 

" dF r dF 

(5) v =l dx v M =l aa H 

(i=l-n; j=l-r). 

On the other hand, by differentiating ) with respect to a^, one obtains 

the equation: 

. " dFi dx' v dFi 
^ dx v da^ da^ 

which holds identically after the substitution x' v = f v (x, a). We multiply this equa- 
tion by Oijii (a) and we sum for jj, equals 1 to r, hence we obtain an equation which, 
after using (5), goes to: 



v=l ax v >=i aa fi 



(/=!•••«; n = l--r). 



But since the determinant £ ±^ . . . |f does not vanish identically, we therefore 
obtain: 

dx' 

a system that we can again resolve with respect to the for the determinant of 

the OCj^(a) does not vanish, indeed. Thus, we obtain finally that equations of the 
form: 
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dx' r 

= E vw( a i'---' a ^)^'v( x/ i'---'4) 

(6) aa \i j=i 

(v = l — n; fi = l — r) 

do hold true, which naturally reduce to identities after the substitution x' v = f v (x, a) . 

At this point, the demonstration that the equations x' i = fi(x, a) represent an r- 
term group is not at all difficult. 

Indeed, it is at first easy to see that the equations x] = fj(x, a) represent «/ distinct 
transformations, hence that the parameters a\,...,a r are all essential. Otherwise 
indeed, all functions f\ (x, a), . . . , f n (x, a) should satisfy a linear partial differential 
equation of the form (cf. p.[T3l): 

£ Xk{ah...,a r )— = 0, 

where the %k would be free of x\, . . . ,x n . On account of (6), we would then have: 

l...r 

£ Xk(a)\lf kj (a)^ jv (f u ...J n )=0 (v = l-n), 

k,j 

whence, since X[(F),. . . ,X' r (F) are independent infinitesimal transformations: 

r 

£ %k(a)y k j(a) = 0=1 -r); 

£=i 

but from this, it follows immediately: £i(a) = 0, . . ., % r (p) = 0, because the deter- 
minant of the Ykj( a ) does not vanish identically. 

Thus, the equations x' i = fj(x, a) effectively represent a family of °° r different 
transformations. But now this family satisfies certain differential equations of the 
specific form (6); we hence can immediately apply the Theorem 9 of Chap. |4]on 
p. [80l According to it, the following holds true: if a\ , . . . , a r is a system of values of 
the a for which the the determinant £ ± y/ji (a) ■ ■ • \\f rr (ja) does not vanish, and the 
tykj( a ) behave regularly, then every transformation x' i = fi(x, a) whose parameters 
ai,. ..,a r lie in a certain neighbourhood of a\,. . .,a r , can be obtained by firstly 
executing the transformation: 

Xi = fi(x\,. ..,x n ,ai,...,a r ) (i=l-n) 

and then a transformation: 

r 

x\ = Xi + h £ki(x) + ■■■ (i=i •••«) 

k=\ 
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of a one-term group X\X\(f)-\ h X r X r (f) , where it is understood that k\, . . . , X r 

are appropriate constants. If we set in particular a^ = a?, we then get Xj = Xj, hence 
we see at first that the family of the °° r transformations x' i = fi(x, a) coincides, in a 
certain neighbourhood of a®, . . . ,a®, with the family of the transformations: 

r 

w) k=i 

(i=l-n). 

If, on the other hand, we choose ai, . . . ,a r arbitrary in a certain neighbourhood 
of ~, then the transformation xi = fi(x, a) always belongs to the family (7). 

But if we first execute the transformation Xj = fj(x, a) and then an appropriate trans- 
formation: 

r 

k=l 

of the family (7), then by what has been said above, we obtain a transformation x\ = 
fi(x, a), where a\, . . . ,a r can take all values in a certain neighbourhood of a\, . . . ,a r . 
In particular, if we choose a\, . . . ,a r in the neighbourhood of cP v . . . ,a® mentioned 
earlier on, which is always possible, then again the transformation x J j = fi(x, a) also 
belongs to the family (7); Consequentl}!!, we see that two transformations of the 
family (7), when executed one after the other, do once again yield a transformation 
of this family. As a result, this family, and naturally also the family x\ = fi(x, a) 
which identifies with it, forms an r-term group, a group which contains the identity 
transformation and whose transformations can be ordered as inverses in pairs. We 
can state the gained result as follows: 

Theorem 23. Ifr independent infinitesimal transformations: 

" df 
Kif) = E $ki(xn---X)jh (*=!-') 

i=\ OX i 



The present goal is mainly to establish that if r infinitesimal transformations X\,...,X r stand pairwise in the 
relationships [.Xj, Xj] — YJj=i c kjsX s , where the c^p are constants, then the totality of transformations x' = exp (A1X1 + 

h A,X r ) (x) constitutes an r-term continuous local Lie group; Theorem 24 below will conclude such a fundamental 

statement. Especially, the exponential family x' = exp (XiXi H h (x) will be shown to be (after appropriate 

shrinkings) closed under composition, a property that we may abbreviate informally by expo exp = exp. 

However the Theorem 9 on p. [80]only said that / o exp = /, or in greater details: 



(*) 



x = /(x; 3)^ fx! = exp (XX) (x)\ = U = fix; a) 
X near ) \ a near a 



a near «° 



But if we now apply this statement with a = a being the system of values introduced while solving the complete 
system X2i (F) = ■ ■ ■ = X2 r (/) = 0, then by construction, a yields the identity transformation x = f(x; a ) = x and we 
hence get in particular: 

V = exp(AX)(x)\ = (x' = f{x;a) 

X near I \ a near a 

We can therefore replace by exponentials the two occurrences of the family /(x; a) in (*) to see that the exponential 
family is indeed closed under composition, as was shortly claimed in the text. 
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in the variables x\,...,x' n satisfy conditions in pairs of the form: 

if furthermore r independent infinitesimal transformations: 

Mf) = E oc k n(ai,...,a r )^— (k=i- r ) 

M =l da H 
in the variables a\,...,a r satisfy the analogous conditions: 

A k (Aj(f)) -Aj(A k (f)) = £ c kjs A s (f) 

s=l 

with the same c k j s , and if in addition, the determinant £ ± tt\i(a) ■ • ■ OC rr (a) does 
not vanish identically, then one obtains in the following way the equations of an 
r-term group: one forms the r-term complete system: 

X' k {f)+A k {f)=0 (k=l.~r) 

and one determines its general solutions relative to a suitable system of values a k = 
a®. If Xi = Fi(x[,. . .,xf n , a\,.. .,a r ) are these general solutions, then the equations 
x\ = fi{x\ , . . . ,x n , a\, . . . ,a r ) which arise from resolution represent an r-term con- 
tinuous transformation group. This group contains the identity transformation and 
for each one of its transformations, yet the inverse transformation; it is generated 
by the oo r_1 infinitesimal transformations: 

X 1 X[(f) + - + X,Xl(f), 

where X\ , . . . , X r denote arbitrary constants. By introducing new parameters in 
place of the a k , the equations of the group can therefore be brought to the form: 

x't =Xi+Y, htki(x) + £ -TT-Xjitki) + ■■■ (i=l-n). 

k=l k,j 

Obviously, even the equations X[ = Fi(x', a) appearing in this theorem do repre- 
sent a group, and in fact, just the group x\ = f(x, a) . 

§ 41. 

The hypotheses which are made in the important Theorem 23 can be simplified in 
an essential way. 

The theorem expresses that the 2r infinitesimal transformations X k (f) and A k (f) 
determine a certain r-term group in the x-space; but at the same time, there is a 
representation of this group which is absolutely independent of the A k (f); indeed, 



167 



according to the cited theorem, the group in question identifies with the family of 
the oo' _1 one-term groups X\ Xi (f) H h X r X r (f), and this family is already com- 
pletely determined by the X k (f) alone. This circumstance conducts us to the con- 
jecture that the family of the oo^ 1 one-term groups X\Xi(f) H h X r X r (f) always 

forms an r-term group if and only if the independent infinitesimal transformations 
Xi(f),... ,X r (f) stand pairwise in relations of the form: 

(8) X k (Xj(f)) -Xj(X k (f)) = [X k , Xj] = £ c kjs X s {f). 

5=1 

According to the Theorem 22, this condition is necessary for the oo'"~ 1 one-term 
groups £ X k X k (f) to form an r-term group. Thus our conjecture amounts to the fact 
that this necessary condition is also sufficient. 

This presumption would be brought to certainty if we would succeed in produc- 
ing, for every system of the discussed nature, r independent infinitesimal transfor- 
mations in (ai,...,a r ): 

A k(f)= Y, a kfl (ai,...,a r )^ — (k=i-r) 
M =i M da^ 

which satisfy the corresponding relations: 

A k (Aj(f)) -Aj(A k (f)) = £ c kjs As(f), 

s=l 

while, however, the determinant £ ±Otn • • • (X rr does not vanish identically, or ex- 
pressed differently, while no relation of the form: 

r 

£ Xk(a h ...,a r )A k (f) = 

k=l 

holds identically. 

With the help of the Proposition 5 in Chap. @] P- 1221 we can now in fact always 
manage to produce such a system of infinitesimal transformations A k (f). Similarly 
as at that previous time, we set: 

j=l dx i 
and we make up the r infinitesimal transformations: 



Wk{f)=Z X kif)- 
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According to the stated proposition, these infinitesimal transformations have the 
property that no relation of the form: 



/ // // (r) 

y k yA l ,...,r 

k=\ 

holds. Now, since in addition we have: 



W k {Wj{f)) -Wj{W k (f)) = £ c kjs W s (f), 

s=l 

the r equations, independent of each other: 

Wi (/)=<), ,w r (/) = o 

form an r-term complete system in the rn variables j^, . . . ,xf n , • • • ,jq , . . . ,x„ . 
This complete system possesses r(n — 1) independent solutions, which can be 
called wi , i<2j • ■ • j "m-r- Hence, if we select r functions y\ , . . . ,y r of the rn quantities 
that are independent of each other and independent of ui,...,u rn - r , we can 

introduce the y and the w as new independent variables in place of the x\ . By this, 
we obtain: 

r r)f rn ~ r f)f 

W k (f)=Z W k (y n )^-+ £ W k (u T )^-, 
or, since all W k (u T ) vanish identically: 

Wk(f)= Y. (O kn (yi,...,y r ,ui,...,u m - r )^—, 



where W\ (/),••• , W^/) are linked by no relation of the form: 

r 

£ 0t(yi,-..,)V, Ml,---,«rn-r)Wfc(/) =0. 
k=\ 

This property of the W k (f) remains naturally also true when we confer to the u x 
appropriate fixed values u®. If we then set CO k7t (y,u°) = 0)® K (y), the r independent 
infinitesimal transformations in the independent variables y\,...,y r : 

%=\ a y* 

stand pairwise in the relationships: 

Vk(Vj(f))-Vj(Vk(f)) = £c kjs V s (f) 

s=l 
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and in addition, are linked by no relation of the form: 

£ (p k (yh...,y r )v k (f) = o. 
k=\ 

Consequently, the V k (f) are infinitesimal transformations of the required constitu- 
tion. So we can immediately apply the Theorem 23 p. 11651 to the 2r infinitesimal 
transformations X\{f),. ..,X r {f), Vi(/), ...,V r (f) and as a result, we have proved 
that the °° r ~ l one-term groups £ k k X k (f) constitute an r-term group. Therefore the 
following holds true: 

Theorem 24. Ifr independent infinitesimal transformations: 

Mf) = £ &(X1,...,X„)^- (*=l..-r) 
i=l dXi 

stand pairwise in the relationships: 

(8) X k (Xj(f)) -Xj(X k (f)) = [X k , Xj] = £ c kjs X s (f), 

5=1 

where the c k j S are constants, then the totality of the oo r_1 one-term groups: 

hXi(f) + --- + X r X r (f) 

forms an r-term continuous group, which contains the identity transformation and 
whose transformations are ordered as inverses in pair^i 

When we have r independent infinitesimal transformations: 

xi (/),... Mf) 

which match the hypotheses of the above theorem, we shall henceforth say that 
X\(f), . . . generate an r-term group, and we shall also virtually speak of the 

r-term group Xi (/),... , X r (f) . 

§ 42. 

Let X\(f), . . . ,X r (f) be an r-term group in the variables xi,...,x n and Y\, . . .Y m (f) 
be an /n-term group in the same variables. The relations between the X k (f) and the 
Yp (f) respectively may have the form: 



t Lie, Math. Annalen Vol. 8, p. 303, 1874; Gottinger Nachrichten, 1874, p. 533 and 540; Archiv for Math, og Naturv. 
Christiania 1878. 
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X k (Xj(f)) -Xj(X k (f)) = £ c kJs X s (f) = [X k ,Xj] 

s=l 
in 

Y^Y v (f))-Y v (Y^f)) = £ c'^ s Y s (f) = Y v ] 

s=l 

{k,j=l-r; fi,v=l-m). 

Now, it can happen that these two groups have certain infinitesimal transformations 
in common. We suppose that they have exactly / independent such transformations 
in common, say: 

r m 

zdf) = £ gxMf) = £ h^Y^f) ( A=i...z), 

k=l /i=l 

where the gx k and the hx^ denote constants. Then every other infinitesimal transfor- 
mation contained in the two groups can be linearly deduced from Zt (/),.. . ,Z/(/). 
But if we form the expressions: 

Z A (Z v (/))-Z v (Z A (/)) = [Z A ,Z v ], 

we realize that they can be deduced linearly from X\(f), . . . ,X r (f) and also from 
Y\ (/),..., Y m (f) as well, hence that they are common to the two groups. Conse- 
quently, relations of the form: 

i 

z k (z v (f)) -z v (z A (/)) = [z A ,z v ] = £ d Xvs z s (f) 

hold true, that is to say Z\ (/),... , Z[(f) generate an /-term group. 
As a result, we have the 

Proposition 2. If the two continuous groups: X\(f ),..., X r (f) and Y\ (/),... , Y m (/) 
in the same variables have exactly I and not more independent infinitesimal trans- 
formations in common, then these transformations generate, as far as they are con- 
cerned, an I -term continuous group. 



§ 43. 

If the equations x' t = fi(x\,. . . ,x n , a\,...,a r ) represent a family of transforma- 
tions and if in addition they satisfy differential equations of the specific form: 

dx'- r 

3- L =£ Vkj(a i ,...,a r )£ ) ji{x x ,...,X n ) {i=\-n;k=\-r), 
oa k rfj 

then as we know, the r infinitesimal transformations: 



§ 43. 171 

X k(f) = £ ^ki(.Xl,...,X n )-^- (k=l-r) 
i=\ ax i 

are independent of each other, and in addition, according to Theorem 21 on p. I160L 
they are linked together through relations of the form: 

X k (Xj(f)) -Xj(X k (f)) = [X k ,Xj] = £ c kjs X s (f). 

s=l 

Hence the family of the oo r ~ l one-term groups: 

X x X l {f) + --- + X r X r {f) 

forms an r-term group with the identity transformation. Consequently, we can state 
the Theorem 9 on p. [80] as follows: 

Theorem 25. If a family of°° r transformations: 

A = fi( x l, ■ ■ ■ > x n, a\,...,a r ) (i=l-n) 

satisfies certain differential equations of the form: 

dx'- r 

T L = E ¥kj(ai,...,a r )^j i (x' l ,...,x' n ) (i=\-n; k=l-r), 

oat pi 

and ifa Q v ...,a~. is a system of values of the a for which the ty/fc/( fl ) behave regularly 
and for which in addition, the determinant: 

£±l/An(a)---Vrr(«) 

is different from zero, then every transformation x\ = f(x, a) whose parameters 
ai, . . . , a r lie in a certain neighbourhood of a®, . . . , a® can be thought to be produced 
by performing firstly the transformation xi = f(x, a ) and secondly, a completely 
determined transformation: 

r 

*/=*(+£ + (i=l-n) 

k=l 

of the r-term group which, under the assumptions made, is generated by the r inde- 
pendent infinitesimal transformations: 

X k (f) = , ££ki(xh...,Xn)j- (k=l-r). 
(=1 1 

The above theorem is then of special interest when the equations x! t = ft (x, a) represent an r-term 
group which does not contain the identity transformation at least in the domain ((a)). In this case, 
we will yet derive a few important conclusions. 
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Thus, let x'j = fi(x\,...,x n ,ai,...,a r ) be an r-term group without identity transformation, and 
assume that the two transformations: 

x' j =fi(x i ,...,x„,a 1 ,... 1 a r ) 

executed one after the other produce the transformation: 

x'l = fi(xi,. ..,x„,ci,...,c r )=fi(xi,... ,x„, fi(a,b),..., (p,-(a,b)) . 

Here, if we employ the previous notation, x\, . . . ,x„ lie arbitrarily in the domain ((x)), ai,...,a r and 
bi,...,b r in the domain ((a)), while the positions of the x\, x" and of the q are determined by the 
indicated equations. In addition, there are still differential equations of the specific form: 

dx'- r 

^ = E Wkj(au---,a r )t >j i(x\ 1 ...,x n ) 

(i=\--n;k=\--r). 

In what follows, a\,...,cfy and likewise b\,...,b® should now denote a determined point 
[Stelle] of the domain ((a)) and (pk(a ,b ) should be equal to By contrast, by a\, . . . ,a r we 
want to understand an arbitrary point in the domain (a), so that the equations: 

Xj = fi(x u ...,x„,a u ...,a r ) 

should represent any transformation of the given group. 

Every transformation of the form x; = fi(x,a) can be obtained by performing at first the trans- 
formation x\ = fi(x,a°) and afterwards a certain second transformation. In order to find the latter 
transformation, we solve the equations x l i = fi(x,a°) with respect to jci, . . . ,x n : 

Xi = F i (x[,... 1 x' in a l ,...,a^,) 

and we introduce these values of the xi in x; = fi(x,a). In this way, we obtain for the sought trans- 
formation an expression of the form: 

(9) xi = <&i{x l i,...,x l n ,a\,...,a r ) (i=i-«); 

we here do not write down the a\, because we want to consider them as numerical constants. 

The transformation (9) is well defined for all systems of values a^ in the domain (a) and its 
expression can be analytically continued to the whole domain of such systems of values; this follows 
from the hypotheses that we have made previously about the nature of the functions fj and fj. 

We now claim that for certain values of the parameters a^, the transformations of the family 
xi = ^>i(x', a) belong to the initially given group x\ = fi(x,a), whereas by contrast, for certain other 
values of the 3j, they belong to the group X\f, . . . ,X,-f with identity transformation. 

We establish as follows the first part of the claim stated just now. We know that the two transfor- 
mations: 

Xj = fi(xi, — ,X n , . . . Xi = fi(x\ j — ,X n] b\, — , br) 

executed one after the other produce the transformation x i = fi (x, c) , where q = (p^ (a° , b) ; here, we 
may set for b\ , . . . , b r any system of values of the domain ((a)), while the system of values c\ , . . . , c r 
then lies in the domain (a), in a certain neighbourhood of c\, . . . , C®. But according to what has been 
said earlier, the transformation x, = fi(x,c) is also obtained when the two transformations: 
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A = fi(xi,- ■ ■ ,x„, a?, . . .,a°), Xj = <Pi(x[,. . . ,x' n , a h ...,a r ) 

are executed one after the other and when one chooses a^ = cj. Consequently, the transformation 
Ij = <Pj(x' ,a) is identical, after the substitution 5* = (p^(a : b), to the transformation X; = fi(x' ,b), 
that is to say: all transformations Xj = <f>i(x! ,a) whose parameters a^ lie in a certain neighbourhood 
of c\, . . . ,c® defined through the equation a^ = (pk{a° \b), belong to the presented group x\ = f(x,a). 

In order to establish the second part of our claim stated above, we remember the Theorem 25. If 
a\, . . . ,a r lie in a certain neighbourhood of a®, . . . ,a®, then according to this theorem, the transfor- 
mation Xj = f(x,a) can be obtained by performing at first the transformation: 

x'j=f(xu- ■■,*,„ fli,...,fl°) 
and afterwards a completely determined transformation: 

k=\ 

of the r-term group that is generated by the r independent infinitesimal transformations: 

W) = E 5h(*1» — i*») ^~ (k=l-r). 

From earlier considerations (cf. Chap.|4j proof of Theorem 9, p.[80ll, we know in addition that one 
finds the transformation (10) in question when one chooses in an appropriate way 5i, . . . ,a r as inde- 
pendent functions of X\ , . . . , X r and when one then determines by resolution X\ , . . . , X r as functions 
of 3i, . . . But on the other hand, we also obtain the transformation I, = f(x,a) when we at first 
execute the transformation x\ = f(x,a°) and afterwards the transformation xi = <t>i(x' ,a). Conse- 
quently, the transformation JCf = <Pi(x',a) belongs to the group generated by X\f, . . . ,X r f as soon as 
the system of values Si, . . . ,a r lies in a certain neighbourhood of Expressed differently: 

the equations Ji = 0i(x l ,a) are transferred to the equations (10) when ai,...,a r are replaced by the 
functions of Ai , . . . , X r discussed above. 

With these words, our claim stated above is completely proved. 

Thus the transformation equations 3cf = < Pj(x',a) possess the following important property: if 
in place of the the new parameters b\ , . . . ,b r are introduced by means of the equations = 
(Pk(a° ,b), then for a certain domain of the variables, the equations = <Pj(x' ,a) take the form x; = 
f(x!,b); on the other hand, if in place of the a^, the new parameters X\,...,X r are introduced, then 
for a certain domain, the equations x, = <J>, (x',a) convert into: 

V 

Xi = x- + £ X k <^-(x') + • • • (»=i •■•«) 

k=l 

Here lies an important feature of the initially given group x\ = f(x,a). Namely, when we in- 
troduce in the equations x\ = f(x,a) the new parameters a\,...,a r in place of the at by means of 
&k = <P(t( fl< \ fl X tnen we obtain a system of transformation equations x\ = <J>, (x,a) which, by perform- 
ing in addition its analytic continuation, represents a family of transformations to which belong all 
transformations of some r-term group with identity transformation. 

We can also express this as follows. 

Theorem 26. Every r-term group xj = fi(x\, . . . ,x„, fli,... ,a r ) which is not generated by r indepen- 
dent infinitesimal transformations can be derived from an r-term group with r independent infinites- 
imal transformations in the following way: one sets up at first the differential equations: 
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dx 1 - r 

XT = £ Vkj(a)$ji{x') (i=l-n;k=l-r), 
a k j = i 

which are satisfied by the equations x\ = f(x,a), then one sets: 

=X*(/) (*=!.. -r) 

, = 1 ox, 
and one forms the finite equations: 

r 

A = *i + E ^ ^fe'W + " ' ( '= 1 ■•'") 

/<=1 

of the r-term group with identity transformation which is generated by the r independent infinites- 
imal transformations X\f, ... ,X r f. Then it is possible, in these finite equations, to introduce new 
parameters ai,...,a r in place of X\, ... ,X r in such a way that the resulting transformation equa- 
tions: 

4 = <P i (xi,...,x„,'Si,...,a r ) (i=i-«) 

represent a family of °° r transformations which embrace, after analytic continuation, all the °° r 
transformations: 

A =fi(xi,...,x„,a l ,...,a r ) 

of the group. 



§ 44. 

Without difficulty, it can be shown that there really exist groups which do not contain the identity 
transformation and also whose transformations are not ordered as inverses by pairs. 
The equation: 

x = ax 

with the arbitrary parameter a represents a one-term group. If one executes two transformations: 

x = ax, x = bx 
of this group one after the other, then one gets the transformation: 

x = abx, 

which belongs to the group as well. From this, it results that the family of all transformations of the 
fornix' = ax, in which the absolute value of a is smaller than 1, constitutes a group toc0. Obviously, 
neither this family contains the identity transformation, nor its transformations order as inverses by 
pairs. 

Hence, if there would exist an analytic expression which would represent only those transforma- 
tions of the form xf = ax in which the absolute value of a is smaller than 1, then with it, we would 
have a finite continuous group without the identity transformation and without inverse transforma- 
tions. 

Now, an analytic expression of the required constitution can effectively be indicated. 
It is known that the functiorQ: 



3 In the sought economy of axioms, what matters is only closure under composition. 

4 A presentation of this passage has been anticipated in Sect. 12.31 
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v=i 1 " 

can be expanded, in the neighbourhood of a = 0, as an ordinary power series with respect to a which 
converges as long as the absolute value \a\ of a is smaller than 1. The power series in question has 
the form: 

£ = <o(a), 

where the denote entire numbers depending on the index jj, . Hence if we interpret the complex 
values of a as points in a plane, then co(a), as an analytic function of a, is defined in the interior of 
the circle of radius 1 which can be described [BESCHREIBEN] around the point a = 0. 

Furthermore, it is known that the function ft) (a) has no more sense for the a whose absolute value 
equals 1, so that the circle in question around the point a = constitutes the natural frontier for ft) (a), 
across which this function cannot by analytically continued. 

We not set Oo(a) = A, and moreover, let \a°\ < 1 and (o(a ) = A ; then we can solve the equation 
00(a) = A with respect to a, that is to say, we can represent a as an ordinary power series in A — A 
in such a way that it gives: a = a for A = A and that the equation ft) (a) = A is identically satisfied 
after substitution of this expression for a. 

Let a = %(X)\ then %(X) is an analytic function which takes only values whose absolute value 
are smaller than 1 ; this holds true not only for the found function element which is represented in 
the neighbourhood of A = A by an ordinary power series in A — A , but also for every analytic 
continuation of this function element. 

Hence if we set: 

we obtain the desired analytic expression for all transformations x' = ax in which \a\ is smaller than 
1. If now we have: 

x' = x(h)x, x" = x(h)x, 

then it comes: 

x" = x(h)x(h)*; 

but this equation can always be brought to the form: 

x" = x(h)x; 

indeed, we have |^(Ai)^(A2)| < 1; so if we set X(^l)X(^2) = a > we simply receive: A3 = ffl(of). 

With this, it is shown that the equation x' = #(A)x with the arbitrary parameter A represents a 
group. This group is continuous and finite, but lastly, neither it contains the identity transformation, 
nor its transformations can be ordered as inverses by pairs. Our purpose: the proof that there are 
groups of this kind, is attained with it. Besides, it is easy to see that in a similar manner, one can 
form arbitrarily many groups having this constitution. 

Remarks. In his first researches about finite continuous transformation groups, Lie has attempted 
to show that every r-term group contains the identity transformation plus infinitesimal transforma- 
tions, and is generated by the latter (cf. notably the two articles in Archiv for Math, og Naturvid., 
Bd. 1, Christiania 1876). However he soon realized that in his proof were made certain implicit as- 
sumptions about the constitution of the occurring functions; as a consequence, he restricted himself 
expressly to groups whose transformations can be ordered as inverses by pairs and he showed that 
in any case, the mentioned statement was correct for such groups (Math. Ann. Vol. 16, p. 441 sq.). 

Later, in the year 1884, Engel succeeded to make up a finite continuous group which does not 
contain the identity transformation and whose transformations do not order as inverses by pairs; this 
was the group set up in the preceding paragraph. 
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Finally, Lie found that the equations of an arbitrary finite continuous group with r parameters can 
in any case be derived, after introduction of new parameters and analytic continuation, from the equa- 
tions of an r-term group which contains the identity transformation and r independent infinitesimal 
transformations, while its finite transformations can be ordered as inverses by pairs (Theorem 26). 

§ 45. 

In Chap. H] p. [84] we found that every r-term group which contains r independent infinitesimal 
transformations has the property that its finite transformations can be ordered as inverses by pairs. 
On the other hand, it was mentioned at the end of the previous paragraph that this statement can be 
reversed, hence that every r-term group whose transformations order as inverses by pairs, contains 
the identity transformation and is produced by r infinitesimal transformations. We will indicate how 
the correctness of this assertion can be seen. 
Let the equations: 

A = //(*i.-- .,x n ,ai, ...,a„) (i=i-«) 

with r essential parameters a\,...,a r represent an r-term group with inverse transformations by 
pairs. By resolution with respect to x\ , . . . ,x n , one can obtain: 

xj =F i (x' 1 ,...,x' n ,ai,...,a r ) (<=i-n) 

When the system of values £\ , . . . , £ r lies in a certain neighbourhood of E\ = 0, . . . , £ r = 0, then 
we can execute the two transformations: 

Xj — ^X-^i 7 • • ■ i-^m a\ 7 . . . 

x" =fi(xi,...,x„,a 1 +e 1) a r + e r ) 

one after the other and we thus obtain a transformation: 

A =fi(Fi{x',a) 7 ...,F„(x',a), a { +£ u a r + £ r ) 

which likewise belongs to our group and which can be expanded in power series with respect to 
£],...,£,.: 

+ ••• . 

x=F(x',a) 

If we set here all £/, equal to zero, then we get the identity transformation, which hence appears 
to our group. If on the other hand we choose all the infinitely small, we obtain transformations of 
our group which are infinitely little different from the identity transformation. 
For brevity, we set: 

= nu{x',a), 

x=F(x',a) 

so that the transformation (11) hence receives the form: 

r 

£ k riki{x' ,a) + ■ ■ ■ («=i-»). 

k=l 

Then, in the variables x\,... ,x' n , we form the r infinitesimal transformations: 



(11) 



*/ = *; + L £ k 



dfj(x,a) 
da k 



(12) 



dfj(x,a) 
da k 
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" df 

i=\ k 

which are certainly independent from each other for undetermined values of the a^. Indeed, on the 
contrary case, the would be r not all vanishing quantities p\,,,,,p r which would not depend upon 
x\, . . . ,x* n such that the equation: 

Lp*J*7 = o 

k=\ 

would be identically satisfied; then the n relations: 

r 

Pkllki(x',a)=0 («=l-n) 

k=\ 

would follow and in turn, these relations would, after the substitution x\ = fj(x,a), be transferred to: 

^ dfj(x,a) 

I>4^=° > : 

but such relations cannot exist, since according to the assumption, the parameters are essential in the 
equations x\ = fj(x,a) (cf. Chap.|2l p.[T4b. 

From this, we then conclude that Y[f, ... , Y' r f also remain independent from each other, when 
one inserts for a\,...,a r some determined system of values in general position. If 5i , . . . , a r is such 
a system of values, we want to write: 

r\u{x',a) = 

then the r infinitesimal transformations: 

i=l ax i 

are also independent of each other. It remains to show that our group is generated by the r infinitesi- 
mal transformations X' k f. 

We execute two transformations of our group one after the other, namely firstly the transforma- 
tion: 

r 

x 'i = x 'i+Y, £ kr\ki{x » + ••• , 

k=\ 

and secondly the transformation: 

*;"=*,"+£ Ami*", <*) + ■■■ 

k=l 
k=\ 

If, as up to now, we only take into consideration the first-order terms, we then obtain in the indicated 
way the transformation: 

r r 

A' = A + E Ek riki(x',a) + £ ^ & (*0 + — , 

k=\ k=\ 
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which belongs naturally to our group, and this, inside a certain region for all values of the parameters 
a, £, 

If there would be, amongst the infinitesimal transformations Y(f, ... , Y' r f, also a certain number 
which would be independent of X[f, . . . ,X' r f, then the last written equations would, according to 
Chap. [4] Proposition 4, p. [78] represent at least oo r+1 different transformations, whereas our group 
nevertheless contain only °° r different transformations. Consequently, each transformation Ylf must 
be linearly expressible in terms of X[f, . . . ,X' r f, whichever values the a can have. By considerations 
similar to those of Chap.|4]one now realizes that r identities of the form: 

r 

Y kf = E Wy( fl l» • • • ' a r)Xjf (*= 1 -r) 

7=1 

hold true, where the ife behave regularly in a certain neighbourhood of a# = a^; in addition, the 
determinant of the does not vanish identically, since otherwise Y[f, . . . ,Yj.f would not anymore 
be independent infinitesimal transformations. 

At present, it is clear that the TJid(x',a) can be expressed as follows in terms of the £/i(x'): 

r 

r]ki(x',a) = £ \ir k j(a)%ji{x'). 

7=1 

Finally, if we remember the equations (12) which define the functions t]id(xf ,d), we realize that 
the differential equations: 

dx' r 

(13) da k pi 

(i=\--n;k=\--r) 

are identically satisfied after the substitution x\ = fi(x,a). 

As a result, it has been directly shown that every group with inverse transformations by pairs 
satisfies certain differential equations of the characteristic form (13); insofar, we have reached the 
starting point for the developments of Chap. [3] Sect. 13.91 

Now, if it would be possible to prove that, for the parameter values a ®, . . . , a® of the identity trans- 
formation, the determinant of the x^^jia) has a value distinct from zero, then it would follow from 
the stated developments that the group x\ = f(x,a) is generated by the r infinitesimal transforma- 
tions X\f,... ,X r f. But now, it is not in the nature of things that one can prove that the determinant 
£±i/An(a°) • • • \ir rr (a°) is distinct from zero. One can avoid this trouble as follows^. 

One knows that the equations: 

r 

(14) ti 

(i=\-n) 

represent transformations of our group x\ = f(x,a) as soon as the lie in a certain neighbourhood 
of E\ = 0, ...,£, = 0; besides, one can show that one obtains in this way all transformations x ! i = 
fi(x,a) the parameters of which lie in a certain neighbourhood of flj, . . . ,a®. Now, if one puts the 
equations (14) at the foundation, one easily realizes that the xf, interpreted as functions of the £ and 
of the x, satisfy differential equations of the form: 



5 For (local) continuous finite transformation groups containing the identity transformation, this property has already 
been seen in Sect. 13.41 
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= L Xkj (£l » • • • , Br) %ji(x\ , • • • ,4) 
(i=l-n;k=l-r), 

where now the determinant of the Xkj( £ ) f° r £i = 0, ...,£,= does not vanish. In this way, one 
comes finally to the following result: 

Every r-tenn group with transformations inverse by pairs contains the identity transformation, 
and in addition r independent infinitesimal transformations by which it is generated. 



§ 46. 

Consider r independent infinitesimal transformations: 

Xkf= £ §cv(xi,...,X n )-2— (k=l-r) 

v=i ° x v 
which satisfy relations in pairs of the form: 

Xi(X k (f)) -X k (Xi(f)) = [Xi, X k ] = £ c iks X s (f) 
(i,*=l-r), 

with certain constants c^, so that according to Theorem 24 p. 11691 the totality of 
all one-term groups of the form: 

XiX l (f) + --- + X r X r (f) 

constitutes an r-term group. We will show that, as far as they are concerned, the 
constants in the above relations are then tied up together with certain equations. 

To begin with, we have [X,-, = — [X^, , from which it comes immediately: 
Cjks = —Ckis- When the number r is greater than 2, we find still other relations. 
Indeed, in this case, there is the Jacobi identity (Chap. [5J § 26, p. U} which holds 
between any three Xjf, Xfc/, Xjf amongst the r infinitesimal transformations 
Xi/,...,X r /: 

[ [X h X k ] , Xj] + [ [X k , Xj] , Xi] + [ [Xj, Xi] ,X k ]=0 

(i,k,j= !•■•»)• 

By making use of the above relation (8), we obtain firstly from this: 
£ {c lks [X» Xj] +c kjs [X s , Xi] +c jis [X s , X k ] } = 0, 
and then by renewed applications of this relation: 
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J, T 

But since the infinitesimal transformations X T / are independent of each other, this 
equation decomposes in the following r equations: 

r 

y, { c iks c s jt + c fc /s c m't + C/'is } = 

(15) v= i 

(T=l-r). 

Thus the following holds. 

Theorem 27.Q//V independent infinitesimal transformations X\f ', . . . ,X r f are con- 
stituted in such a way that they satisfy relations in pairs of the form: 

Xi{X k (f)) -X k (Xi(f)) = [Xi, X k ] = £ c iks X s (f) 

(o) 5=1 

(i,k=l — r), 

with certain constants c^, so that the totality of all °° r ~ 1 one-term groups of the 
form: 

XlXi(f) + ~- + XrX r (f) 

forms an r-term group, then between the constants Cj ks , there exist the following 
relations: 



(16) 



r 

y. { c iks c sjt ~^~ c kjs c six ~\~ c jis c skr} = 



5=1 

(i,k,j,Z=l-r). 



The equations (16) are completely independent of the number of the variables 
x\, . . . ,x n in the infinitesimal transformations X\(f),. . .,X r (f). Hence from the the 
preceding statement, we can still conclude what follows: 

Even if the number n of the independent variables x\, . . . ,x n can be chosen in 
an completely arbitrary way, one nevertheless cannot associate to every system of 
constants Cj ks (i,k,s=l-r) r independent infinitesimal transformations: 

X k(f)= L Mxi,...,Xn)^— (k=l-r) 
v=l ax v 

which pairwise satisfy the relations: 



t Lie, Archiv for Math, og Naturv. Bd. 1, p. 192, Christiania 1876. 



§ 46. 



181 



r 



[X i ,X k ] = Y,c iks X s (f) 



(i,k=l-r). 



s=l 



Rather, for the existence of such infinitesimal transformations, the existence of the 
equations (16) is necessary; but it also is sufficient, as we will see later. 



Unless the contrary is specially notified, in all the subsequent studies, we shall 
restrict ourselves to the r-term groups which contain r independent infinitesimal 
transformations: 



and so, which are generated by the same transformations. Here, we shall always 
consider only systems of values x\, . . .,x n for which all the §y behave regularly. 

Further, we stress once more that in the future, we shall often call shortly an r- 
term group with the independent infinitesimal transformations X\f,... ,X r f by "the 
group X\f,... ,X r f". Amongst the various forms the finite equations of the r-term 
group Xif, . . . ,X r f can be given, we shall call the following: 



x kf= £ 




r 




k=l 



by "a canonical form" of the group. 



Chapter 10 

Systems of Partial Differential Equations 
the General Solution of Which 
Depends Only Upon a Finite Number 
of Arbitrary Constants 



In the variables x\ , . . . ,x n , z\ , . . . , z m let us imagine that a system of partial differ- 
ential equations of arbitrary order is given. Aside from x\, . . . ,x n , z\, ■ ■ ■ ,Z m , such a 
system can only contain differential quotients of z\ , . . . , z m with respect to x\ , . . . , x n , 
so that we have hence to consider x\,...,x n as independent of each other, while 
Zi, . . .,z m are to be determined as functions ofx\,...,x„ in such a way that the sys- 
tem be identically satisfied. 

Our system of differential equations shall not at all be completely arbitrary, but it 
will possess certain special properties. We want to assume that, in the form in which 
it is presented, it satisfies the following conditions. 

Firstly. If s is the order of the highest differential quotient occurring in the system, 
then by resolution of the equations of the system, all s-th order differential quotients 
of z\ , ■ ■ ■ ,z m with respect to x\, . . . ,x n are supposed to be expressible in terms of the 
differential quotients of the first order up to the (s — 1 )-th, and in terms of z\ , ■ ■ ■ , z m , 
xi, . . . ,x n . By contrast, it shall not be possible in this way to express all differential 
quotients of order (s — 1 ) in terms of those of lower order and in terms of zi , ■ ■ ■ ,z m , 

X\j . . . jX w . 

Secondly. By differentiating once the given system with respect to the individual 
variables x\,...,x n and by combining the obtained equations, it shall result only 
relations between x\ , . . . , x n , z\ , . . . , z m and the differential quotients of order (s — 1 ) 
which already follow from the given system. 

We make these special assumptions about the form of the given system for 
reasons of convenience. Naturally [Selbstverstandlich], all subsequent consider- 
ations can be applied on the whole to every system of partial differential equations 
which can, trough differentiations and elimination, be given the form just described. 

According to the known theory of differential equations, it results without dif- 
ficulty that every system of differential equations which possesses the properties 
discussed just now is integrable and that the most general functions zi, ■ ■ -iZm of 
x\,.. .,x n which satisfy the system depend only on a finite number of constants. 

We want now to give somewhat different reasons to this proposition, by reducing 
the discussed problem of integration to the problem of finding systems of equations 
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which admit a certain number of given infinitesimal transformations; on the basis of 
the developments of Chap. [71 we can indeed solve the latter problem straightaway. 

On the other hand, we will also show that the mentioned proposition can be in- 
verted: we will show that every system of equations: 

=Zp(xi,...,x n , ai,...,a r ) (/i=i-m) 

which contains a finite number r of arbitrary parameters represents the most 
general system of solutions for a certain system of partial differential equations. 

For us, this second proposition is the more important; we shall use it again in the 
next chapter. 

Therefore, it appears to be desirable to derive the two propositions in an indepen- 
dent way, without marching into the theory of total differential equations. 

§ 47. 

Let the number of differential quotients of order k of Zi,---,z m with respect to 
xi, . . . ,x n be denoted For the differential quotients of order k themselves, we 

(k) 

introduce the notation p) ' , where i has to run through the values 1,2, . . . ,£#; but 

we reserve us the right to write simply zi, ■ ■ ■ ,z m instead of pf*\ Lastly, 
we also set: 

-j (*) 

so that pf) hence denotes one of the e^+i differential quotients of order (k+ 1). 
According to these settlements, we can write as follows: 



(1) 



W 1 (x,z,p^,...,p^) = 0, W q (x,z, P ^,...,p^) = 



the system of differential equations to be studied. 

We assume here that the equations W\ = 0, . . . , W q = are independent of each 

other. The n£ s -\ equations p\j ^ = Pjj are independent of the W = 0, but they are 

(s—i) 

not of each other, because indeed the n£ s -\ expressions p)- do not represent only 
distinct differential quotients of order s. However for what follows the above way of 
writing is more convenient than if we had written the system of equations (1) under 
the form: 

Wi = 0, W q = 0, p^ =P l (x,z,p {l \...,p {s - 1) ) (i=i-e s ). 

Now, by hypothesis, our system of equations (1) has the property that by differ- 
entiating it once with respect to the x, no new relation between the x, z, p^\ ■ ■ ■ , 
i s produced. All relations between the x, z, p^ l \ ■ ■ ■ , p( s ~^ which come out 
by differentiating once (1) must hence be a consequence of W\ — 0, . . . , W q = 0. 
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Obviously, we find the relations in question by differentiating (1) with respect to 
the n variables x\, . . . ,x„ and afterwards, by taking away all differential quotients 
of order (s + 1), and by substituting all differential quotients of order s by means 
of(l). 

By differentiation of Wk = and then by elimination of the differential quotients 
of order s, we receive the equations: 



dW k f> (o) dW k f, (!) dW k 
dx v + tl PiV dzt + h PlV dp® 

dWt ^ _ dWk 



£ s —2 



y (s-2) OWk y OVVk _ Q 

+ L Piv ( s -2) + L r ' v 3 (s-i) - u 

(=1 ap\ i=\ dp) 

(k=l-q; V = l-n). 

By the above, these equations are a consequence of W\ = 0, . . . , W q = 0. In other 
words: the system of equations W\ = 0, . . . , W q = in the variables x, z, p^\ ■ ■ ■ , 
p( s_1 ) admits the n infinitesimal transformations: 



(2) 



~ - - (,_2) 1 A- -j 

(=1 o*p- i=i o'p- 

(v = l-n). 

in f/zese variables (cfi Chap. [7] p. \120\) . 

If on the other hand, one differentiates the equations pf- ^ = Py with respect to 
x v and then eliminates all differential quotients of order s, then one obtains: 

axv p y ~dx v dxj Pi ~ i2v ^>- 

One has still to take away all the differential quotients of order (s + 1 ) from these 
equations. One easily realizes that only the following equations come out: 

(3) Q v (P ij )-n j (P iv ) = 

(v,y = l-n; i=l-£,-i), 

which likewise must hence be a consequence of W\ = 0, . . . , W q = 0. 

With this, the properties of the system (1) demanded in the introduction are for- 
mulated analytically. 

Now, we imagine that an arbitrary system of solutions: 



z\ = (pi(xi,...,x n ), z m = (p m (xi,...,x n ) 
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of the differential equations (1) is presented. By differentiating this system we ob- 
tain that the . . . , p( s ~ l \ are represented as functions of x\, . . . ,x n : 

(1) (1)/ \ (-5-1) (s-l), \ (s-l) 0t Pi s -i 

(i k =l,2-e k ; v=l-n), 

and when we insert these expressions, and the expressions for zi, ■ ■ ■ ,Z m as well, 
inside the equations (1), we naturally receive nothing but identities. From this, it 
results that the equations W\ = 0, . . . , W q = in their turn convert into identities 
after the substitution: 
(4) 

Z^ = (p^{Xl,...,X n ), p\' = <p>/(xi,...,X n ), . . . , p}^ ' = (p> si >{x h ...,X n ) 

(M = l — m; i k = \---e k ); 

clearly, we can also express this as follows: the system of equations (4) embraces 
[umfasst] the equations W\ = 0, . . . , W q = 0. 

Furthermore, we claim that the system of equations (4) admits the infinitesimal 
transformations Q\f, . . . , O n f discussed above. 

Indeed at first, all the expressions: 

<M«.-*) = pJS-^, 



<Mrf ) -f? ) ) = pffi 



5< 

dXy 



«v [P is _ 2 (p is _ 2 ) - P is _ lV d ^ 

vanish by means of (4), since the equations (4) come from — = by differen- 
tiation with respect to jci, . . . ,x n . But also the expressions: 

vanish by means of (4), since the equations: 

J s -V-p 

"i s -iV ~ r ' s -\v 

are, as already said above, identically satisfied after the substitution: 

(1) (1) 0-1) (s-l) (s-l) 0( Pi s -i 

z^ = cp^, p) l ) = <pi l , ,...,Pi_ 1 ) = <pl l ) , pU = ^t- 
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As a result, our claim stated above is proved. 

Conversely, imagine now that we are given a system of equations of the form (4) 
about which moreover we do know neither whether it admits the infinitesimal trans- 
formations Qif,..., Q n f, nor whether it embraces the equations W\ = 0, . . . , W q = 
0. 

Clearly, the equations (4) in question are all created by differentiating the equa- 
tions z^, = <Pji with respect to x\, . . . ,x n . In addition, since under the made assump- 
tions, the equations: 

are a consequence of (4) and likewise, of the equations W\ = 0, . . . , W q = 0, then 
the system of equations (1) will be identically satisfied when one executes the sub- 
stitution (4) in it, and then sets also p^ v ^ = ^ Consequently, the equations 
z^i = <Pfi represent a system of solutions for the differential equations (1). 

From this, we see: every solution = (p^ of the differential equations (1) pro- 
vides a completely determined system of equations of the form (4) which admits 
the infinitesimal transformations Q.\f, . . .,Q n f an d which embraces the equations 
W\ = 0, . . . , W q — 0; conversely, every system of equations of the form (4) which 
possesses the properties just indicated provides a completely determined system 
of solutions for the differential equations (1). Consequently, the problem of deter- 
mining all systems of solutions of the differential equations ( 1 ) is equivalent to the 
problem of determining all systems of equations of the form (4) which admit the in- 
finitesimal transformations fiif, . . . , fi n f and which in addition embrace the equa- 
tions W\ = 0, . . . , W q = 0. If one knows the most general solution for one of these 
two problems, then at the same time, the most general solution of the other system 
is given. 

But we can solve this new problem on the basis of the developments of Chap. H 
p.[H9]sq. 

According to Chap. |7J Proposition 5, p. [51 every sought system of equations ad- 
mits, simultaneously with Q\f,...,Q n f, also all infinitesimal transformations of 
the form Q v (flj(f)) — ^2 / (^2 v (/)). By computation, one verifies that: 

Q v (Qj(f))-nj(n v (f)) = £ {*2v(^0-^v)}-^ (v,y=l-»), 

i=l dp) 



since the expressions: 



n v {p^)-nj( P ^) 



all vanish identically, as long as k is smaller than s — 1 . But now, we have seen above 
that the equations (3): 

n v (p lJ )-n j {p iv ) = o 
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are a consequence of W\ = 0, . . . , W q = 0. Consequently, for the systems of values 

x, z, p( l \ ■ . . , p^ -1 ) of the system of equations W\ = 0, . . . , W q = 0, there exist 
relations of the form: 

Q v {Q j (f))-Q j (Q v (f)) = Y, (O vj ,(x,z,p^\...J s - l) )-Q,f (v,j=i-»), 

T=l 

where the functions cOyj-r are all equal to zero and behave regularly for the systems 
of values of W\ = 0, . . . , W q = 0. 

In addition, it is still to be underlined that amongst the n x n determinants of the 
matrix: 

io... 0p ^... p ^ i p n ...p £s _ ll 

! 

OH... 1 n (0) . . . n ( ' 5 ~ 2) P, ... P 

one has the value 1 , and thus cannot be brought to zero for any of the sought systems 
of equations. 

From this, we see that we have in front of us the special case whose handling 
was given by Theorem 19 in Chap. [7J p. 11421 With the help of this theorem, we 
can actually set up all systems of equations which admit Q\f,..., Q n f and which 
embrace the equations W\ = 0, . . . , W q = 0. There is no difficulty to identify such 
systems of equations which can be given the form (4). 

From one system of equations which admits the infinitesimal transformations 
Qif,..., Q n f, one can never derive a relation between the variables x\ , . . . ,x n . This 
follows from the mentioned theorem and also can easily be seen directly. As a result, 
it is possible to solve the equations W\ = 0, . . . , W q = with respect to q, amongst 
Co + £i H h £y-i, of the quantities z, p^\ . . . , p^ s ~ l \ When we do that, we re- 
ceive q of the Y,£k variables z, p^\ . . . , p( s ~^> expressed by means of the ^e^- — q 
remaining ones and by means of x\ , . . . , x n . 

Thanks to these preparations, we can form the reduced infinitesimal transforma- 
tions about which it is question in the mentioned theorem. We obtain them when 
we leave out all differential quotients of / with respect to the q considered variables 
amongst z, p^\ . . . , p( s ~^ and afterwards, by substituting, in the remaining terms, 
each one of the q variables with its expression by means of the Y. £ k~ q left ones 
and the x. 

The so obtained n reduced infinitesimal transformations, which we can denote 
by Q if, . . . , Q n f, contain n — q + £ £^ independent variables and stand in addition 
pairwise in the relationships: 

n v (nj(f)) -Qj(Q v (f))=0 (v,y=i...«), 

according to the mentioned theorem. 

Consequently, the n mutually independent equations £2 if = 0, . . . , fl n f = form 
an rc-term complete system with the £ — q independent solutions: u\, U2, ■ ■ ■ , 
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u-£e k ~q- If these solutions are determined, then one can indicate all systems of equa- 
tions which admit the infinitesimal transformations Q\f,..., Q n f and which em- 
brace the equations W\ = 0, . . . , W q = 0. The general form of a system of this kind 
is: W\ = 0, . . . , W q = together with arbitrary relations between the £ £& — q solu- 
tions u. 

However now, the matter is not about all systems of equations of this kind, but 
only about those which can be brought to the form (4). Every system of equations 
of this constitution contains exactly £ equations, hence can be given the form: 

(5) Wi = 0, W q = 0, ui-ai, u^ k - q = aj:e k -q, 

where the a denotes constants. But every system of the form just indicated can be 
solved with respect to the £ £/t variables z, p^\ . . . , p^ s ~ l \ since it admits the in- 
finitesimal transformations Qif, . . . , £2 n f- If we perform the resolution in question, 
we then obtain a system of equations: 

z M =Z (l (xi,...,x m ai,a 2 ,...), p}^ = IIr\x h . . . ,x n , ai,a 2 ,...), 

( 5> ) '"PiZi =n « s -i( x l'---' x "' fl l> fl 2,--0 

(fi = l-m; i k = l-e k ) 

which satisfies all the stated requirements: it admits the infinitesimal transforma- 
tions Q.\f, . . . , O n f, it embraces the equations W\ = 0, . . . , W q = 0, and it possesses 
the form (4). At present, when we consider the E £ /t ~ q constants a as arbitrary 
constants, we therefore obviously have the most general system of equations of the 
demanded constitution. 

From this, it follows that according to what has been said, the equations: 

(6) z M =Z M (xi,...,x n ,ai,fl2,---) (n=i-m) 

represent a system of solutions for the differential equations (1) and in fact, the 
most general system of solutions. We now claim that in this system of solutions, the 
Y< £ k — <1 arbitrary constants a are all essential. 

To prove our claim, we remember that the equations (5') can be obtained from 
the equations = by differentiation with respect to x\, . . . ,x n , provided that the 
p(^\ p( 2 \ ... are again interpreted as differential quotients of the z with respect to 
the x. Now, if the £ £^ — q parameters a in the equations (6) were not essential, then 
the number of parameters could be lowered by introducing appropriate functions of 
them. But with this, according to what precedes, the number of parameters in the 
equations (5') would at the same time be lowered, and this is impossible, since the 
equations (5') can be brought to the form (5), from which it follows immediately 
that the parameters a in (5') are all essential. This is a contradiction, so the assump- 
tion made a short while ago is false and the parameters a in the equations (6) are all 
essential. 

We can hence state the following proposition. 
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Proposition 1. If a system of partial differential equations of order s of the form: 
„ / dzi d 2 zi d s z m \ 

F a \Xi,...,X n , Zl,...,Z m , "^p "^T j =0 (ff=l,2,-) 

possesses the property that all differential quotients of order s of the z with respect 
to the x can be expressed by means of the differential quotients of lower order, by 
means of zi,- ■ ■ ,z m and by means of x\ 1 . . .,x n , while the corresponding property 
does not hold in any case for the differential quotients of order (s — 1), and if in 
addition, by differentiating it once with respect to the x, the system produces only 
relations between x\ , . . . ,x n , z\ , ■ . . , Z n and the differential quotients of the first order 
up to the (s —\)-th which follow from the system itself, then the most general system 
of solutions: 

Zfi = <Pn(xi,...,X„) (/i = l-m) 

of the concerned system of differential equations contains only a finite number of 
arbitrary constants. The number of these arbitrary constants is equal to Co + £1 + 

h e s - 1 — q, where £k denotes the number of differential quotients of order k of 

zi,...,Z m with respect to x\, . . . , x n and where q is the number of independent rela- 
tions which the system in question yields between x\ , . . . ,x m z\ , • • • , z n and the differ- 
ential quotients up to order (s — 1). One finds the most general system of solutions 

Zfi = <Pn itself by integrating an n-term complete system in n — q + £q H h £,_] 

independent variables. 

For the proof of the above proposition, we imagined the equations W\ =0, . . . , 
W q = solved with respect to q of the quantities z, . . . , p^ -1 '. In principle, it 
is completely indifferent with respect to which amongst these quantities the equa- 
tions are solved; but now, since the equations W\ = 0, . . . , W q = are differential 
equations and since the p^\ p( 2 \ . . . denote differential quotients, it is advisable to 
undertake the concerned resolution in a specific way, which we want to now explain. 

At first, we eliminate all differential quotients p^\ p^ 2 \ p^ -1 ) from the 
equations W\ = 0, . . . , W q = 0; then we obtain, say, Vo independent equations be- 
tween the x and z alone, and so we can represent Vo of the z as functions of the 
£ o — v o = m ~ v o remaining ones, and of the x. 

We insert the expressions for these Vo quantities z in the equations W\ = 0, . . . , 
W q = 0, which now reduce to q — Vq mutually independent equations. Afterwards, 
from these q — Vq equations, we remove all the differential quotients p^> , . . . , p^ s ~ ^ 
and we obtain, say Vi mutually independent equations by means of which we can 
express Vi of the quantities p^ 1 ' in terms of the £\ — V\ remaining ones, in terms of 
the Co — Vo of the z and in terms of xi, . . . ,x„. 

If we continue in the described way, then at the end, the system of equations 
W\ — 0, . . . , W q = will be resolved, and to be precise, it will be resolved with 
respect to Vk amongst the differential quotients p^ k \ where it is understood that k 
is any of the numbers 0, 1 , 2, . . . , s — 1 . Here, the concerned v^ amongst the are 
each time expressed in terms of the — Vk remaining ones, in terms of certain of 
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the differential quotients: p( k ~ l \ . . . , p^\ pW, and in terms of the x. Naturally, the 

sum Vo + Vi H h Vj-i has the value g. Lastly, it can be shown that Vk is always 

smaller than Indeed at first, V$_i is certainly smaller than £. v -i, because we have 
assumed that in our system of differential equations, not all differential quotients of 
order (s — 1) can be expressed in terms of those of lower order, and in terms of the 
x. But if any other numbers V# would be equal to we would have: 

pf^Fi&z,/ 1 ^,...,^) 0=1,2...*); 

now, since the system of equations W\ = 0, . . . , W q = admits the infinitesimal 
transformations flif, Q n f, then all systems of equations: 

p [ §=Q v {Fi) (,= l-e k ;v = l-n) 

would be consequences of W\ = 0, . . . , W q = 0, so one would also have v#+i = ££+i 
and in the same way = £k+2, • • • > Ys-l = £s-l> and this is impossible according 
to what has been said. 

Once we have resolved the equations W\ = 0, . . . , W q = 0, then with this at the 
same time, the system of differential equations (1) is resolved in a completely de- 
termined way, namely with respect to v& of the differential quotients of order k, 
where it is understood that k is any of the numbers 0, 1, 2, . . . , s. At each time, the 
Vyt differential quotients of order k are expressed in terms of the £& — remaining 
ones of order k, in terms of those of lower order, and in terms of the x. 

If one knows all the numbers £^ and V^, then one can immediately indicate the 
number of arbitrary constants in the most general system of solutions of the dif- 
ferential equations (1). Indeed, according to the above proposition, this number is 
equal to: 

£0 + £i + • • • + £,-i - q = (£o - V ) + (£i - Vi) + • • • + (e a _i - V a _i). 

§ 48. 

Conversely, consider a system of equations of the form: 

= Z^(xi, . . . ,x n , ct-i, . . . ,a r ) 

(jU = l-m), 

in which x\ , . . . ,x n are interpreted as independent variables, and ai,...,a r as arbi- 
trary parameters. The r parameters a\,...,a r whose number is finite can be assumed 
to be all essential. 

We will prove that there is a system of partial differential equations which is free 
of ai, . . . , a r whose most general solution is represented by the equations (7). 

By differentiating the equations (7) with respect to x\, . . . ,x n , we obtain the ones 
after the others equations of the form: 
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(71) pi' =Zf\x h ...,x n ,a h ...,a r ) (i=i-e0 

(2) (2) 

(7 2 ) p\ = Z> '(x\,...,x n ,ai,...,a r ) (»=i •••«&), 
and so on. 

Now, by means of the equations (7), a certain number, say Vo, of the a can be 
expressed in terms of the r — /io remaining ones, and in terms of the x and the z. 
By taking together the equations (7) and (7i), we can express /io + /ii of the a in 
terms of the r — flQ — jl\ remaining ones, in terms of the the z and the x. In 
general, if we take the equations (7), (1 \), . . . , (7^) together, we can then express 

/lo + /ii H h /ife of the quantities a in terms of the r — /io jU& remaining 

ones and in terms of the pW, p^ k ~ l \ p^\ z, x. Here, Hq, fl\, . . . are entirely 
determined positive entire numbers. 

Naturally, the sum /io + /ii H h jU^ is at most equal to r; furthermore, the num- 
ber /io is in any case different from zero, because we can assume that r is bigger than 
zero. Consequently, there must exist a finite entire number s ^ 1 having the property 
that /io, /ii, . . . , /l.v-1 are all different from zero, but the number [i s vanishes. Then 
if the said quantities amongst ai,. .. ,a r are determined from the equations (7), (7i), 
. . . , (7 s -\) and if their values are inserted in the equations (7 S ), then one obtains 
only equations which are free of a\, . . . , a r \ because on the contrary case, one could 

determine more than /io H V \i> s -\ °f me quantities a from the equations (7), (7i), 

. . . , (l s ), so one would have jl s > 0, which is not the case according to the above. 

As a result, by eliminating a\,...,a r from the equations (7), (70, . . . , (7 S ), we 
obtain the following equations: 

Firstly, e s equations which express all the e s differential quotients in terms 
of the p^ s ~ l \ . . . , p^\ z, x, and: 

Secondly: yet £o — /io + £\ — /ii H 1- £ s -i — mutually independent equa- 
tions between thex, z, p^\ . . . , p^ -1 \ 

It is easy to see that the so obtained system of differential equations of order s 
possesses all properties which were ascribed in Proposition 1, p. 11901 to the differ- 
ential equations F a (x,z, |^ , . . . ) . 

Indeed, all £y differential quotients of order s are functions of the differential 
quotients of lower order, and of the x; however, the corresponding property does 
not hold true for the differential quotients of order (s — 1), because the number /i v _i 
discussed above is indeed different from zero. Lastly, by differentiation with respect 
to the x and by combination of the obtained equations, it results only relations be- 
tween the x, z, p^\ ■ ■ ■ , p( s ~^ which follow from the above-mentioned relations. 
Indeed, the equations (7), (7i), . . . , (l s -i) and the ones which follow from them 
are the only finite relations through which the quantities a\, . . . ,a r , x, z, p^ l \ ■ ■ ■ , 
p( s ~ l ) are linked; hence when we eliminate the a, we obtain the only finite relations 

which exist between the x, z, p^\ ■ ■ ., p^ s_1 \ namely the £q — /1q-\ \-£ s -i — Ms-i 

relations mentioned above. 
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The Proposition 1 p. 1 1901 can therefore easily be applied to our system of differ- 
ential equations of order s. The numbers defined at that time are equal to — 
and the number q has hence in the present case the value: 

£o — Mo H \-e s -\— Ms-i , 

and therefore the most general system of solutions of our differential equations con- 
tains precisely /io + H h /i^-i arbitrary constants. Now, since on the other hand 

the equations (7) also represent a system of solutions for our differential equations, 
and a system with the r essential parameters a\, . . . ,a r as arbitrary constants, it fol- 
lows that the number /io H h , which is at most equal to r, must precisely be 

equal to r. In other words: the equations (7) represent the most general system of 
solutions of our differential equations. 
As a result, we have the 

Proposition 2.Ifzi,---,Z m are given functions of the variables xi,...,x n and of a 
finite number of parameters a\, . . . , a r : 

z^i = Zn(x\, . . . ,x n , a\, . . . ,a r ) (n=i-m), 

then there always exists an integrable system of partial differential equations which 
determines the z as functions of the x, and whose most general solutions are repre- 
sented by the equations z^ = Z^(jc, a). 

If we relate this proposition with the Proposition 1 p. 11901 we immediately obtain 
the 

Proposition 3. If an integrable system of partial differential equations: 

«r ( ^1 ^1 "\ n 

F a \xi,...,X„,Zl,...,Z m , -^p ■■■J =0 ((7=1,2-) 

is constituted in such a way that its most general solutions depend only on a finite 
number of arbitrary constants, then by means of differentiation and of elimination, 
it can always be brought to a form which possesses the following two properties: 
firstly, all differential quotients of a certain order, say s, can be expressed in terms of 
those of lower order, and in terms ofzi, ■■■,Z m , x\,...,x n , whereas the correspond- 
ing property does not, in any case, hold true for all differential quotients of order 
(s — 1). Secondly, by differentiating once with respect to the x, it only comes rela- 
tions between the x, z and the differential quotients of orders 1 up to (s — 1) which 
follow from the already extant equations. 

Besides, the developments of the present § provide a simple method to answer 
the question of how many parameters a\ , . . . , a r are essential amongst the ones of a 
given system of equations: 



Zji — Zjx (x\ , . . . ,x n , a\ , . . . , a r ) 



(jU = l —m). 
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Indeed, in order to be able to answer this question, we only need to compute the 

entire numbers /io, Mi, • • • , Ms-i defined above; the sum /lo + /it H h /i 5 -i then 

identifies the number of essential parameters amongst a\,...,a r , because the equa- 
tions Zfi = (x, a) represent the most general solutions of a system of differential 
equations the most general solutions of which, according to the above develop- 
ments, contain precisely /1q H h H s -i essential parameters. 



Chapter 11 

The Defining Equations 

for the Infinitesimal Transformations of a Group 



In Chap. HI we have reduced the finding of all r-term groups to the determination 
of all systems of r independent infinitesimal transformations X\f, ...,X r f which 
satisfy relations of the form: 

r 

XjXkf — XkXjf = [Xi,Xk] = ^ CiksX s f, 

s=l 

with certain constants c^. Only later will we find means of treating this reduced 
problem; temporarily, we must restrict ourselves to admitting systems X\f, . . . ,X r f 
of the concerned nature and to study their properties. 

In the present chapter we begin with an application of the developments of the 
preceding chapter; from this chapter, we conclude that the general infinitesimal 
transformation: 

eiXl f+... + e r X r f 

of a given r-term group X\f, ... : X r f can be defined by means of certain linear 
partial differential equations, which we call the defining equations of the group. 
From that, further conclusions will then be drawrfl. 

§ 49. 

Consider r infinitesimal transformations: 

Xkf= ^ki{x\,...,X n )— (k=l-r) 

which generate an r-term group. Then the general infinitesimal transformation of 
this group has the form: 

i=\ ux i i=\ k=\ UJi i 



t LIE, Archiv for Mathematik og Naturvidenskab Vol. 3, Christiania 1878 and Vol. 8, 1883; Gesellschaft der Wis- 
senschaften zu Christiania 1883, No. 12. 
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where the e k denote arbitrary constants. For the it comes from this the expres- 
sions: 

r 

(1) (/=l-n), 

in which the ^fa-(jc) are given functions of #i, . . . ,x n . 

Now, according to Proposition 2 of the preceding chapter, the expressions 
£l, . . . , £h just written are the most general system of solutions of a certain system 
of partial differential equations which is free of the arbitrary constants e\,...,e r . 
In order to set up this system, we proceed as in the introduction to § 48; we 
differentiate the equations (1) with respect to every variable x\,...,x n , next we 
differentiate in the same way the obtained equations with respect to x\ , . . . , x n , and 
so on. Then when we have computed all differential quotients of the t, up to a 
certain order (considered in more details in § 48), we take away from the found 
equations the arbitrary constants e\, . . . , e r and we receive in this way the desired 
system of differential equations, the most general solutions of which are just the 
expressions £i , . . . , 

We can always arrange that all equations of the discussed system in the ^, and in 
their differential quotients are linear homogeneous; indeed, from any two systems 
of solutions: 

£fcv, hjv (v = i ■■■«), 

one can always derive another system of solutions e^kv + e j^jv of the concerned 
differential equations with two arbitrary constants and ej. 

The system of the differential equations which define £1, . . . therefore has the 
form: 

n l-n fi£ v 

y, Ajiy(xi , . . . ,x n ) <fjv + ^ B[i V x(xi , . . . ,x n ) — I = 0, 

V=l V, 71 ^ 

where the A, B, . . . , are free of the arbitrary constants e\ , . . . , e r . 

We briefly [kurtzweg] call these differential equations the defining equations of 
the group, since they completely define the totality of all infinitesimal transforma- 
tions of this group and therefore, they define the group itself. 

What has been said can be illustrated precisely at this place by means of a couple 
of examples. 

In the general infinitesimal transformation: 

dx\ dx2 

of the six-term linear group: 

x[ = a\x\ +a2X2 +«3 
x' 2 = a^x\ J ca$X2-\-a( ) , 
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£i and bp_ have the form: 

%\ = 61+62*1+63*2, & = e 4 + e 5 xi+e 6 x 2 . 
From this, it comes that the defining equations of the group are the following: 

-**L = o, **=o, 

dx\ ' dx\dx2 dx\ 
d 2 ti n d 2 t 2 n d 2 t 2 n 

o, - r =o, -^r = o. 



dx\ ' dx\dx 2 dx 
The known eight-term group: 



, a\x\ + a 2 x 2 + «3 / a4*i+as*2 + a6 

*1 = T~ i *2 = T - 

a7*i+as*2 + l «v jci +agx 2 + 1 

of all projective transformations of the plane serves as a second example. Its general 
infinitesimal transformation: 

£l = 61+62*1+^3*2+67*1+^8*1*2 

<^2 = 64 + 65*1 +e6*i +67*1*2 + ^8*2 

will be defined by means of relations between the differential quotients of second 
order of the £ , namely by means of: 

2L — 2 — = 0, — — 2 — =0, — = 0, — = 0. 

dx 2 dx\dx 2 dx\ dx\dx 2 dx\ dx 2 

By renewed differentiation, one finds that all third-order differential quotients of £1 
and of £2 vanish. 

§ 50. 

Conversely, when does a system of linear homogeneous differential equations: 

£ A M v(*)^ v + £ B^ V7t (x)^ + --- = (m=1,2~) 
v=l v, % dx x 

define the general infinitesimal transformation of a finite continuous group? 

Naturally, the first condition is that the most general solutions £1, . . . of the 
system depend only on a finite number of arbitrary constants. Let this condition 
be fulfilled. Then according to Proposition 3, p. |193l of the preceding chapter, it is 
always possible, by differentiation and elimination, to bring the system to a cer- 
tain specific form in which all differential quotients of the highest, say the 5-th, 
order can be expressed in terms of those of lower order, and in terms of x\ , . . . ,*„, 
whereas the corresponding property does not, in any case, hold true for all differ- 



198 



1 1 The Defining Equations of a Group 



ential quotients of order (s — 1); in addition, differentiating yet once with respect 
to the x produces no new relation between x\ , . . . ,x n , £>\ , . . . , £,„ and the differential 
quotients of first order up to the (s — l)-th. We assume that the system has received 
this form and we imagine that it has been solved in the way indicated on p. 11901 
then for k = 0, 1 , . . . , s, we obtain at each time that a certain number of differential 
quotients, say amongst the of the fc-th order differential quotients of the £ , are 
represented as linear homogeneous functions of the remaining differential quotients 
of k-th order, and of certain differential quotients of (k— l)-th, . . . , first, zeroth or- 
der, with coefficients which depend only upon x\ , . . . ,x n , where v s = £ s , but else, v& 
is always smaller than 

As was shown in the preceding chapter, p. 11911 under the assumptions made, the 
most general system of solutions <§i , . . . , of our differential equations comprises 
precisely: 

(GO - V ) + (£i - Vi) + ■ ■ • + (£,_! -V s -i)=r 

arbitrary constants; this most general system of solutions can be deduced from r 
particular systems of solutions <^t,, . . . , with the help of r constants of integration 
as follows: 

r 

= J! e k%M (i=l-n), 
k=\ 

and here, the particular systems of solutions in question must only be such that the 
r expressions: 

represent as many independent infinitesimal transformations. 

Now according to Theorem 24 p. 11691 for %\ J^- H \-£ n to be the general 

infinitesimal transformation of an r-term group, a certain condition is necessary and 
sufficient, namely: when . . . , £>kn an d • • • , %jn are two particular systems of 
solutions, then the expression: 

must always represent a system of solutions. As a result, we have the 

Theorem 28. If . . . , % n , as functions of x\ ,.. . determined by certain lin- 

ear and homogeneous partial differential equations: 

n l-n fit 

£ A^ V (X)^ V + £ 5 Mv ^(x)^ + ---=0 (M=l,2-), 

v=l v,n 

then the expression £>\ H \-^ n -^- represents the general infinitesimal transfor- 
mation of a finite continuous group if and only if : firstly the most general system of 
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solutions of these differential equations depends only on a finite number of arbitrary 
constants, and secondly from any two particular systems of solutions %\\ , . . . , E,kn 
and , . . . , %j n , by the formation of the expression: 

one always obtains a new system of solutions. 

If £1 ^ H h really is the general infinitesimal transformation of a finite 

group, then naturally, the above differential equations are the defining equations of 
this group. 

If the defining equations of a finite group are given, the numbers Vo, Vi, . . . , V,_i 
discussed earlier on can be determined by differentiation and by elimination; the 
number: 

r = (£b - v ) + (£1 - Vi) + ■ • ■ + (e,_i - v a _i) 

indicates how many parameters the group contains. 
In the first one of the two former examples, one has: 

5 = 2, Vo = 0, v, = 0, e = 2, £, = 4, 

and therefore r = 6. In the second example, one has: 

5 = 3, v = 0, vi = 0, v 2 = 4, £ = 2, d =4, e 2 = 6, 

whence r = 8. 

§ 51. 

Now, let again: 

be independent infinitesimal transformations of an r-term group. We imagine that 
the defining equations of this group are set up and are brought to the form discussed 
above, hence resolved with respect to v^ of the differential quotients of order k of 
the t, (k = 0,l,...,s); here, as said earlier on, v^ is always < % except in the case 
k = s, in which v s = £ s . 

The coefficients in the resolved defining equations are visibly rational functions 
of the t, together with their differential quotients of first order, up to th 5-th. Now, 
since as a matter of principle (cf. p. 11831) . we restrict ourselves to systems of val- 
ues x\ , . . . , x n for which all behave regularly, then the meant coefficient will in 
general behave regularly too for the systems of values xi, . . . ,x n coming into con- 
sideration, but obviously only in general: there can well exist points xi,...,x n in 
which all §y indeed behave regularly, but in which not all coefficients of the solved 
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defining equations do so. In what follows, one must everywhere pay heed to this 
distinction between the different points xi,...,x n . 

Let jcj, . . . ,x„ be a point for which all coefficients in the solved defining equa- 
tions behave regularly; then £[,...,<?;„ are, in a certain neighbourhood of x®, . . . ,x„, 
ordinary power series with respect to the xi — x®: 

n l-n 

6 = £° + E s'iv (*v -4) + L (*v -4) (** -4) + • • • , 

v=l v, 7T 

where, always, the terms of the same order are thought to be combined together. 
Here, the coefficients g°, g', ... must be determined in such a way that the given 
differential equations are identically satisfied after insertion of the power series ex- 
pansions for . . . , £, n . 

If we now remember that our group is r-term, then we immediately realize that on 
the whole, r of the coefficients g°, g', . . . remain undetermined, hence that certain 
amongst the initial values which the ^ and its differential quotients take for x\ = x®, 
. . . , x n = x®, can be chosen arbitrarily. Now, since our differential equations show 
that all differential quotients of order s and of higher order can be expressed in terms 
of the differential quotients of orders zero up to (s — 1), and in terms of x\, . . . ,x n , it 
follows that exactly r amongst the initial values g°, g', g", . . . , g^ -1 ' can be chose 

arbitrarily, or, what amounts to the same: the £o + £\ H h £ s -i mentioned initial 

values must be linked together by certain £ ££ — r independent relations. At present, 
we want to set up these relations. 

Or system of differential equations produces all relations which exist, at an arbi- 
trary x, between the ^ and its differential quotients of first order up to the (s — l)-th. 
Hence, when we make the substitution x\ = x® in our differential equations, we ob- 
tain certain relationships by which the initial values g°, g', . . . , g( s ~ 1 ^ are linked 
together. In this manner, it results Vo linear homogeneous relations between the g° 
alone, furthermore Vt relations between the g' and certain g°, and in general re- 
lations between the and certain g( k ~ l \ g', g°. The relations in question are 
resolved, and to be precise, they are resolved with respect to Vo of the g°, with re- 
spect to Vi of the g', and so on, and in total, there are £ v& = £ £& — r independent 
relations. Now, since according to what has been said, there do not exist more than 
£ £k — r independent relations between g°, g', . . . , g^ s_1 \ we therefore have found 
all relations by means of which these £ £^ initial values are linked together; at the 

same time, we obtain Vo H h v s -i of the quantities g , . . . ,g' v_1 represented as 

linear homogeneous functions of the £( £ /t ~ v Ar) = r remaining ones, which stay 
entirely arbitrary. 

We use the preceding observations in order to draw conclusions from them about 
the constitution of the particular system of solutions to our differential equations. 

At first, it can be shown that there does not exist a particular system of solutions 
£l , . . . , £ n whose power series expansion with respect to the Xj —x® begins with terms 
of order s or yet higher order. Indeed, in the power series expansion of such a system 
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of solutions, the coefficients g°, g', . . ., g( s ~ 1 ' would all be equal to zero, so all g( s \ 
g( s+l \ . . . would also vanish and the system of solutions would therefore reduce to: 
%\ = 0, . . . , ^ n = 0. This system of solutions certainly satisfies the given differential 
equations, but alone it does not deliver us any infinitesimal transformation of our 
group, and is therefore useless. 

But for that, there is a certain number of particular systems of solutions <fji , . . . , £ n 
whose power series expansions begin with terms of order lower than the 5-th, let 
us say with terms of k-th order. The coefficients g°, g', . . . , g^ _1 ) can then all be 
chosen equal to zero; so the existing relations between these are all satisfied, and it 
yet remains only v& relations between the gW, v^+i relations between the g^ +1 ) and 
certain g^ k \ . . . , and lastly, v^-i relations between the g^ -1 ) and certain g^ s ~ 2 \ . . . , 

g W . As a result, there are in sum still (e^ — H h (£ s - 1 — v s - i ) of the constants 

g( k \ . . . , g^ -1 ) which can be chosen arbitrarily, and when one disposes of these 
constants in such a way that not all the quantities g^ vanish, then one always 
obtains a particular system of solutions £i , . . . , % n whose power series expansions 
with respect to the x,- — contain terms of the k-th order, but no terms of lower 
order. 

If £i, . . . , £ n is a particular system of solutions of our differential equations, then 
the infinitesimal transformation: 

Si t 1 h S» 

OX\ ox n 

belongs to our group. From what has been said above, it results that this group 
always contains infinitesimal transformations whose power series expansion with 
respect to the x,- — xf begins with terms of order k, only as soon as k is one of the 
numbers 0, 1, 2, . . . , s — 1. By contrast, there are no infinitesimal transformations in 
the group whose power series expansions begin with terms of order s or of higher 
order. Naturally, all of this is proved only under the assumption that the coefficients 
of the resolved differential equations behave regularly in the point Xj, . . . ,x®. 

In order to meet, at least up some extent, the requirements for conciseness of the 
expression, we want henceforth to say: an infinitesimal transformation is of the k-th 
order in the x\ —x® when its power series expansion with respect to the — x® begins 
with terms of order k. Then we can enunciate the preceding result as follows: 

If jcj , . . . , x° is a point for which the coefficients in the resolved defining equations 
of the group X\f,... ,X r f behave regularly, then the group contains certain infinites- 
imal transformations of zeroth order in the x ; —x(, certain of the first order, and in 
general, certain of the k-th order, where k means one arbitrary number amongst 0, 
1 , . . . , s — 1 ; by contrast, the group contains no infinitesimal transformation of order 
s or of higher order in the x; — xj\ 

It is clear that two infinitesimal transformations of different orders in the x,- — x? 
are always independent of each other. Actually, for the examination whether several 
given infinitesimal transformations are independent of each other or not, the consid- 
eration of the terms of lowest order in their power series expansions already settles 
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the question many times; indeed, if the terms of lowest order, taken for themselves, 
determine independent infinitesimal transformations, then the given infinitesimal 
transformations are also independent of each other. 

The general expression of an infinitesimal transformation which belongs to our 
group and which is of order k with respect to the Xi — x® contains, as we know, (e^ — 

Vjt) H h (e. s _i — v s _i) = pk arbitrary and essential constants, namely the e k — Vk 

which can be chosen arbitrarily amongst the gW, the e^+i — Vk+i arbitrary amongst 
the g( k+1 \ and so on; however here, the arbitrariness of these £^ — quantities gW 
is restricted inasmuch as not all g^ are allowed to vanish simultaneously. From 
this, it follows that pk independent infinitesimal transformations of our group can 
be exhibited which are of order k in the xi — x®; but it is easy to see that from 
these pi infinitesimal transformations, one can derive in total Pk+i independent ones 
which are of the (k+ l)-th order, or yet of higher order. The general expression 
of an infinitesimal transformation which is linearly deduced from these pk ones 
indeed contains exactly the same arbitrary constants as the general expression of an 
infinitesimal transformation of order k in the xi — x-, with the only difference that 
in the first expression, all the e k — Vk available g^ can be set equal to zero, which 
gives always an infinitesimal transformation of order (k+ 1) or of higher order. 
Consequently, amongst these pk infinitesimal transformations of order k, there are 
only pk+i — pk = £k — Vfc which are independent of each other and out of which no 
infinitesimal transformation of (k + 1 ) -th order or of higher order in the x\ — x® can 
be linearly deduced. 

We recapitulate the present result in the 

Theorem 29. To every r-term group X\f, . . . ,X r f in n variables x 
sociated a completely determined entire number s ^ 1 of such a nature that, in the 
neighbourhood of a point x® for which the coefficients of the resolved defining equa- 
tions behave regularly, the group contains certain infinitesimal transformations of 
zeroth, of first, ...,of(s—l)-th order in the Xi — xf, but none ofs-th or of higher or- 
der. In particular, one can always select r independent infinitesimal transformations 
of the group such that, for each one of the s values 0, 1, . . . , s — 1 of the number 
k, exactly £k — mutually independent infinitesimal transformations of order k in 
the Xi — x® are extant out of which no infinitesimal transformation of order [k + 1 ) 
or of higher order can be linearly deduced. At the same time, the number \>k can be 
determined from the defining equations for the general infinitesimal transformation 
%i J^- H ^^n'dx' °f ^ e § rou P> and from % which denotes the number of all dif- 
ferential quotients of order k of the . . . , % n with respect to x\ , . . . ,x n and is always 
larger than Vk- 

Example. Earlier on, we have already mentioned the equations: 

dx\ dx\dx2 dx\ dx\ dx\dx2 dx\ 
as the defining equations of the six-term linear group: 
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x\ = a\X\ +CI2X2 + 6(3, x' 2 = a^x\ +CI5X2 + «6- 

These defining equations are already presented under the resolved form; all the 
appearing coefficients are equal to zero, hence they behave regularly. Amongst the 
infinitesimal transformations of the group, we can select the following six mutually 
independent ones: 

d f df 1 Ox d f 1 On d f 1 On d f / Ox d f 

W w ( * 1_Xl W (x2 ~ X2 W (xi " Xl W (X2 " X2 W 

the first two of them are of zeroth order, and the last four are of first order in the 
Xi — x i . 

For the calculations with infinitesimal transformations, the expressions of the 
form: 

X(Y(f))-Y(X(f)) = [X,Y] 

play an important role. So if Xf and Yf are expanded in the neighbourhood of the 
point xf with respect to the power of the Xi — xf, the related question is how does 
the transformation [X, Y] behave in this point. 

Let the power series expansion of Xf begin with terms of order /!, let that of Yf 
begin with terms of order v, that is to say, let: 

*/=£«?'+•■■>£ . r/=£oir+-)j£, 

k=l oxk j=\ ox J 

where the £, ^ and the 77 ( v ) denote homogeneous functions of order fi and of order 
V, respectively, in the xi — xf, while the terms of higher order in the x\ — xf are left 
out. Under these assumptions, the power series expansion for [X, Y] is, if one only 
considers terms of the lowest order, the following: 



So the terms of lowest order in [X, Y] are of order jU + V — 1 and they stem solely 
and only from the terms of orders /1 and v in Xf and in Yf, respectively. 

Theorem 30. IfXf and Yf are two infinitesimal transformations whose power se- 
ries expansions with respect to the powers of x\ —x\,...,x n — xf begin with terms 
of orders /I and V, respectively, then the power series expansion of the infinitesi- 
mal transformation XYf — YXf = [X,Y] begins with terms of order ([l + V — 1) 
which are entirely determined by the terms of orders /1 and V in Xf and in Yf, 
respectively. If these terms of order (fi + v — 1) vanish, then about the power series 
expansion of [X, Y], it can only be said that it starts with terms of order (jU + v), or 
of higher order. 
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If the two numbers /i and v are larger than one, then the number jU + V — 1 is 
larger than both of them. This remark is often of great utility for the calculations 
with infinitesimal transformations of various orders. 

For the derivation of the Theorem 30, it is not at all assumed that the two in- 
finitesimal transformations Xf and Yf belong to a group; the only assumption is 
that both Xf and Yf can be expanded in powers of x# — x®. 

§ 52. 

Let the defining equations of an r-term group be given in the form discussed earlier 
on, hence resolved with respect to of the £& differential quotients of order k 
of %i,...,£ n . Moreover, let x® be a point in which the coefficients of the resolved 
defining equations behave regularly. 

Under these assumptions, we can expand the infinitesimal transformations of our 
group in ordinary power series of the xi — x9. We even know that our group con- 
tains a completely determined number of independent infinitesimal transformations, 
namely £o — Vo, which are of zeroth order in the x\ — x® and out of which no in- 
finitesimal transformation of first order or of higher order can be linearly deduced; 
moreover, the group contains a completely determined number of independent in- 
finitesimal transformations, namely £i — Vi, of first order in the Xi —xf out of which 
none of second order or of higher order can be linearly deduced, and so on. 

Shortly, our group associates to every point of the indicated nature a series of s 
entire numbers £o — Vo, £\ — Vi, . . . , £ 5 -\ — V s -\ and these entire numbers are the 
same for all points of this kind. 

Now, there can also be points Xj in special position, hence points in the neigh- 
bourhood of which the coefficients of the resolved defining equations do not behave 
regularly anymore, while by contrast, all infinitesimal transformations of the group 
can be expanded in ordinary power series in the Xj — X{. If x\ , . . . ,x n is a determined 
point of this sort, then naturally, there is in our group a completely determined 
number of infinitesimal transformations of zeroth order in the xi — xi out of which 
no infinitesimal transformation of higher order can be linearly deduced, and so on. 

Consequently, our group also associates to every point in special position a deter- 
mined, obviously finite series of entire numbers; frequently, to two different points 
in special position there will be associated two also different series of entire num- 
bers. 

An example will best make clear the matter. 

The defining equations of the two-term group J^-, x\ ^ read in the resolved 
form: 
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The coefficients appearing here behave regularly for all points x\,X2 located in 
the finite, except only for the points of the line X2 = 0. 

At first, let us consider a point x9, %2 with nonvanishing x2. We have s = 2, and 
moreover e = 2, £i = 4, Vo = 1, Vi = 3, hence to the point x^x® are associated 
the two numbers 1,1. All infinitesimal transformations of the group can be linearly 
deduced from the two: 




amongst which the first is of zeroth order in the Xj—x^, and the second of first order. 
Next, let us consider a point x\,X2 — 0. 

To such a point, the group associates the three numbers 1,0, 1, since amongst its 
infinitesimal transformations there are none of first order in the Xi — X(, but one of 
second order, hence of 5-th order, namely: x\ j^. — 

If x® , . . . , x\ is a point for which the coefficients of the resolved defining equations 
behave regularly, then according to Theorem 29, the group certainly contains in- 
finitesimal transformations of zeroth, of first, . . . , of (s — l)-th orders in the x\ — xf, 
but none of 5-th or of higher order. Now, our example discussed just now shows 
that for a point x ( - in which not all the coefficients in question behave regularly, 
no general statement of this kind holds anymore: the group can very well contain 
infinitesimal transformations of 5-th order in the X[ — xu and perhaps also some of 
higher order; on the other hand, it can occur that for one number k < s, the group 
actually contains no infinitesimal transformation of k-th order in the Xj — Ij. 

If x Q v . . . ,x„ denotes an arbitrary point in which all the t, behave regularly, then 
as already said, the infinitesimal transformations of our group can be classified ac- 
cording to their orders in the — xf. It is of great importance that this classification 
stays obtained when in place of the x, new variables y\,...,y„ are introduced. Of 
course, the concerned change of variables must, in the neighbourhood of the place 
Xj , . . . , x®, possess the following properties: yi,...,y n must firstly be ordinary power 
series in the x\— x-: 

n 

(2) yk = yi + Y i a ki (xi-^) + --- (*=i •••»); 
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and secondly, x\, . . . ,x n must also be representable as ordinary power series in the 
yk — y°k an d in f act > so that every xi for y\ = y\, . . . , y n = y„ must take the value x®. 
If the first one of these two requirements is satisfied, it is known that the second one 
is then always satisfied, when the determinant £ ±an • • -a nn is different from zero. 

Now, in order to prove that the discussed classification stays obtained after the 
transition to the variables yi, . . . ,y n , we need only to show that every infinitesimal 
transformation of /i-fh order in the xi —x® converts, by the introduction of the new 
variables y^ — y?, into an infinitesimal transformation of /i-th order in the y^ — y9. 
But this is not difficult. 

The general form of an infinitesimal transformation of the /i-th order in the x, — x® 

is: 

Pi 3 

here, ^\...,^,{^ denote entire rational functions^ which are homogeneous of 
order \x and do not all vanish; the terms of orders (jU + 1) and higher are left out. 
By the introduction of yi, . . . ,y n it comes: 

ti dy k 



here at first, the Xy^ are ordinary power series in the Xi — xj: 

Xy k =t"k j ^ ) + -- 

and they begin with terms of order /i. These terms of order /i do not all vanish, 
since otherwise one would have: 

X>^j M) =0 (*=!..•»), 
./=! 

which is impossible, because the determinant ±fln ■ • -a n n is different from zero, 
and because . . . , t,n^ do not all vanish. Now, if inXyi, . . . ,Xy n we express the 
xt in terms of the yu we obtains n ordinary power series in the yi — y®. These power 
series likewise begin with terms of order /i which do not all vanish. Indeed, one 
obtains the terms of order /i in question by substituting, in the n expressions: 

I>^j M) (*=l...n), 

the x for the y by means of the equations: 



1 GANZE RATIONALE FUNCTIONEN, that is to say, polynomials. 
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n 

yk=y k + Y, aki ( Xi ~ x ^ (k=i- n ); 

i=l 

but since the n shown expressions do not all vanish, then they also do not all vanish 
after introduction of the y. 

Consequently, the infinitesimal transformation Xf is transferred, by the introduc- 
tion of the y, to an infinitesimal transformation which is of order /i in the y ; — yf. 
But this was to be shown. 

As a result, we have the 

Proposition 1. If, in an infinitesimal transformation Xf which is of order /i in x\ — 
x\, . . ., x n — x% one introduces new variables: 

n l-n 

yk = yi + £ a ki(*i - *?) + aki J ( Xi ~ ( x i ~ x °j) + ' ' ' 

i=l i, j 

(k=l-n), 

where the determinant ±an • • -a n/2 w different from zero, then Xf converts into 
an infinitesimal transformation of order /! iny\ — y\, y n — y% 

From this, it immediately follows the somewhat more specific 

Proposition 2. If, in the neighbourhood of the point x®, . ..,x% an r-term group con- 
tains exactly independent infinitesimal transformations of order jU in the Xi — x® 
out of which none of higher order can be linearly deduced, and if new variables: 

n 

yk=y k + Y, a ki( x i- x( i) + --- (*=i •••»), 

i=l 

are introduced in this group, where the determinant £ ±an • • -a nn is different from 
zero, then in turn in the neighbourhood of the point y9, the new group which one 
finds in this way contains exactly independent infinitesimal transformations of 
order /i in the yk — y Q k out of which none of higher order can be linearly deduced. 

One therefore sees: the series of entire numbers which the initial group associates 
to the point jq,...,;c~ is identical to the series of entire numbers which the new 
groups associates to the point y°, . . . ,y^. 

§ 53. 

If one knows the defining equations of an r-term group and if one has resolved them 
in the way discussed earlier on, then as we have seen, one can immediately identify 
the numbers e k — Vk defined above. For every point x?, . . . ,jc„ in which the coeffi- 
cients of the resolved defining equations behave regularly, one therefore knows the 
number of all independent infinitesimal transformations of the group which are of 
order k in the x, — x® and which possess the property that out of them, no infinitesi- 
mal transformation of order (k+ 1) or of higher order can be linearly deduced. 



208 



1 1 The Defining Equations of a Group 



Naturally, one can compute the numbers in question also for the points x(, . . . ,jc„ 
in which the coefficients of the resolved defining equations do not behave regularly. 
For that, the knowledge of the defining equations already suffices, however it is 
incomparably more convenient when r arbitrary independent infinitesimal transfor- 
mations are already given, which is what we will assume in the sequel. Then one 
proceeds as follows. 

At first, one determines how many independent infinitesimal transformations of 
order k or higher in the Xi — x® the group contains. To this aim, one expands the 
general infinitesimal transformation: 

eiXl f + ... + e r X r f 

with respect to the powers of the Xj —x® and then in the n expressions: 

ei£ii + --- + e,£ri (i=l-n), 

one sets equal to zero all coefficients of zeroth, of first, . . ., of (k— l)-th order. In 
this way, one obtains a certain number of linear homogeneous equations between 
e\, . . . ,e r ; one then easily determines how many independent infinitesimal transfor- 
mations are extant amongst these equations by calculating certain determinants; if 
r — (Ok is the number of independent equations, then it follows that the group con- 
tains exactly ft^ independent infinitesimal transformations of order k or higher in the 
xi — x®. So obviously, Cty — fflfc+i is the number of independent infinitesimal trans- 
formations of order k out of which no infinitesimal transformation of higher order 
can be linearly deduced. 

It is hardly not necessary to make the observation that the operations just indi- 
cated remain applicable also to every point x® , . . . ,x„ for which the coefficients of 
the resolved defining equations behave regularly. 

Somewhat more precisely, we want to occupy ourselves with the infinitesimal 
transformations £ ejXjf of the group X\f, . . . ,X r f whose power series expansion 
in the x\ — x= contain only terms of the first and higher orders, but none of the zeroth. 
At first, we shall examine how many independent infinitesimal transformations of 
this nature there are and we shall show how one can set up them in a simple manner. 
Here, by x\,. .. ,x„, we understand a completely arbitrary, though determined, point. 

Evidently, such infinitesimal transformations are characterized by the fact that 
themselves, and as well the one-term groups generated by them, do leave at rest the 
point Xj = x® (cf. Chap. |7J p. 11441) . or, what amounts to the same, by the fact that 
they are the only ones amongst the infinitesimal transformations £ e jXjf which do 
not attach any direction to the point x; = x9. 

Analytically, the most general transformation £ e jXjf of the concerned consti- 
tution will be determined by the equations: 

gi^li(jc5,...,jcj) + --- + c r §„-(jc5,...,jcj) = (i=i-»). 
Now, if in the matrix: 



§ 53. 
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(3) 



$11 (*°) " " $m(*°) 



all (r+ 1) X (r+ 1) determinants vanish, but not all h x h ones, then h of the quan- 
tities e\ , . . . , e r can be represented as linear homogeneous functions of the r — h left 
ones, which remain completely arbitrary. As a result, we obtain the following simple 
but important result: 

Proposition 3. If all (h + 1) x (h + 1) determinants of the matrix: 

$11 (x) ■ ■ £ln(x) 
£rl(x) ■ ■ Zrn(x) 

vanish for x\ = x®, . . . , x n = x®, but not allhxh ones vanish, then the r-term group: 



X kf = 52 %ki(.Xl,... ,X n ] 



dxi 



(k=l-r) 



contains exactly r — h independent infinitesimal transformations which, when ex- 
panded in power series in x\ — x\, . . . , x n — x% contain no term of zeroth order — 
which, in other words, leave at rest the point x\, . . . ,x®. 

At the same time, it yet comes from what has been said the following 

Proposition 4. When all (h + 1) x (h-\- 1) determinants of the matrix: 

€rl(*) • • %rn(x) 

are set to zero, then the resulting equations determine the locus of all points 
x\,...,x n which admi^ at least r — h independent infinitesimal transformations of 
the group Xif,... ,X r f; amongst the found points, those which do not bring to zero 
all h x h determinants of the matrix admit exactly r — h independent infinitesimal 
transformations of the group. 

Earlier on (p. 11451 ), we have underlined that the infinitesimal transformations 
Xif,...,X r f associate to a determined point xi,...,x n precisely h independent 
directions when all (h+ 1) x (h+ 1) determinants of the matrix (3) vanish, while 
by contrast not all hx h determinants do. From this, we see that the found result 
can also be expressed as follows. 

Proposition 5. If an r-term group Xif,... ,X r f of the space x\, . . . ,x„ contains ex- 
actly r — h independent infinitesimal transformations which leave at rest a deter- 



2 



— in the sense the manifold constituted of such a point is left invariant, i.e. at rest — 
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mined point x®, . . . ,x®, then the infinitesimal transformations of the group associate 
to this point exactly h independent directions. 



At present, we continue one step further to really set up all infinitesimal transfor- 
mations £ SjXjf which leave at rest a determined point x^,...,x„. 

We want to suppose that in the matrix (3), all (h+l) x (h+l) determinants 
vanish, but not all h x h ones, and specifically, that in the smaller matrix: 

§tt(*°) • • Zhn(x°) 

not allhxh determinants are equal to zero. 

Under these assumptions, there are obviously no infinitesimal transformations of 

the form e\X\f -\ h e^X^f which leave at rest the point 

the r — h infinitesimal transformations: 



x®; by contrast, 



Xh+kf + ^klXif H h X kh X h f 



{k=\- 



■A) 



do leave it at rest, as soon as one chooses the constants A in an appropriate way, 
which visibly is possible only in one single way. Saying this, r — h independent 
infinitesimal transformations are found whose power series expansions contain no 
term of order zero; naturally, out of these r — h transformation, every other of the 
same constitution can be linearly deduced. From this, it follows that amongst the 
infinitesimal transformations of our group which are of zeroth order in the xi — x®, 
there are only h independent ones out of which no transformation of first order or 
of higher order can be linearly deduced; of course, X\f, . . . ,X r f are transformations 
of zeroth order of this nature; hence they attach to the point X®, .. .,x® exactly h 
independent directions. 

With these words, we have the 



Proposition 6. If the r infinitesimal transformations: 

' l df 
Xkf= £ §tf(*l» - ■•>*»») 

z=l 



dxi 



(k=l-r) 



of an r-term group of the space xi,...,x n are constituted in such a way that for x\ = 
jfj, . . . , x n = x„, all (h+l) x (h + l) determinants, but not all hx h determinants, 
of the matrix: 

£n(x) ■ ■ £,\ n (x) 

€rl(*) ■ • %rn(x) 

vanish, and especially, if not all hx h determinants of the matrix: 
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are zero for xt = x?, then firstly: all infinitesimal transformations: 

eiXl f+... + e h X h f 

are ofzeroth order in the xi—x® and they attach to the point x®, . . . ,jc„ exactly h in- 
dependent directions, and secondly: one can always choose h{r — h) constants 

only in one single way, so that in the r — h independent infinitesimal transfor- 
mations: 

Xh+kf + &klXlf-\ \-kkh Xfif (k=l-r-h) 

all terms ofzeroth order in the X\ —x® are missing; then out of these r — h infinites- 
imal transformations, one can linearly deduce all infinitesimal transformations of 
the group X\f,... ,X r f which are of the first order in the xt —x®, or of higher order. 

For the sequel, it is useful to state this proposition in a somewhat more specific 
way. 

We want to assume that all (q + 1) x (q + 1) determinants of the matrix: 



(4) 



£ln(*) 



vanish identically, but that this is not the case for all q x q determinants and spe- 
cially, that not all a x a determinants of the matrix: 



(5) 



^iW 



£ln(*) 



are identically zero. 

Under these assumptions, it is impossible to exhibit q not all vanishing functions 
Xi(x)i---iXq( x ) which make identically equal to zero the expression Xl(x)Xif + 

\~Xq( x ) X q f. By contrast, one can determine q(r — q) functions (pjk(x) so that the 

r — q equations: 



Xq+ jf = Vjl (Xl , . . . ,X n ) Xif H h (p jq (xi , 

U=\-r-q) 



,X n )Xqf 



are identically satisfied; indeed, every <p,-£ will be equal to a quotient whose nu- 
merator is a certain q x q determinant of the matrix (4) and whose denominator is 
a not identically vanishing q x q determinant of the matrix (5) (cf. the analogous 
developments in Chap. [7J p. 11321) . 
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Now, let x", ... , x n be a point in general position, or if said more precisely, a point 
for which not all q x q determinants of (5) vanish. Then the expressions (pjkipc ) are 
determined, finite constants, and at the same time, the r — q infinitesimal transfor- 
mations: 

X q +jf-<Pjl(.X )Xlf (Pjq(x°)X q f U=l-r- q ) 

belong to our group. These infinitesimal transformations are clearly independent of 
each other and in addition, they possess the property that their power series expan- 
sions with respect to the Xj — x® lack of all zeroth order terms. Hence according to 
Proposition 3, p. 12091 every infinitesimal transformation of our group whose power 
series expansion with respect to the x; — x® only contains terms of first order or of 
higher order must be linearly expressible by means of the r — q infinitesimal trans- 
formations just found. 

Thus, the following holds true. 

Proposition 7. If the first q of the infinitesimal transformations X\f,.. .,X r f of an 
r-term group are not linked by linear relations of the form: 

Xi (xi,...,x n )Xi/H V % q {x\, . . . ,x n )X q f = 0, 

while X q+ if, . . . ,X r f can be linearly expressed in terms ofX\f, . . . ,X q f: 

q 

X q+jf= L <Pik( x h---, x n)X k f {j=l-r-q), 
k=l 

then in the neighbourhood of every point x9,...,x„ in general position, the 
group contains exactly q independent infinitesimal transformations, for example 
X\f, . . .,X q f, which are of zeroth order and out of which no infinitesimal transfor- 
mation of first order or of higher order in the xi — x® can be linearly deduced. By 
contrast, in the neighbourhood ofx®, the group contains exactly r — q independent 
infinitesimal transformations, for instance: 

q 

X q+jf~ L <Pjk(4>---, x n) X kf (j = l-r-q), 

k=l 

which contain no terms of zeroth order in the x; — x?, hence which leave at rest the 
point Xj, . . . ,x|J. 

We have pointed out above more precisely what is to be understood, in this propo- 
sition, for a point in general position. 



Chapter 12 

Determination of All Subgroups of an r-term Group 



If all the transformations of a p-term group are contained in a group with more than 
p parameters, say with r parameters, then the p-term group is called a subgroup of 
the r-term group. 

The developments of Chap. |4] already gave us an example of subgroups of an 
r-term group; indeed, these developments showed that every r-term group contains 
oo' _1 one-term subgroups. In the present chapter, we will at first develop a few 
specific methods which enable one to find all subgroups of a given group. Then 
we submit us to the question of how one should proceed in order to determine all 
subgroups of a given group. About it, we obtain the important result that the deter- 
mination of all continuous subgroups of an r-term group can always be achieved by 
resolution of algebraic equations. 

§ 54. 

In the preceding chapter, we imagined the infinitesimal transformations of a given r- 
term group expanded with respect to the powers of the x, — x®, where it is understood 
that x® is a system of values for which all these transformations behave regularly. 

For the infinitesimal transformations of the group, there resulted in this way a 
classification which will now conduct us towards the existence of certain subgroups. 
However, the considerations of this paragraph find an application only to groups 
which in any case for certain points x®, contain not only infinitesimal transforma- 
tions of zeroth order, but also some of higher order in the xi — x®. In the neigh- 
bourhood of the point x\, . . . ,x Q n , let an r-term group of the space x\, . . . ,x n contain 
exactly (Ok independent infinitesimal transformations: 

Y\f, ■ ■ ■ , Y^f, 

whose power series expansions with respect to the x\ — x® start with terms of order 
k or of higher order. 

We want to suppose that k is ^ 1 . Then if we combine one with the other two 
infinitesimal transformations Yif and Yjf, we obtain (Theorem 30, p. 12031) an in- 
finitesimal transformation [Yi, Yj\ of order (2k— 1) or higher, hence at least of order 
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k. Consequently, [J 7 ,, Yj] must be linearly expressible in terms of the Yf: 

[Y h Yj}=Y,d ljV Y v f, 
v=l 

or, what is the same: the Y\f, . . .,Y ak f generate an (O^-term subgroup of the given 
group. Hence the following holds true. 

Proposition 1. If an r-term group of the space x\, . . . ,x n contains, in the neighbour- 
hood ofx®, . . . ,jc„, exactly oo^ independent infinitesimal transformations of order k 
or of higher order and ifk is is 1 here, then these (Ok infinitesimal transformations 
generate an COk-term subgroup of the group in question. 

If the point x\, . . . ,x„ is procured so that, for it the coefficients of the resolved 
defining equations of the group X\f,..., X r f behave regularly, then (d k has the value: 

(£/t-v A + "- + (£,-i-v,_i) 

(cf. Chap.[IHp.[2Q2l). 

The case k = 1 is particularly important, hence we want to yet dwell on it. 
If: 

X jf = £ ,---,Xn)-^- = 1 - r) 

(=1 dXi 

are independent infinitesimal transformations of the r-term group, then according 
to Chap. [HI p. 12091 sq., one finds the number 0)\ by examining the determinants of 
the matrix: 

§11 (*°) ■ ■ b n (x ) 

Moreover, we remember (cf. p. 12091 sq.) that all infinitesimal transformations of 
the group which contain only terms of first order or of higher order in the x\ — x® are 
characterized by the fact that they leave at rest the point x9, . . . ,x„. Hence if k = 1, 
we can also enunciate the above proposition as follows. 

Proposition 2. If, in a group of the space x\,...,x n , there are precisely CD\ 
independent infinitesimal transformations which leave invariant a determined 
point x Q v ... ,x% then these transformations generate an G)\-term subgroup of the 
concerned group. 

It is clear that in the variables xi, . . .,x n , there are no more than n infinitesimal 
transformations which are of zeroth order in the x ; - — x® and out of which no in- 
finitesimal transformation of first order or of higher order can be linearly deduced. 
From this, we conclude that every r-term group in n < r variables contains at least 
r — n independent infinitesimal transformations which are of the first order or of 
higher order in the xi — x^. We therefore have the 
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Proposition 3. Every r-term group in n < r variables contains subgroups with at 
least r — n parameters. 

From the Proposition 7 of the preceding chapter (p. 12121) . we finally obtain for 
the points . . . ,x® in general position yet the 

Proposition 4. If the infinitesimal transformations Xif,... ,X q f, . . . ,X r f of an r- 
term group in the space xi, . . . ,x n are constituted in such a manner thatX^f, . . . ,X q f 
are linked by no linear relation of the form: 

Xi (xi,...,x„)Xi/H \-x q (xi,...,x n )X q f = 0, 

while by contrast X q+ \f, . . .,X r f can be expressed linearly in terms ofX\f, . . . ,X q f: 

X q+ jf = <?j\ (*1 , • • • ,Xn) Xlf H 1" <Pjq (xi , • • • , X n )X q f 

U=l-r-q), 

and if in addition X®, . . . is a point in general position, then the r — q infinitesimal 
transformations: 

X <!+jf- E <PjH$,-",fiW U=l-r-q) 

are all of the first order, or of higher order, in the Xj—x® and they generate an (r — q)- 
term subgroup whose transformations are characterized by the fact that they leave 
invariant the point x\ , . . . , x% 

By a point in general position, as on p. I212[ we understand here, a point which 
does not bring to zero all q x q determinants of the matrix: 

• ■ £ln(*) 

§ 55. 

Here equally, we yet want to draw attention on a somewhat more general method 
which often conducts, in a very simple way, to the determination of certain sub- 
groups of a given group. This method is founded on the following 

Theorem 31. If the r-term group X\f,... ,X r f contains some infinitesimal transfor- 
mations for which a given system of equations: 

Q i (x 1 ,...,x n ) = = 1, 2-) 

remains invariant, and if every infinitesimal transformation of this nature can be 
linearly deduced from the m infinitesimal transformations: 
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Y k f= £ hyXyf 



(k=l-m), 



v=l 



then Y\f, . . . , Y m f generate an m-term subgroup of the group X\f, . . . ,X r f. 

The correctness of this theorem follows almost immediately from the Proposi- 
tion 5 in Chap. H p. 11301 Indeed, according to this proposition the system Qj = 
admits all infinitesimal transformations of the form [1^, Yj\. Since the [Y^, Yj\ also 
belong to the group X\f, . . .,X r f, then under the assumptions made, none of these 
infinitesimal transformations can be independent of Y\f, . . . , Y m f, hence on the con- 
trary, there must exist relations of the form: 



that is to say, the Y^f really generate a group. 

Clearly, we can also state the above theorem as follows. 

Proposition 5. If, amongst the infinitesimal transformations of an r-term group in 
the variables x\ , . . . , x n , there are precisely m independent transformations by which 
a certain manifold of the space x\,...,x n remains invariant, then these m infinitesi- 
mal transformations generate an m-term subgroup of the r-term group. 

The simplest case is the case where the invariant system of equations represents 
an invariant point, so that it has the form: 



The subgroup which corresponds to this system of equations is of course gener- 
ated by all infinitesimal transformations whose power series expansions with respect 
to the Xj — x® start with terms of first order, or of higher order. Thus, we arrive here 
at one of the subgroups that we have already found in the preceding §. 

As a second example, we consider a subgroup of the eight-term general projective 
group of the plane. The equation of a nondegenerate conic section admits exactly 
three independent infinitesimal projective transformations of the plane; hence these 
three infinitesimal transformations generate a three-term subgroup of the general 
projective group. 

Lastly, yet another example, got from the ten-term group of all conformal point 
transformations of the R3. In this group, there are exactly six independent infinitesi- 
mal transformations which leave invariant an arbitrarily chosen sphere. These trans- 
formations generate a six-term subgroup of the ten-term group. 

The Theorem 3 1 is only a special case of the following more general 

Theorem 32. If, in the variables x\ , . . . ,x n , an arbitrary group is given, finite or infinite, continuous 
or not continuous, then the totality of all transformations contained in it which leave invariant an 
arbitrary system of equations in x\ , . . . ,x n , also forms ci group. 



m 



[Yk,Y j }=Y,hjnY tl f, 
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The proof of this theorem is very simple. Any two infinitesimal transformations of the group 
which, when executed one after the other, leave invariant the system of equations give a transfor- 
mation which belongs again to the group and which at the same time leaves invariant the system of 
equations. As a result, the proof that the totality of transformations defined in the theorem effectively 
forms a group is produced. 

Instead of a system of equations, one can naturally consider also a system of differential equa- 
tions, and then the theorem would still remain also valid. 

Besides, if the given group is continuous, then the subgroup which is defined through the invariant 
system of equations can very well be discontinuous. 

§ 56. 

After we have so far got to know a few methods in order to discover individual sub- 
groups of a given group, we now turn to the more general problem of determining 
all continuous subgroups of a given r-term group X\f, . . . ,X r f. 
Some m arbitrary independent infinitesimal transformations: 

l/i/= L h W X pf (Ji = l-m) 

P=l 

of our group generate an m-term subgroup if and only if all: 

l-r 

[Yfi, Y v ] = h\±p hvo [Xp, X(j] 
p,a 

express by means only of Y\f, . . . , Y m f. If we insert here the values: 

r 

\Xp,X a ] = c paxX % f, 

T=l 

then it comes: 

l-r 

[Yfi: Yv] = ^ hiiphvoCpatX-zf, 
pax 

and it is demanded that these equations take the form: 

m r m 

[Y^ijYy] = ^ IjivitYnf = ^ 5^ ^ v xh7zrX T f. 

1t—\ T=l 7t=l 

For this to hold, it is necessary and sufficient that the equations: 

l—r m 
^^hjxph va Cpax = 2^ lnvnhnz 

(1) P,t7 7t=\ 

(/i,v = l— m; %=\ — r) 
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can be satisfied; for this to be possible, all the (m + 1) x (m+ 1) determinants of the 
matrix: 



(2) 



o h^iph V( jCpa\ h\\ ■ h m \ 



must vanish. 

As a result, we have a series of algebraic equations for the determination of the 
mr unknowns h np . But because Y\f, . . .,Y m f should be independent infinitesimal 
transformations, one should from the beginning exclude every system of values h Kp 
which brings to zero all m x m determinants of the matrix: 



h\\ • ■ h 



ml 



h 



If the h np are determined so that all these conditions are satisfied, then for every 
pair of numbers /!, v, the equations (1) reduce to exactly m equations that determine 
completely the unknown constants /^ v i, . . . , lfj, Vm . Therefore, every system of solu- 
tions h Kp provides an m-term subgroup, and it is clear that in this way, one finds all 
m-term subgroups. 

With this, we have a general method for the determination of all subgroups of a 
given r-term group; however in general, this method is practically applicable only 
when the number r is not too large; nonetheless it shows that the problem of deter- 
mining all these subgroups necessitates only algebraic operations, which actually is 
already a very important result. 

Theorem 33. The determination of all continuous subgroups of a given r-term 
group X\f, . . .,X r f necessitates only algebraic operations; the concerned opera- 
tions are completely determined in terms of the constants Cik s in the relationship^ 



[X i ,X k ] = Y,c iks X s f 



(i,k=l-r). 



s=l 



In specific cases, the determination of all subgroups of a given group will often 
be facilitated by the fact that one knows from the beginning certain subgroups and 
actually also certain properties of the concerned group; naturally, there is also a 
simplification when one has already settled the corresponding problem for one sub- 
group of the given group. In addition, we shall see later that the matter is actually 
not of really setting up all subgroups, but rather, that it suffices to identify certain 
of these subgroups (cf. the studies on types of subgroups, Chap. 23). 



t LIE, Archiv for Mathematik of Naturv., Vol. 1, Christiania 1876. 
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§ 57. 

Let the m independent infinitesimal transformations: 

;■ 

Y nf=Y, h ^ X kf (M = l -m) 

yt=l 

generate an m-term subgroup of the r-term group X\f,... ,X r f. Then the general 
infinitesimal transformation of this subgroup is: 

m m r 

£ a pL Y il f = £ £ aphp k X k f, 

H=l /1=1 £=1 

where the denote arbitrary parameters. 

As a consequence of this, all infinitesimal transformations e\X\f -\ V e r X r f 

of the r-term group which belong to the m-term subgroup Y\f, . . . , Y m f are defined 
by the equations: 

m 

e k=Y< Uiih^k (k=l-r). 
p=l 

Hence if we imagine here that the m arbitrary parameters are eliminated, we 
obtain exactly r — m independent linear homogeneous equations between e\,...,e r , 
so that we can say: 

Proposition 6. If e\X\f -\ \- e r X r f is the general infinitesimal transformation 

of an r-term group, then the infinitesimal transformations of an arbitrary m-term 
subgroup of this group can be defined by means of r — m independent linear homo- 
geneous relations between e\, . . . , e r . 

The infinitesimal transformations which are common to two distinct subgroups 
of an r-term group X\f, . . . ,X r f generate in turn a subgroup; indeed, according to 
Chap. [9l Proposition 2, p. 11701 the infinitesimal transformations common to the 
two groups generate a group, which, naturally, is contained in X\f, ...,X r f as a 
subgroup. 

Now, if we assume that one of the two groups is m-term, and the other /i-term, 
then their common infinitesimal transformations will be defined by means of r — 
m + r — fx linear homogeneous equations between the e, some equations which need 
not, however, be mutually independent. 

From this, we conclude that amongst the common infinitesimal transformations, 
there are at least r — (2r — m — ju) = m + /i — r which are independent. Therefore, 
we have the statement: 

Proposition 7. If an r-term group contains two subgroups with m and /i param- 
eters, respectively, then these two subgroups have at least m + /i — r independent 
infinitesimal transformations in common. The infinitesimal transformations of the 
r-term group which are actually common to the two subgroups generate in turn a 
subgroup. 
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This proposition can evidently be generalized: 

Actually, if amongst the infinitesimal transformations e\X\f-\ Ye r X r f of an 

r-term group, Wo families are sorted, the one by means of r — m linear homogeneous 
equations, the other by means of r — /i such equations, then there are at least m + /i — 
r independent infinitesimal transformations which are common to the two families. 



Chapter 13 

Transitivity, Invariants, Primitivity 



The concepts of transitivity and of primitivity which play a so broad role in the 
theory of substitutions, shall be extended [ausgedehnt] here to finite continuous 
transformation groups. In passing, let us mention that these concepts can actually 
be extended to all groups, namely to finite groups and to infinite groups as well, to 
continuous groups and to not continuous groups as welfj 

§ 58. 

A finite continuous group in the variables x\,...,x n is called transitive when, in 
the space (x\, . . . , x n ), there is an n-times extended domain inside which each point 
can be transferred to any other point by means of at least one transformation of the 
group. One calls intransitive every group which is not transitive. 
According to this definition, an r-term group: 

xff = fi(x\,...,x n , ai,...,a r ) (i=l-n) 

is transitive when in general, to every system of values x\ , . . . ,x n , x f 1 , . . . ,x f n at least 
one system of values a\, . . . ,a r can be determined so that the equations x' t = fi(x, a) 
are satisfied by the concerned values of x, a, x' . In other words: The equations x\ = 
fi(x, a) of a transitive group can be resolved with respect to n of the r parameters 
ai,...,a r .Ifby contrast such a resolution if impossible, and if rather, from from the 
equations x / i = fi(x, a) of the group, one can derive equations which are free of the 
parameters a and which contain only the variables x\,...,x n , x[,. . x' n , then the 
group is not transitive, it is intransitive. 

t After that LIE had integrated in 1869 a few differential equations with known continuous groups, in 1871 and in 
1872, he stated in conjunction with KLEIN the problem of translating the concepts of the theory of substitutions as 
far as possible into the theory of the continuous transformation groups. LIE gave the settlement of this problem in 
details; on the basis of the presentation and of the concepts exhibited through here, as early as in 1874, he developed 
the fundamentals of a general theory of integration of the complete systems which admit known infinitesimal transfor- 
mations (Verh. d. G. d. W. zu Christiania, 1874). He reduced this problem to the case where the known infinitesimal 
transformations generate a finite continuous group which is imprimitive, since its transformations permute the charac- 
teristic manifolds of the complete system. Amongst other things, he determined all cases where the integration of the 
complete system can be performed by means of quadratures. 

1 As usual (cf. Chap. [TJ, one reasons genetically, hence the concept of transitivity is essentially considered for 
(sub)domains and for generic values of the x and of the x'. 
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,x„ contains at 



From this, we see that every transitive group of the space x\, 
least n essential parameters. 

If a transitive group in n variables has exactly n essential parameters, then in 
general, it contains one, but only one, transformation which transfers an arbitrary 
point of the space to another arbitrary point; hence in particular, aside from the 
identity transformation, it contains no transformation which leaves invariant a point 
in general position. We call simply transitive [einfach transitiv] every group of 
this nature. 

The general criterion for transitivity and, respectively, for intransitivity of a group 
given above is practically applicable only when one knows the finite equations of 
the group. But should not there be a criterion the application of which would require 
only the knowledge of the infinitesimal transformations of the group? We will show 
that such a criterion can indeed be exhibited. At the same time, we will find means 
in order to recognize how many and which relations there are between the x and the 
x' only for an intransitive group with known infinitesimal transformations. 

Let us be given r independent infinitesimal transformations: 



df 



X kf = £ £ki(xi, ■ ■ ■ ,*n) -5— 
(=1 dx i 



(k=l-r) 



which generate an r-term group. This group, the finite equations of which we can 
imagine written down in the form: 



<Pi = -x\ +Xj + £ e k §y(x) + 
k=1 



(i=l -»), 



is, according to what precedes, transitive if and only if the n equations <J>i = 0, . . . , 
<t> n = are solvable with respect to n of the r parameters ei, . . . ,e r . Consequently, 
for the transitivity of our group, it is necessary and sufficient that not all n x n 
determinants of the matrix: 



(1) 



vanish identically. From this, it follows that the group is certainly transitive when 
the corresponding determinants do not all vanish for e\ = 0, . . . , e r = 0, hence when 
not all n x n determinants of the matrix: 



90i 


. 


de\ 


de\ 


d<i>i 






de r 



(2) 



£ll • • • %ln 



axe identically zero. 



§ 58. 
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As a result, we have found a sufficient condition for the transitivity of our group. 
We now want to study what happens when this condition is not satisfied. 

So, let all n x n determinants of the above-written matrix (2) be identically zero; 
in order to embrace all possibilities in one case, we in addition want to assume that 
all determinants of sizes (n— 1), (n — 2), . . . , (q+ 1) vanish identically, whereas not 
all q x q determinants do this. 

Under these circumstances, it is certain that not all q x q determinants of the 
matrix (1) vanish, hence we can conclude that from the n equations <P\ =0, . . . , 
<t>„ = 0, at most n — q equations between the x and x' only that are free of e\ , . . . , e r 
and are mutually independent can be deduced. 

But now, under the assumptions made, the r equations X\f = 0, . . . , X r f = re- 
duce to q < n independent ones, say to: X\f = 0, . . . , X q f = 0, while X q+ \f, . . . ,X r f 
can be expressed as follows: 



that is to say: the q equations X\f = 0, . . . , X q f = form a g-term complete system 
with n — q independent solutions, which can be denoted by Q\(x), . . . ,Q n - q (x). 

These solutions admit every infinitesimal transformation of the form e\X\f -\ h 

e r X r f, hence every infinitesimal transformation, and in consequence of that, also 
every finite transformation of our r-term group X\f, . . . ,X r f (cf. Chap. [6l p. II 101) . 
Analytically, this expresses by saying that between the variables x and x', which 
appear in the transformation equations of our group, the following n — q equations 
free of the e are extant: 

£2\ (-^1) • • • j = ^1 (-^1 5 • • • 5 Xn) 5 5 q{x\ i • • • = ^n—q{x\ j • • • j-^n) • 

Above, we said that between the x and the x 1 alone, there could exist at most n — q 
independent relations, and therefore we have found all the relations in question. 

In particular, we realize that the group X\f, . . .,X r f is intransitive as soon as all 
n x n determinants of the matrix (2) vanish identically. With this, it is shown that 
the sufficient condition found a short while ago for the transitivity of the group 
X\f, . . . ,X r f is not only sufficient, and that it is also necessary. 

We formulate the gained results as propositions. At the head, we state the 

Theorem 34. The r-term group Xif, . . . ,X r f of the space x\, . . . ,x n is transitive 
when amongst the r equations X\f = 0, . . . ,X r f = 0, exactly n mutually independent 
ones are found, and it is intransitive in the opposite case. 

Then a proposition can follow: 



Xq+vf = <Pvi (x) Xrf+ ■ ■ ■ + <pv q (x) X q f 



(V = l-r-q). 



Consequently, for all values of i and k, one will have: 
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Proposition 1. From the finite equations: 

x'i = fi(xi , . . . ,x n ; a\ , . . . , a r ) (i= l •••«) 

of an r-term group with the infinitesimal transformations X\f, ...,X r f, one can 
eliminate the r parameters a\,...,a r only when the group is intransitive; in this 
case, one obtains between the x and the x' a certain number of relations that can be 
brought to the form: 

At (/,,..., 4) = Afc(xi,...,x„) (£=l,2-); 

here, Q\ (x), Q2(x), . . . are a system of independent solutions of the complete sys- 
tem which is determined by the r equations X\f = 0, . . . , X, f = 0. 

In Chap. [6J p. |108[ we saw that the solutions of the linear partial differential 
equations Xf = are the only invariants of the one-term group Xf; accordingly, 
the common solutions of the equations X\f = 0, . . . , X r f = are the only invariants 
of the group X\f, . . . ,X r f. We can hence state the proposition: 

Proposition 2. If the r-term group X\f, . . .,X r f of the space xi,...,x n is transitive, 
then it has no invariant; if it is intransitive, then the common solutions of the equa- 
tions X\f = 0, . . . , X r f = are its only invariants. 

In order to get straight [klarstellen] the conceptual sense [begrifflichen Sinn] 
of the gained analytic results, we now want to interpret x\,...,x„ as point coordi- 
nates of a space of n dimensions. 

Let the complete system mentioned in the theorem be g-term and let the number 
q be smaller than n, so that the group X\f, . . . ,X r f is intransitive. Let the functions 
Qi(x\,... ,x n ), . . . , Q n - q (xi, . . . ,x n ) be independent solutions of the complete sys- 
tem in question, and let C\ , . . . , C n - q denote arbitrary constants. Then the equations: 

Q\ = C\ , . . . , £2 n — q = Cn—q 

decompose the whole space in oo"~4 different q-times extended subsidiary domains 
[Theilgebiete] which all remain invariant by the group X\f, . . .,X r f. Every point 
of the space belongs to a completely determined subsidiary domain and can be 
transferred only to points of the same subsidiary domain by transformations of the 
group. Still, the points of a subsidiary domain are transformed transitively, that is 
to say, every point in general position in the concerned subsidiary domain can be 
transferred to any other such point by means of at least one transformation of the 
group. 

If x\,...,x„ is a point in general position, then we also call the functions 
Qi(x),..., Q n - q (x) the invariants of the point x\, . . . ,x n with respect to the group 
X\f, . . . ,X r f. The number of these invariants indicates the degree of intransitivity of 
our group, since the larger the number of invariants is, the smaller is the dimension 
number of the subsidiary domains, inside which the point xi,...,x„ stays through 
the transformations of the group. 
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Relatively to a transitive group, a point in general position clearly has no invari- 
ant. 

The theorem stated above enables to determine whether a given group X\f,... ,X r f 
is transitive or not. At present, one can give various other versions of the criterion 
contained there for the transitivity or the intransitivity of a group. 
At first, with a light change of the way of expressing, we can say: 
An r-term group X\f,... ,X r f in x\, . . . ,x n is transitive if and only if amongst its 
infinitesimal transformations, there are exactly n — say X\f, . . . ,X n f — which are 
linked by no relation of the form: 

Xi (xi, . . . ,x„) Zi/H VXn{x\, ■ ■ • >x„) X n f = 0, 

whereas X n+ \f, . . . ,X r f express as follows in terms of X\f, . . . ,X n f: 

Xn+jf =(pjl(x)X l f+--- + (p jn (x) X n f 
U=l-r-n). 

If there are no infinitesimal transformations of this constitution, then the group is 
intransitive. 

Now, if we remember that every infinitesimal transformation X^f attaches a di- 
rection to each point of the space x\ , . . . ,x n , and if we yet add what has been said in 
Chap.[6l p. II 131 about the independence of such directions which pass through the 
same point, then we can state also as follows the criterion for the transitivity of a 
group: 

Proposition 4. A group X\f, . . . ,X r f in the variables xi, . . . ,x n is transitive when it 
contains n infinitesimal transformations which attach to every point in general posi- 
tion n independent directions; if the group contains no infinitesimal transformation 
of this constitution, then it is intransitive. 

On the other hand, let us remember the discussions in Chap.QTl p. 12121 where we 
imagined the infinitesimal transformations of the group expanded with respect to the 
powers of the x ; — in the neighbourhood of a point x® in general position. Since 
a transitive group X\f, . . . ,X r f in the variables x\,. .. ,x n contains n infinitesimal 

transformations, say: X\f, . . . , X„f which are linked by no relation %\ (x) X\f -\ h 

Xn(x)X n f = 0, we obtain the following proposition: 

Proposition 5. An r-term group X\f, . . .,X r f in the n variables x\, . . . ,x n is transi- 
tive if, in the neighbourhood of a point xf in general position, it contains exactly n 
independent infinitesimal transformations of zeroth order in the Xi—xf out of which 
no infinitesimal transformation of first order or of higher order can be linearly de- 
duced. If the number of such infinitesimal transformations of zeroth order is smaller 
than n, then the group is intransitive. 

From this, one sees that one needs only know the defining equations of the group 
Xif, . . .,X r f in order to settle its transitivity or its intransitivity. 
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Finally, we can also state as follows the first part of the Proposition 5: 
The group Xi/, . . . ,X r f is transitive when in the neighbourhood of a point x® in 
general position, it contains exactly r — n independent infinitesimal transformations 
whose power series expansions with respect to the Xj — xf start with terms of of 
first or of higher order, hence when the group contains exactly r — n, and not more, 
independent infinitesimal transformations which leave invariant a point in general 
position. — 

If one only knows the infinitesimal transformations X\f, . . . ,X r f of an intransitive 
group, then as we have seen, one finds the invariants of the group by integrating 
the complete system X\f = 0, . . . ,X r f = 0. Now, it is of great importance that this 
integration is not necessary when the finite equations of the group are known, so 
that in this case, the invariants of the group are rather found by plain elimination. 

In order to prove this, we imagine that the finite equations of an intransitive group 
are given: 

x?i = fi(xi,...,x„ai,...,a r ) (i=l-n), 

and then we eliminate the parameters a\ , . . . , a r from them. According to what pre- 
cedes, it must be possible to bring the n — q independent equations obtained in this 
way: 

(3) Wf l (xi,...,x n ,x , 1 ,...,x^) = Gu=i •••«-<?), 
to the form: 

(4) . . . ,x' n ) =£2 fl (xi,...,x n ) Gu=i •••«-?), 

where the Q^(x) are the sought invariants. Hence, when we solve the equations (3) 
with respect to n — q of the variables x\,...,x' n : 

x'fi = nfi(x\, . . . ,X n , X n _ q+ i,. . . ,x' n ) (M = l — n-q), 

which is always possible, then we obtain n — q functions Tl\ , . . . , H n - q in which the 
variables x\ , . . . ,x n occur only the combinations £2i(x),. . .,Q n - q (x). Consequently, 
the n — q expressions: 

n jLt (xi,...,X n , 0Cn- q+ i , . . . , On) (n = l-n-q) 

in which a n - q +\, . . . , Ct n denote constants, represent invariants of our group, and in 
fact clearly, n — q independent invariants. — 
The following therefore holds true. 

Theorem 35. If one knows the finite transformations: 

x 'i — fi( x i, - ■ ■ ,x n , a\,...,a r ) {i=\-n) 

of an intransitive group, then one can find the invariants of this group by means of 
elimination. 
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§ 59. 

When we studied how a point in general position behaves relatively to the trans- 
formations of an r-term group, we were conducted with necessity to the concepts 
of transitivity and of intransitivity [wurden wir mit Nothwendigkeit auf die Be- 
griffe Transitivitat und Intransitivitat gefuhrt]. We obtained in this way a divi- 
sion [Eintheilung] of all r-term groups of a space of n dimensions in two different 
classes, exactly the same way as in the theory of substitutions; but at the same time, 
we yet obtained a division of the intransitive groups too, namely according to the 
number of the invariants that a point in general position possesses with respect to 
the concerned group. 

Correspondingly to the process of the theory of substitutions, we now can also go 
further and study the behaviour of two or more points in general position relatively 
to an r-term group. This gives us a new classification of the groups of the R n . 

Let: 

yi = fi(x\,.--,x„, a\,...,a r ) (i=i-») 

be an r-term group and let X\f,.. .,X r f be r independent infinitesimal transforma- 
tions of it. 

At first, we want to consider two points x[ , . . . , x' n and x'/, . . . ^x" n and to seek their 
invariants relatively to our group, that is to say: we seek all functions of x\ , . . . ,xf n , 
x'/ , . . . ,x^ which remain invariant by the transformations of our group. 

To this end, we write the infinitesimal transformations X^f once in the x 1 under the 
form X' k f and once in the x" under the form X!'f; then simply, the sought invariants 
are the invariants of the r-term group: 

(5) Kf + X'kf (k=i-r) 

in the variables x' l ,...,x' n ,x'(,..., x". 

If J\ (x), . . . , J Pl (x) are the invariants of the group Xif,..., X r f, then without ef- 
fort, the 2pi functions: 

/ I (x , ),...,/ Pl (x , ) ) Ji(x"),...,J Pl (x") 

are invariants, and in fact, independent invariants of the group (5); but in addition, 
there can yet be a certain number, say p2, of invariants: 

jf / / / // //\ ji / i i ii ri\ 

Jl[Xi, . . . ,X n , X\ , . . . )X n J, Jp 2 ^Xj, . . . ,X n , Xj , . . . ■,x n ) 

which are mutually independent and are independent of the 2p\ above invariants. 
So in this case, two points in general position have 2p\ + p2 independent invariants 
relatively to the group X\f,... ,X r f, amongst which however, only p2 have to be 
considered as essential, because each one of the two points already has pi invariants 
for itself. Under these assumptions, from the equations: 
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I r ( J I \ II -e f it II \ 

yi = fi{xu...,x n ,a u ...,a r ), y t = fi{x u . . . ,X n , ai, . . . ,a r ) 

(i=l-n) 

there result the following relations free of the a: 

Jk(y') = J k( x ')i J k(y") = J k( x ") (*=l-Pi) 

Jj(y', y") = Jj(x, x") u= i -pi)- 

Therefore, if we imagine that the quantities x[, . . .,x' n and y\,. . .,y' n are chosen 
fixed, then the totality of all positions //, . . . which the point jc'j', . . . can take 
are determined by the equations: 

Jk(y") =Jk( x "), J 'j{y',y") = Jj( x ', x ") 

(fc=l-p,; j=l---p 2 ); 

so there are oo"~Pi _ P2 distinct positions of this sort. 

In a similar way, one can determine the invariants that three, four and more points 
have relatively to the group. So one finds a series of entire number p\, p2, p3, . . . 
which are characteristic of the group and which are independent of the choice of 
variables. If one computes these numbers one after the other, one always comes to 
a number p m which vanishes, while at the same time all numbers p m +i, p m +2, ■ ■ ■ 
are equal to zero. 

We do not want to address further the issue about these behaviours, but it must 
be observed that analogous considerations can be endeavoured for every family of 
oo r transformations, shall this family constitute a group or not. 

§ 60. 

Above, we have seen that an intransitive group X\f,... ,X r f decomposes the entire 
space (xi, . . . ,x n ) in a continuous family of g-times extended manifolds of points: 

£2[ {x\ , . . . ,X; 3 ) C\ , . . . , £l n —q{x\ , . . . ,X; 3 ) C n —q 

which remain all invariant by the transformations of the group. Here, the £2 denote 
independent solutions of the g-term complete system which is determined by the 
equations X\f = 0, . . . ,X r f = 0. 

Each point of the space belongs to one and to only one of the oo" _1 ? manifolds 
Q\ = a\, . . . , Q n - q = a„- q , so in the sense provided by Chap. 6. 11 131 we are dealing 
with a decomposition of the space. This decomposition remains invariant by all 
transformations of the group X\f, . . . ,X r f; and at the same time, each one of the 
individual subsidiary domains in which the space is decomposed stays invariant. 

It can also happen for transitive groups that there exists a decomposition of the 
space in oo" -1 ? g-times extended manifolds Q\ = a\, . . . , Q n -q = &n-q which remain 
invariant by the group. But naturally, each individual manifold amongst the oo" -1 ? 
manifolds need not remain invariant, since otherwise the group would be intransi- 
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tive; these ocP-q manifolds must rather be permuted by the group, while the totality 
of them remains invariant. 

Now, a group of the R n is called imprimitive [imprimitiv] when it determines at 
least one invariant decomposition of the space by oo"~4 g-times extended manifolds; 
a group for which there appears absolutely no invariant decomposition is called 
primitive [primitiv]. That the values q = and q = n are excluded requires hardly 
any mention here. 

The intransitivity is obviously a special case of imprimitivity: every intransitive 
group is at the same time also imprimitive. On the other hand, every primitive group 
is necessarily transitive. 

Now, in order to obtain an analytic definition for the imprimitivity of an r-term 
group X\f, ...,X r f, we need only to remember that every decomposition of the 
space in oo n ^ c i g-times extended manifolds yi = const., . . . , y n - q = const, is analyt- 
ically defined by the g-term complete system Y\f = 0, . . . , Y q f = 0, the solutions 
of which are the y^. The fact that the concerned decomposition remains invariant by 
the group X\f,... ,X r f amounts to the fact that the corresponding g-term complete 
system admits all transformations of the group. 

The g-term complete system Y^f = admits our group as soon it admits the 

general one-term group X\X\f -\ h X r X r f. According to Theorem 20, Chap.[H 

p. 11511 this is the case when, between the Xjf and the Y^f, there exist relationships 
of the following form: 

[Xi,Y k ]= £ feWW. 
v=l 

Consequently, it is a necessary and sufficient condition for the imprimitivity of 
the group X\f, . . . ,X r f that there exists a g-term complete system: 

F!/=0, Y q f=0 ( q <n) 

which stands in such relationships with the X^f. 

Besides, the group X\f, . . . ,X r f can also be imprimitive in several manners, that 
is to say, there can exist many, and even infinitely many systems that the group 
admits. 

Later, we will develop a method for the setting up of all complete systems which 
remain invariant by a given group. Hence in particular, we will also be able to deter- 
mine whether the group in question is primitive or not. Naturally, the latter question 
requires a special examination only for transitive groups. 

Now, yet a brief remark. 

Let the equations: 

y\ = C\ , . . . , yn—q = C n —q 

represent a decomposition of the space %i, . . . ,x n which is invariant by the group 
X\f,.. .,X r f. Then if we introduce yi, . . . ,y n - g together with q other appropriate 
functions z\,..-,Zq of x\,...,x n as new independent variables, the infinitesimal 
transformations X^f receive the specific form: 
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n-q df q df 

Xkf= £ a)kn(yi,---,yn-q)^ — h £kj(yi,---,yn-q,Zl,...,Z q )^- 

ii=\ y^ j=\ dz i 

(k=l-r). 

Now, according to Chap. [T2l p. 12161 all infinitesimal transformations e\Xif + 

h e r X r f which leave invariant a determined manifold y\ = y®, . . . , y n -q = yb-q 

generate a subgroup. If we want to find the infinitesimal transformations in question, 
then we only have to seek all systems of values e\,...,e r which satisfy the n — q 
equations: 

r 

£ ek(Okfl(yi,---,yn- q )=0 Ul = l-n-q). 

k=\ 

If r > n — q, then there always are systems of values e\ , . . . , e r of this constitution, 
and consequently in this case, the group X\f, . . . ,X r f certainly contains subgroups 
with a least r — n + q parameters. 

Besides, it is clear that the r reduced [verkurzten] infinitesimal transformations: 

— n ~ q d f 

Xkf= Y. ^vCyi*- ••>)>«-<?) 3 — (k=i- r ) 
M =i y^ 

in the n — q variables yi, . . . ,y n -q generate a group; however, this group possibly 
contains not r, but only a smaller number of essential parameters. Clearly, the cal- 
culations indicated just now amount to the determination of all infinitesimal trans- 
formations e\ X\f H V e r X r f which leave invariant the point y^, . . . ,y„_ 3 of the 

(n — g)-times extended space yi , . . . ,y n -q- 



Chapter 14 

Determination of All Systems of Equations 
Which Admit a Given r-term Group 



If a system of equations remains invariant by all transformations of an r-term group 
X\f,...,X r f, we say that it admits the group in question. Every system of equa- 
tions of this constitution admits all transformations of the general one-term group 
£ e^X^f, and therefore specially, all oo'" _1 infinitesimal transformations £ e^X^f of 
the r-term group. 

Now on the other hand, we have shown earlier on that every system of equations 
which admits the r infinitesimal transformations Xif, ...,X r f and therefore also, 
all oo r_1 infinitesimal transformations Y* e kXkf, allows at the same time all finite 
transformations of the one-term group £ etX^f, that is to say, all transformations of 
the group X\f, . . .,X r f (cf. Theorem 14, p. 11231) . Hence if all systems of equations 
which admit the r-term group X\f,... ,X r f are to be determined, this shall be a 
problem which is completely settled by the developments of the Chap. |7J Indeed, 
the problem of setting up all systems of equations which admit r given infinitesimal 
transformations is solved in complete generality there. 

However, the circumstance where the X\f, ...,X r f which are considered here 
generate an r-term group means a really major simplification in comparison to the 
general case. Hence it appears to be completely legitimate that we settle indepen- 
dently the special case where the X^f generate a group. 

The treatment of the addressed problem turns out to be not inessentially different, 
whether or not one also knows the finite equations of the concerned group. In the 
first case, no integration is required. But in the second case, one does not make it 
in general without integration; however, some operations which were necessary for 
the general problem of the chapter [7] drop. 

We shall treat these two cases one after the other, above all because of the ap- 
plications, but also in order to afford a deeper insight into the matter; in fact, the 
concerned developments complement one another mutually^. 

Lastly, let us yet mention that from now on, we shall frequently translate the com- 
mon symbolism of the theory of substitutions into the theory of the transformation 
groups. So for example, we denote by S, T, . . . individual transformations, and by 

t LIE, Math. Ann. Vol. XI, pp. 510-512, Vol. XVI, p. 476. Archiv for Math, og Nat., Christiania 1878, 1882, 1883. 
Math. Ann. Vol. XXIV. 



231 



232 



14 Determination of Invariant Systems of Equations 



S~ , T~ , ... the corresponding inverse transformations. By ST, we understand the 
transformation which is obtained when the transformation S is executed first, and 
then the transformation T. From this, it follows that expressions of the form SS -1 , 
TT 1 mean the identity transformation. 

§ 61. 

We consider an arbitrary point P of the space. The totality of all positions that this 
point takes by the °° r transformations of the group forms a certain manifold M; we 
shall show that this manifold admits the group, or in other words, that every point 
of M is transferred to a point again of M by every transformation of the group. 

Indeed, let P' be any point of M, and let P' come from P by the transformation S 
of our group, what we want to express by means of the symbolic equation: 

(P)S=(P>). 

Next, if T is a completely arbitrary transformation of the group, then by the execu- 
tion of T, P' is transferred to: 

(p')T = (P)ST; 

but since the transformation S T belongs to the group as well, (P)ST is also a point 
of M, and our claim is therefore proved. 

Obviously, every manifold invariant by the group which contains the point P 
must at the same time contain the manifold M. That is why we can also say: M is 
the smallest manifold invariant by the group to which the point P belongs. 

But still, there is something more. It can be shown that with the help of transfor- 
mations of the group, every point of M can be transferred to any other point of this 
manifold. Indeed, if P' and P" are any two points of M and if they are obtained from 
P by means of the transformations S and U, respectively, one has the relations: 

op)s=(n (p)u=(p")- 

from the first one, it follows: 

(P')S- 1 = (P)SS- 1 = (P); 
hence with the help of the second one, it comes: 

(P')S- l U = (P"), 

that is to say, by the transformation S~ l U which likewise belongs to the group, 
the point P' is transferred to the point P". As a result, the assertion stated above is 
proved. 

From this, we realize that the manifold M can also be defined as the totality of all 
positions which any of its other points, not just P, take by the °° r transformations of 
the group. 
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Consequently, the following holds true. 

Theorem 36. If , on a point P of the space (xi,. . -,x n ), one executes all °° r trans- 
formations of an r-term group of this space, then the totality of all positions that 
the point takes in this manner forms a manifold invariant by the group; this man- 
ifold contains no smaller subsidiary domain invariant by the group, and it is itself 
contained in all invariant manifolds in which the point P lies. 

If one assumes that the finite equations x\ = f(x\ , . . . ,x n , a\, . . . ,a r ) of the r-term 
group are known, then without difficulty, one can indicate for every point jq, . . . ,x% 
the smallest invariant manifold to which it belongs. Indeed by the above, the man- 
ifold in question consists of the totality of all positions xi,...,x n that the point 
take by the transformations of the group; but evidently, the totality of 
these positions is represented by the n equations: 

Xi = fi(xi, . . . ,x°, ai, . . . ,a r ) (/= 1 -n) 

in which the parameters a are to be interpreted as independent variables. If one 
eliminates the a, one obtains the sought manifold represented by equations between 
the x alone. 

Here, it is to be recalled that in the equations jc, = fi(x° 7 a), the a are not completely arbitrary; 
indeed, all systems of values a\,...,a r for which the determinant: 



~dfi(x,a)~ 




~df n (x,a)~ 






X=jfi 




x=x° 



vanish are excluded from the beginning, because we always use only transformations which are 
solvable. From this, it follows that in certain circumstances, one obtains, by elimination of the a, 
a manifold which contains, aside from the points to which X®,... is transferred by the solvable 
transformations of the group, yet other points; then as one easily sees, the latter points form in turn 
an invariant manifold. 

Furthermore, it is to be remarked that the discussed elimination can take different 
shapes for different systems of values x®\ indeed, the elimination of the a need 
not conduct always to the same number of relations between the x, which again 
means that the smallest invariant manifolds in question need not have all the same 
dimension number. 

If, amongst all smallest invariant manifolds of the same dimension number, one 
takes infinitely many such invariant manifolds according to an arbitrary analytic 
rule, then their totality also forms an invariant manifold. In this way, all invariant 
manifolds can obviously be obtained. 

So we have the 

Theorem 37. If one knows the finite equations of an r-term group X\f,... ,X r f in 
the variables xi,...,x n , then without integration, one can find all invariant systems 
of equations invariant by the group, or, what is the same, all manifolds invariant by 
it. 
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§ 62. 

In Chap. d2l p. 12151 we have seen that an r-term group G r in x\ , . . . , x n associates to 
every point of the space a completely determined subgroup, namely the subgroup 
which consists of all transformations of the G, which leave the point invariant. 

Let the point P be invariant by an m-term subgroup of the G r , but by no subgroup 
with more terms; let S be the general symbol of a transformation of this m-term 
subgroup, so that one hence has: (P)S = (P). Moreover, let T be a transformation 
which transfers the point P to the new position P'\ 

(P) T = P'. 

Now, if T is an arbitrary transformation of the G, which transfers P to P' as well, 
we have: 

(P)T=(P') = (P)T, 

hence it comes: 

(P)TT~ l = (P). 

From this, it is evident that TT 1 belongs to the transformations S, hence that: 

J = ST 

is the general form of a transformation of the same constitution as T. Now, since 
there are precisely °° m transformations S, we see that: 

The G, contains exactly °° m transformations which transfer P to P'. 

On the other hand, if we ask for all transformations S' of the G r which leave 
invariant the point P', then we have to fulfill the condition (P')S' = (P 1 ). From it, 
we see that: 

(P)TS' = (P)T and (P) TS'T 1 = (P), 
and consequently TS'T is a transformation S, that is to say S' has the form: 

s r = T -l ST 

One sees with easiness here that S can be a completely arbitrary transformation 
of the subgroup associated to the point P; as a result, our group contains exactly 
o° m different transformations S', and in turn now, they obviously form an m-term 
subgroup of the G r . 

The results of this paragraph obtained up to now can be summarized as follows. 

Proposition 1. If an r-term group G r of the R n contains exactly °° ra and not more 
transformations S which leave the point P invariant, and if in addition it contains 
at least one transformation T which transfers the point P to the point P', then it 
contains on the whole °° m different transformations which transfer P to P' ; the gen- 
eral form of these transformations is: ST. In addition, the G r contains exactly °° m 
transformations which leave invariant the point P'; their general form is: T 1 ST. 
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From the second part of this proposition, it follows that the points which admit 
exactly °o m transformations of our group are permuted by the transformations of the 
group, while their totality remains invariant. 

Hence the following hold true. 

Theorem 38. The totality of all points which admit the same number, say °° m , and 
not more transformations of an r-term group, remains invariant by all transforma- 
tions of the group. 

We have proved this theorem by applying considerations which are borrowed 
from the theory of substitutions. But at the same time, we want to show how one 
can conduct the proof in case one abstains from such considerations, or from a more 
exact language. 

A point jCj, . . . ,jt„ which allows transformations of the r-term group: 

" df 

Xkf=Y,%ki(xU---,Xn)j- (k=l-r) 
i=l dXi 

admits precisely m independent infinitesimal transformations of this group. Hence 
the group contains, in the neighbourhood of x\, . . . exactly m independent in- 
finitesimal transformations whose power series expansions with respect to the X[ — 
begin with terms of first order or of higher order. Now, if we imagine that new 
variables: 

n 

*i = *i+ £ Ofe (**-**) H 0' =1 -») 

k=\ 

I ± an ••• cWt^O, 

are introduced in the group, then according to Chap. \TT\ p. 12071 we obtain a new 
group in the xi which, in the neighbourhood of Iq, contains in the same way exactly 
m independent infinitesimal transformations of first order or of higher order. In par- 
ticular, if we imagine that the transition from the Xi to the I, is a transformation of 
the group X\f, . . .,X r f, then the group in the Xj is simply identical to the group: 

x kf= ^ki(xi,...,x n )-^r (k=l-r) 
1=1 dx i 

(cf. Chap.[3l p. l44|) . In other words, if, by a transformation of our group, the point 
x® is transferred to the point Jq, then this point also admits precisely m independent 
infinitesimal transformations of the group. But with this, the Theorem 38 is visibly 
proved. 

From the Theorem 38 it comes immediately that the following proposition also 
holds true: 

Proposition 2. The totality of all points x\,...,x n which admit m or more indepen- 
dent infinitesimal transformations of the r-term group X\f,... ,X r f remains invari- 
ant by this group. 
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If we associate this proposition with the developments in Chap.QT] Proposition 4, 
p. 12091 we obtain a new important result. At that time, we indeed saw that the 
points xi, . . . ,x n which admit m or more independent infinitesimal transformations 

e\ X\f H h e r X r f of the r-term group X\f, . . . ,X r f axe characterized by the fact 

that all (r — m + 1) x (r — m + 1) determinants of a certain matrix are brought to 
vanishing. At present, we recognize that the system of equations which is obtained 
by equating to zero these (r — m + 1) x (r — m + 1 ) determinants admits all transfor- 
mations of the group X\f,... ,X r f. As a result, we have the 

Theorem 39. If r independent infinitesimal transformations: 

(=1 ^ 

generate an r-term group, then by equating to zero all (r — m + 1) x (r — m + 1) 
determinants of the matrix: 



(1) 



£11 M • • 



one always obtains a system of equations which admits all transformations of the 
group X\f, . . . ,X r f; this holds true for every number m^r, provided only that there 
actually exist systems of values x\, . . . ,x n which bring to zero all the (r — m+1) x 
(r — m + 1) determinants in question. 

Later in the course of this chapter (§§ 66 and 67, p. 12451 and 12471 resp.). we will 
give yet two different purely analytic proofs of the above important theorem. Tem- 
porarily, we observe only the following: 

The Theorem 39 shows that there is an essential difference between the problem 
of the Chap.lTlp. ll 341 up to [143] and the one of the present chapter. 

If X\f, . . .,X r f generate an r-term group, then by equating to zero all (r — m + 
1) x (r — m+1) determinants of the matrix (1), one always obtains an invariant sys- 
tem of equations, only as soon as all these determinants really can vanish at the same 
time. But this is not anymore true when it is only assumed about the X^f that, when 
set to zero, they constitute a complete system consisting of of r, or less equations. In 
this case, it is certainly possible that there are invariant systems of equations which 
embrace the equations obtained by equating to zero the determinants in question, 
but it is not at all always the case that one obtains an invariant system of equations 
by equating to zero these determinants, just like that. To get this, further operations 
are rather necessary in general, as it is explained in Chap. [71 p. 1 1 351 sq. 

In the last paragraph of this chapter, p. 12491 we will study this point in more 
details. 



§ 63. 
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In the preceding paragraph, we have seen that, from the infinitesimal transforma- 
tions of an r-term group, one can derive without integration certain systems of equa- 
tions which remain invariant by the concerned group. Now, we will show how one 
finds all systems of equations which admit an r-term group with given infinitesimal 
transformations : 



We want to suppose that amongst the r equations X\f = 0, . . . , X r f = 0, exactly 
q mutually independent are extant, hence that in the matrix (1), all (q + 1) x (q + 1) 
determinants vanish identically, but not all q x q ones. 

Exactly as in Chap. [7J p. 11321 and 11341 w can then distribute in q+l different 
classes the systems of equations which admit the r infinitesimal transformations 
Xif,... ,X r f. In one and the same class, we reckon here the systems of equations by 
virtue of which all (p+ 1) x (p+ 1) determinants of the matrix (1) vanish, but not all 
pxp determinants, where it is understood that p is one oftheq+ 1 numbers q, q — 1, 
. . . , 1, 0. If we prefer to apply the way of expressing of the theory of manifolds, we 
must say: to one and the same class belong the invariant manifolds whose points 
admit the same number, say exactly r — p, of infinitesimal transformations e\ X\f + 

h e r X, f. To every point of such a manifold, the infinitesimal transformations 

X\f,... ,X r f attach exactly p independent directions, which in turn are in contact 
with the manifold (cf. Chap. [M p. tH3> - 

The usefulness of this classification is that it makes it possible to consider every 
individual class for itself and to determine the systems of equations which belong 
to it, or, respectively, the manifolds. 

If the number p equals q, then the determination of all invariant systems of equa- 
tions which belong to the concerned class is achieved by the Theorem 17 in Chap.[7J 
p. 11341 Every such system of equations can be represented by relations between the 
common solutions of the equations X\f = 0, . . . , X r f = 0. Since these r equations 
determine a g-term complete system, they will of course possess common solutions 
only when q is smaller than n. 

At present, we can disregard the case p = q. Hence we assume from now on that 
p is one of the numbers 0, 1, . . . , q — 1 and we state the problem of determining all 
manifolds invariant by the group Xif,... ,X r f which belong to the class defined by 
the number p. 

The first step for solving this problem is the determination of the locus of all 
points for which all (p + 1) x (p + 1) determinants of the matrix ( 1 ) vanish, whereas 
not all p x p determinants do. Indeed, the corresponding locus clearly contains all 
manifolds invariant by the group which belong to our class; besides, according to 
Theorem 38 p. 12351 this locus itself constitutes an invariant manifold. 



i=\ 



n 



Xfi) 




(*=l-r). 
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In order to find the sought locus, we at first study the totality of all points for 
which all (p + 1) X (p + 1) determinants of the matrix (1) vanish, that is to say, we 
calculate all the (p+1) X (p+1) determinants of the matrix in question — they 
can be denoted A\, A2, A p — and we set them equal to zero: 

Ai=0, A p =0. 

The so obtained equation then represent a manifold which, according to Theo- 
rem 39, p. 12361 is invariant by the group and which contains the sought locus. 

If there is in fact no system of values x\,...,x n which brings to zero all the A, or 
if the (p+1) x (p + 1) determinants can vanish only in such a way that all p x p 
determinants also vanish at the same time, then it is clear that actually no manifold 
invariant by the group X\f, ...,X r f belongs to the class which is defined by p. 
Consequently, we see that not exactly each one of our q+1 classes need to be 
represented by manifolds which belong to it. 

We assume that for the p chosen by us, none of the two exceptional cases dis- 
cussed just now occurs, so that there really are systems of values x\ , . . . ,x n for which 
all (p+ 1) x (p+ 1) determinants of the matrix (1), but not all p x p ones vanish. 

As we have already observed, the manifold A\ = 0, . . . , An = remains invariant 
by the group X\f, . . . ,X r f. Now, if this manifold is reducible, it therefore consists 
of a discrete number of finitely many different manifolds, so it decomposes with- 
out difficulty in as many different individual invariant manifolds. Indeed, the group 
Xif, . . . ,X r f is generated by infinitesimal transformations; hence when it leaves in- 
variant the totality of finitely many manifolds, then each individual manifold must 
stay at res{[]. 

Let M\ , Mi, ... be the individual irreducible, and so invariant by the group, mani- 
folds in which the manifold A\ = 0, . . . , A p = decomposes. Then possibly amongst 
these manifolds, there are some, for the points of which all p x p determinants of 
the matrix (1) also vanish. When we exclude all manifolds of this special constitu- 
tion, we still keep certain manifolds Mi, M2, . . . , the totality of which clearly forms 
the locus of all points for which all (p+ 1) X (p+ 1) determinants of the matrix (1) 
vanish, but not all p x p ones. 

With this, we have found the sought locus; at the same time, we see that this 
locus can consist of a discrete number of individual invariant manifolds Mi, M2, . . . 
which, naturally, belong all to the class defined by p. 

Clearly, each manifold invariant by our group which belongs to the class defined 
by p is contained in one of the manifolds Mi, M2, ... So in order to find all such 
manifolds, we need only to examine each individual manifold Mi, M2, ... and 
to determine the invariant manifolds contained in them which belong to the said 
class. According to a remark made earlier on (Chap. [71 Proposition 6, p. 1 1 461) . each 
invariant manifold belonging to the class p is at least p-times extended. 



In fact, the argument is that each stratum is kept invariant because the group acts close to the identity. 
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§ 64. 

The problem, to which we have been conducted at the end of the preceding para- 
graph is a special case of the following general problem: 

Suppose the equations of an irreducible manifold M which remain invariant by 
the transformations of the r-term group X\f, . . . ,X r f are given. In general, the in- 
finitesimal transformations X\f,... ,X r f attach exactly p independent directions to 
the points of the manifold with which they are naturally in contact, and the manifold 
is at least p-times extended. To seek all invariant subsidiary domains contained in 
M, to the points of which the transformations X\f, . . . ,X r f attach exactly p inde- 
pendent directions. 

We now want to solve this problem. 

We imagine the equations of M presented under the resolved form: 

Xs+i = (p s +i(xi,...,X s ) (i=l.»n-a), 

but here it should not be forgotten that by the choice of a determined resolution, 
we exclude all systems of values jci, . . . ,x n for which precisely this resolution is not 
possible. It is thinkable that we exclude in this manner certain invariant subsidiary 
domains of M which are caught by another resolution. 

The case p = requires no special treatment, because obviously, the manifold M 
then consists only of invariant points. 

In order to be able to solve the problem for the remaining values of p, we must 
begin by mentioning a few remarks that stand in tight connection to the analytic 
developments in Chap.[71 P. ll37l and ll38[ and which already possess in principle a 
great importance. 

Since the manifold M remains invariant by the transformations of our group, its 
points are permuted by the transformations of the group. Hence, if we disregard all 
points lying outside of M, then our group X\f,... ,X r f determines a certain group 
of transformations of the points of M. However, this new group need not contain r 
essential parameters, since it can happen that a subgroup of the group X\f, . . . ,X r f 
leaves all points of M individually fixed. 

We want to summarize at first what has been said: 

Theorem 40. The points of a manifold that remains invariant by an r-term group of 
the space (x\, .. .,x n ) are in their turn transformed by a continuous group with r or 
less parameters. 

Since we have assumed that the invariant manifold M is irreducible, we can con- 
sider it as being a space for itself. The analytic expression of the transformation 
group by which the points of this space are transformed must therefore be obtained 
by covering the points of M by means of a related coordinate system and by estab- 
lishing how these coordinates are transformed by the group X\f,... ,X r f. 

Under the assumptions made, the group which transforms the points of M can be 
immediately indicated. Indeed, we need only to interpret x\ , . . . ,x s as coordinates of 
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the points of M, and in the finite equations x\ = fi(x, a) of the group X\f,... ,X r f, to 
replace the x 5 +i, . . . ,x n by <p i+ i , . . . , <p, 7 and to leave out x' s+l , ...,x' n ; then we obtain 
the equations of the concerned group, they are the following: 

*i = fi(xi,...,x s , (p s+ \,...,(pn;a\,...,a r ) (i=i-»). 

One could convince oneself directly that one really has to face with a group in the 
variables x\,. . .,Xn- For that, one would only need to execute two transformations 
one after anothecl under the form just written, and then to take account of two 
facts: firstly, that the transformations x\ = fi(x\, . . .,x n , a\, . . . ,a r ) form a group, 
and secondly that the system of equations x s +i = (p s+ i admits this group. 

If on the other hand one would want to know the infinitesimal transformations 
of the group in x\,...,x s , then one would only need to leave out the terms with 
df/dx s+ i, df/dx n in the X k f and to replace x s+ \, . . . ,x n by the (p in the re- 
maining terms. One finds the r infinitesimal transformations: 

— s df 

^kf = £ £kv(xi,- ■ ■ ,X S , (Ps+U • ■ ■ , <Pn) 

v=l dx v 

(k=l-r), 

which, however, need not be independent of each other. 

We will verify directly that the reduced infinitesimal transformations X^f gen- 
erate a group. The concerned computation is mostly similar to the one executed in 
Chap. Hp. EH! 

At that time, we indicated the execution of the substitution x s+ i = (p s+ i by means 
of the symbol [ ] . So we have at first: 

v=1 OX v 

Furthermore as before, we see through the Eq. (3) of the Chap.[71 p. I122L that: 

x k [n) = [x k n\, 

where it is understood that Q is a completely arbitrary function of x\, . . . ,x n . From 
this, it therefore comes: 

\x k ,x~j} = t {[ x ktjv]-[x£k V ]}§f; 

v=l ox v 

and since relations of the form: 



[Xk,Xj] — 52 c kjn^nfi 



71=1 



2 Remind from Chaps. |4]and|9]that only closure under composition counts for Lie. 
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or, what is the same, of the form: 

r 

Xk^jv —XjE,k V = 52 c kjn^>nv 
hold true, then we obtain simply: 

r 

\Xk,Xj] = 52 c kjnX n f. 

As a result, it is proved in a purely analytic way that X\f, . . .,X r f really generate 
a group. 

The infinitesimal transformations Xif, . . . ,X r f of the space x\,...,x n attach ex- 
actly p independent directions dx\ : • • • : dx n to every point in general position on 
the manifold M, and these directions, as is known, are in contact with the manifold. 
It can be foreseen that the infinitesimal transformations X\f,.. .,X r f of the space 
x\ , . . . ,x s , or what is the same, of the manifold M, also attach to every point x\ , . . . , x s 
in general position exactly p independent directions Ax\ : • • • : dx s . We shall verify 
that this is really so. 

Under the assumptions made, after the substitution x s +i = <p s +i> all (p+ 1) x 
(jp + 1) determinants of the matrix (1) vanish, but not all p x p determinants, and 
therefore, amongst the r equations: 

(2) fel]|^ + --- + fen]|^ (*=l~r), 

OX\ ox n 

exactly p independent ones are extant. From this, it follows that amongst the r equa- 
tions Xkf = 0, there are at most p independent ones; our problem is to prove that 
there are exactly p. This is not difficult. 

Since the system of equations x s +i — <p. s+; = admits the infinitesimal transfor- 
mations X k f, we have identically: 

[X k (x s+i - <p s+i )] = 0, 

or if written in greater length: 

[£k,s+i] = 52 [&v] ' 
Hence, if by Xi , • • ■ , Xr we denote arbitrary functions of x\ , . . . , x s , we then have: 

r r 

Xk[£k,s+i\ = L XkXkVs+i- 
k=l k=\ 



Now, if there are r functions y/i, . . . , \\r r of xi, . . . ,x n not all vanishing such that 
the equation: 
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r 



£ yf k (x h ...,x s )X k f = 



is identically satisfied, then we have: 



r r 



£ Wfc[§M+i] = £ VkX k (p s+ , 







and consequently also: 



r n 



df 



0. 



Jt=l v=l 



As a result, it is proved that amongst the equations: 



X 1 f = 0, X r f = 0, 



there are exactly as many independent equations as there are amongst the equa- 
tions (2), that is to say, exactly p independent ones. 

At present, we are at last in a position to settle the problem posed in the beginning 
of the paragraph, on p. 12391 

The thing is the determination of certain subsidiary domains invariant by the 
group X\f,... ,X r f in the invariant manifold M, namely the subsidiary domains to 
the points of which the infinitesimal transformations X\f,... ,X r f attach exactly p 
independent directions. According to what precedes, these subsidiary domains can 
be defined as certain manifolds of the space x\, . . . ,x s ; as such, they are character- 
ized by the fact that they admit the group X\f } . . .,X r f and that, to their points, 
are attached exactly p independent directions by the infinitesimal transformations 
X\f,... ,X r f. Consequently, our problem amounts to the following: 

In a space M of s dimensions, let the group X\f,... ,X r f be given, whose in- 
finitesimal transformations attach, to the points of this space in general position, 
exactly p ^ s independent directions. To seek all invariant manifolds contained in 
M having the same constitution. 

But we already have solved this problem above (p. 12371 ); only at that time we 
had the group X\f, . . . ,X r f in place of the group X\f,... ,X r f, the number n in 
place of the number s, the number q in place of the number p. Thus, the wanted 
manifolds are represented by means of relations between the solutions of the p- 
term complete system that the equations X\f = 0, . . . , X r f = determine. If one 
adds these relations to the equations of M, then one obtains the equations of the 
invariant subsidiary domains of M in terms of the initial variables x\,...,x n . 

Naturally, there are invariant subsidiary domains in M of the demanded sort only 
when s is larger than p, and there are none, when the numbers s and p are equal one 
to another. 

With this, we therefore have at first the following important result: 
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Theorem 41. If an s-times extended manifold of the space Xi,...,x n admits the r- 
term group Xif,..., X r f and if to the points of this manifold, the infinitesimal trans- 
formations attach exactly p independent directions which then surely fall into the 
manifold^ then s is ^ p; in case s > p, the manifold decomposes in oo s ~p p-times 
extended subsidiary domains, each of which admits the group X\f,... ,X r f. 

At the same time, the problem to which we were conducted at the end of the 
preceding paragraph (p. 12391 ) is also completely solved, and with this, the determi- 
nation of all systems of equations that the group Xif 1 . . . ,X r f admits, is achieved. 
In view of applications, we put together yet once more the guidelines [Massregeln] 
required for that. 

Theorem 42. If the r independent infinitesimal transformations: 

n df 
%kf= £ ^u(xi,...,Xn) (k=l-r) 

generate an r-term group and if at the same time, all (q+1) x (q+l) determinants 
of the matrix: 

<|ll " " ■ £ln 

vanish identically, whereas not all q x q determinants do, then one finds as follows 
all systems of equations, or, what is the same, all manifolds that the group admits. 

One distributes the systems of equations or the manifolds in question in q + 1 dif- 
ferent classes by reckoning to be always in the same class the systems of equations 
by virtue ofwhich^ all (p + 1) x (p+ 1) determinants of the above matrix, but not 
all p x p ones, vanish, where it is understood that p is one of the numbers q, q—\, 
1, 0. 

Then in order to find all invariant systems of equations which belongs to a de- 
termined class, one forms all (p+l) x (p + l) determinants A\, A2, . . . , A p of the 
matrix and one sets them equal to zero. If there is no system of values xi,...,x n 
which brings to zero all the p determinants Aj at the same time, then actually, the 
class which is defined by the number p contains absolutely no invariant manifold; 
and the same evidently holds also for the classes with the numbers p — 1, p — 2, . . . , 
1, 0. On the other hand, if all systems of values x\ , . . . ,x n which make A\ , . . . ,A p 
equal to zero would at the same time bring to zero all p x p determinants of the 
matrix, then also in this case, the class with the number p would absolutely not be 
present as manifolds. If none of these two cases occurs, then the system of equa- 
tions: 

A 1= 0, A p =0 

3 Act of "intrinsiqueness": directions attached to M inside the ambient space happen to in fact be intrinsically attached 
to M. 

4 This just means systems of equations including the equations of (p + 1) X (p+ 1) minors. 
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represents the manifold M invariant by the group inside which all invariant mani- 
folds with the class number p are contained. If M decomposes in a discrete number 
of manifolds Mi, M2, . . . , then these manifolds remain individually invariant, but in 
each one of them, infinitely many invariant subsidiary domains can yet be contained 
which belong to the same class as M. In order to find these subsidiary domains, one 
sets the equations of, say Mi, in resolved form: 

*s+i = <Ps+i(x\,. • • ,*s) (i=l-n-s), 
where the entire number s is at least equal to p. Lastly, one forms the r equations: 

— s df 
X kf = &v(*l» •••>*«» 9s+U- ■ ■ > <Pn) "5 = 0, 
v=i ax v 

and one computes any s — p independent solutions: 

G)i(xi,...,x s ), (O s - p (xi,...,x s ) 

of the p-term complete system determined by these equations. The general analytic 
expression for the sought invariant subsidiary domains of Mi is then: 

X s +i ~ (p s +i(xi,. . .,X n ) = 0, Wj(C0u ■ ■ ■ , (O s -p) = 

(i = 1 • •• n — s ; j = 1 • • • m) , 

where the m^s — p relations = are completely arbitrary. — 

Naturally, also M2, ... must be treated in the same manner as Mi. In addition, 
for p, one has to insert one after the other all the q+1 numbers q, q — 1, . . . , 1,0. 



§ 65. 



In order to apply the preceding researches to an example, we consider the three-term 
group: 

df , df v , df , df 



ay dz 



X 2 f = y^+z^-, 
ay dz 



X3f=(-z+xy) — +y -^-+yz^- 
dx dy dz 

of the ordinary space. The group is transitive, because the determinant: 








1 x 

y z 



—z+xy y yz 



-{z-xyf 



does not vanish identically. From this, we conclude that the surface of second de- 
gree: z — xy = remains invariant by the group, and else that no further surface 
does. 
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For the points of the surface z — xy = 0, but also only for these points, all the 
2x2 subdeterminants of A even vanish, while its 1 x 1 subdeterminants cannot 
vanish simultaneously. From this, it follows that the invariant surface decomposes 
in oo 1 invariant curves, but that apart from these, no other invariant curves exist, 
while there are actually no invariant points. 

I order to find the oo 1 curves on the surface z — xy = 0, we choose x and y as 
coordinates for the points of the surface and we form, according to the instructions 
given above, the reduced infinitesimal transformations in x,y: 

Xi/=/, X 2 f = y^-, X 3 f = y 2 ^-. 
ay ay ay 

The three equations X^f = reduce to a single one whose solutions is x. There- 
fore, the sought curves are represented by the equations: 

z — xy = 0, x = const., 

that is to say, all individuals of a family of generatrices on the surface of second 
degree remain invariant. 

§ 66. 

Here, we give one of the two new proofs promised on p. 12361 for the important 
Theorem 39. 

As before, we denote by A\ (x), . . . , A p (x) all the (p + 1 ) x (p + 1 ) determinants 
of the matrix: 



(3) 



In addition, we assume that there are systems of values xi,...,x„ which bring to 
zero all the p determinants A. Then it is to be proved that the system of equations: 

4l(x)=0, A p (x)=0 

admits all transformations: 

A — • • • i x ni ai,...,a r ) (i=l-n) 

of the r-term group X\f, . . .,X r f. 

According to Chap.[6l p. 1 1 1QL this only amounts to prove that the system of equa- 
tions: 

A l (x') = 0, A p (x') = 
is equivalent, after the substitution x J i = /j-(x, a), to the system of equations: 



A l (x)=0, A p (x)=0; 
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here, it is completely indifferent whether or not the equations A\ = 0, A p = 
are mutually independent. 

In order to prove that our system of equations really possesses the property in 
question, we proceed as follows: 

In Chap. |3l p. |4^R we have seen that by virtue of the equations x\ = fi(x,a), a 
relation of the form: 



(4) 



k=l 



k=\ 



holds, in which the e' k are related to the by the r equations: 

l-r r 

ej = - Y, ®kj{a) cCnk(a)e' K = £ co j7t (a)e K . 
n,k %=\ 

If we insert the just written expression of the in (4) and if we compare the coeffi- 
cients of the two sides, we obtain r relations: 



x' k f=YM a ) x jf 



(k=l-r) 



which clearly reduce to identities as soon as one expresses the x' in terms of the x 
by means of the equations x ! i = fi(x,a). 

By inserting the function x\ in place of / in the equations just found, we obtain 
the equations: 



= W) = £ (Ojki^Xjx'i 

j=\ v =l ax v 

which express directly the t,u{^) as functions of the x and a. Thanks to this, we are 
in a position to study the behaviour of the equations A (V) = after the substitution 

xf t = fi(x,a). 

The determinants A\ (V) ,...,A p (x) are made up from the matrix: 

U(x') ■ ■ trnV) 

in the same way as the determinants Ai(x),...,A p (x) are made up from the ma- 
trix (3). Now, if we imagine that the values found a while ago: 



5 The matrix denoted p(a) is denoted here Co(a) 
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are inserted in the matrix just written and then that the determinants A (x 1 ) are com- 
puted, we realize at first what follows: the determinants A a (x') have the form: 



P 

Ay CO = E Xax{a)D z 



(<7=l-p), 



where the Xot are certain determinants formed with the CDjk(a), while Di,...,D p 
denote all the (p + 1) x (p + 1) determinants of the matrix: 

X 1X \ ■ ■ X lX ' n 
Lastly, if the replace each X k x\ by its value: 

dfi(x,a) 



v=l 



we obtain for the determinants D x expressions of the form: 

P 

D -c = E VT/i( x > a )4"( x )> 

where the ty/ T|U are certain determinants formed with the . 

With this, it is proved that, after the substitution^ = fi(x,a), the A(j(x') take the 
form: 



l-p 



(ct=1- P ) 



Now, since the functions Xa^a), Vr^ behave regularly for all systems 
of values x^a coming into consideration, it is clear that the system of equations 
A a (x l ) = is equivalent, after the substitution x\ = fi(x,a), to the system of equa- 
tions A a (x) = 0, hence that the latter system of equations admits all transformations 
x\ = fi{x, a). But this is what was to be proved. 



§ 67. 



The Theorem 39 is so important that it appears not to be superfluous to produce yet 
a third proof of it. 

According to the Proposition 3 of the Chap. 13 (p. 11251) . the system of equations 
A\ = 0, . . . , A p = certainly admits all transformations of the r-term group 
X\f,.. .,X r f when there exist relations of the form: 
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X k A a = &oT(xi,---,x n )A T 



{k=\-r\ a=l -p) 



and when in addition the functions coat behave regularly for the systems of values 
which satisfy the equations A\ = 0, . . . , A p = 0. Now, it is in our case not more 
difficult to prove that the system of equations A a = satisfies this property. But in 
order not to be too much extensive, we want to execute this proof only in a special 
case. In such a way, one will see well how to treat the most general case. 

We will firstly assume that our group is simply transitive. So it contains n inde- 
pendent infinitesimal transformations and in addition, the determinant: 



6l to 

€nlO) 



does not vanish identically. 

Furthermore, we will restrict ourselves to establish that there are n relations of 
the form: 

XiA = (Oi{x h ...,x n )A (i=l-»), 

so that the equation A = admits all transformations of the group. By contrast, we 
will not consider the invariant systems of equations which are obtained by equating 
to zero all subdeterminants of the determinant A . 

If we express the (n — 1) x (n — 1) subdeterminants of A as partial differential 
quotients of A with respect to the it comes for XiA the expression: 



l-n 



dA 



fi,v °"=Aiv 

Now, X\f,... ,X n f generate an n-term group, so there are relations of the form: 



[Xi, Xy] — 52 c ip.sX s f, 
s=l 

or else, if written with more details: 

n 

Xi <^xv ~Xfi <§;'v = ^ c ifls <3iV- 

Consequently, for X, it results the following expression: 



I u 



s=l 



,fls 



"I" c ifls £>sv 



If, in this expression, we insert the equation above for X\A, then it comes: 
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Here according to a known proposition about determinants, the coefficients of 
d^i V I dx s and of can be expressed in terms of A . Namely, one has: 

2-i ^ sv 2P ~ S M ' 

v=l ^Sjuv 

where the quantities e^p vanish as soon as % and p are different from each other, 
while e %% always has the value 1 . Using these formulas, we obtain: 

1— n 3£ l—n 



( l-« $P. l-n -| 
X t A =A\ £ e, v -f^ + £ £ iM c/^ ^ 



and from this, it follows lastly that: 

(5) X { A=a£ (§f^+^J (i=i-»). 

Since, as always, only systems of values jq,...,x n for which all £&(jc) behave 
regularly are took into consideration, then clearly, the factor of A in the right-hand 
side behaves regularly for the considered systems of values x\, . . . ,x n . Hence, if the 
equation A = can be satisfied by such systems of values x\ , . . . ,x n , then according 
to the Proposition 3, p. II 25L it admits all transformations of the group X\f, . . . ,X n f. 

§ 68. 

As was already underlined on p. 123 1 1 the developments of the present chapter have 
great similarities with those of the Chap. [71 p. 11321 sq. Therefore, it is important to 
be conscious of the differences between the two theories. 

We have already mentioned the first difference on page 12361 It consists in what 
follows: 

When the r independent infinitesimal transformations X\f,.. .,X r f generate an 
r-term group, then each one of systems of equations A\ = 0, . . . , A p = obtained 
by forming determinants and mentioned more than enough admits all infinitesimal 
transformations X\f, . . . ,X r f. By contrast, when the r infinitesimal transformations 
are only subjected to the restriction that the independent equations amongst the 
equations X\f = 0, . . . , X r f = form a complete system, then in general, none 
of the systems of equations A\ = 0, . . . , A p = needs to admit the infinitesimal 
transformations X\f,... ,X r f. 
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Amongst certain conditions, one can in fact also be sure from the beginning, in the second one 
of the two cases just mentioned, that a system of equations A\ = 0, . . . , An = obtained by forming 
determinants admits the infinitesimal transformations X\f, . . . ,X r f. 

Let the r independent infinitesimal transformations X\f,... ,X r f be constituted in such a way that 
the independent equations amongst the r equations X\f = 0, . . . , X r f = form a complete system, 
so that there are relations of the form: 

[Xi,X k ] = Ym(xi,---,x n )X 1 f-\ \-Yikr(xi,...,x„)X r f 

(6) 

(Lk=l-r) 

Let the (p + 1 ) x (p + 1 ) determinants of the matrix: 

IliW • • 



(7) 



be denoted by A\,...,A p . If there are systems of values x\,...,x n for which all determinants 
A\,...,Ap vanish and if all functions Yikj{x\,...,x^) behave regularly for these systems of values, 
then it can be shown that the system of equations A\ = 0, . . . , A p = admits the infinitesimal 
transformations X\f,... ,X r f. 

In what follows, this proposition plays no role; it will therefore suffice that we prove it only in a 
special simple case; the proof for the general proposition can be executed in an entirely similar way. 

We want to assume that r = n and that the n equations X\f = 0, . . . , X„f = are mutually 
independent; in addition, let p = n — 1. The mentioned matrix then reduces to the not identically 
vanishing determinant: 

A=Y,±%U---%rm, 

and it contains only a single (p + 1 ) x (p + 1 ) determinant, namely itself. We will show that the equa- 
tion 4=0 then certainly admits the infinitesimal transformations X\f,... ,X r f when the functions 
Yikj in the equations: 

n 

[Xi,Xk\ = L YikjXjf (U=i-») 

behave regularly for the systems of values x\,...,x n which bring A to zero. 

According to Chap. [7] Proposition 3, p. 11251 we need only to show that each X^A can be repre- 
sented under the form (Ok{x\ , . . . ,x n )A and that the 0% behave regularly for the systems of values of 
A = 0. This proof succeeds in the same way as in the preceding paragraph. We simply compute the 
expressions X^A and we find in the same way as before: 



X k A=A £ f^L + rkvv (x 1> ...,x n )\ 
v=1 L ax v J 



(k=l-n). 

The computation necessary for that is exactly the previous one, although the constants c^j are 
replaced by the functions Yikj( x Y> t> ut tnat there occurs no difference has its reason in the fact 
that in the preceding paragraphs, it was made no use of the constancy property of the c^y. 

Clearly, the factors of A in the right-hand side of the above equations behave regularly for the 
systems of values of A = 0, hence we see that the equation A = really admits the infinitesimal 
transformations X\f,... ,X n f. 
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A second important difference between the case of an r-term group Xif, . . . ,X r f 
and the more general case of the Chap. [7J comes out as soon as one already knows a 
manifold M which admits all infinitesimal transformations Xif,.. . ,X r f. 

We want to assume that X\f, . . .,X r f attach exactly p independent directions to 
the points of M and especially, that Xif,... ,X p f determine p independent direc- 
tions. Under these assumptions, for the points of M, there are relations of the form: 

Xp+kf = <Pki(xi,- ■ ■ ,x n )X\f-\ h (pk P {x\ , . . . ,x n ) X p f 

where the y\j behave regularly; on the other hand, there is no relation of the form: 

Xi(x h ...,x n )Xif-{ \-x P (xi,...,x n )Xpf = 0. 

Now, if X\f,...,X r f generate an r-term group, then for the points of M, all 
[X{, Xk] can be represented under the form: 

p 

[Xi,Xk] = £ Yikj(xh---,Xn)Xjf (i,k=l-r), 
7=1 

and here, the yf^j behave regularly. By contrast, if X\f 1 . . . ,X r f only possess the 
property that the independent equations amongst the equations Xif = 0, . . . , X r f = 
form a complete system, then such a representation of the [X{, X^] for the points of 
M is not possible in all cases; but it is always possible when the functions Yikj m the 
equations (6) behave regularly for the systems of values x\ , . . . ,x n on M. We have 
already succeeded to make use of this condition in Chap. [71 p. U41l sq. 



Chapter 15 

Invariant Families of Infinitesimal Transformations 



One studies in this chapter the general linear combination: 



e\X\-\ Ye q X L 



of q ^ 1 given arbitrary local infinitesimal transformations: 



i=\ 



n 



d_ 

dxi 



(k=l-q) 



having analytic coefficients %ki( x ) an d which are assumed to be independent 
of each other. When one introduces new variables x\ = <Pi(x\, . . . ,x n ) in place 
of the xi, every transformation of this general combination receives another 
form, but it may sometimes happen under certain circumstances that the com- 
plete family in its wholeness remains unchanged, namely that there are functions 
e' k — e' k (e\ , . . . , e q ) such that: 



where, as in previous circumstances, the X' k = Y!i=\ £>ki{ x ')^ denote the same 
vector fields, but viewed in the target space x\ , . . . , x' n . 

Definition 15.1. The family e\X\-\ h e q X q of infinitesimal transformations 

is said to remain invariant after the introduction of the new variables x 1 = <p(jc) 
if there are functions e' k = e' k (ei,. ..,e q ) depending on <p such that: 



alternatively, one says that the family admits the transformation which is repre- 
sented by the concerned change of variables. 

Proposition 2. Then the functions e' k (e) in question necessarily are linear: 



<p* (e\X\ + ■ ■ ■ + e q X q ) = e\ (e) X[ + ■ ■ ■ + e' q {e)X' q , 



(1) 



<p* (eiXi + ■ • • + e q X q ) = e\ (e) X[ + • • • + e' q {e) X' q ; 
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with the constant matrix (pkj) }<^<^ being invertible: ek = Lj=i Pkj e 'j- 

Proof. Indeed, through the change of coordinates x' = <p(x), if we write that the 
vector fields are transferred to: 

" d " d 

1=1 I i'=l ! 

with their coefficients T}^ = rjkift) being expressed in terms of the target coordi- 
nates, and if we substitute the resulting expression into (1), we get the following 
linear relations: 



q q 

(1') £ AW) = L e kVkitf) (i=l-n). 

k=l k=\ 



The idea is to substitute here for x' exactly the same number q of different sys- 
tems of fixed values: 

r (l) -(1) r (2) J2) («) Jq) 

Aj ,...,Afl , Aj ,...,A n , , Aj ,...,A^ 

that are mutually in general position and considered will be considered as con- 
stant. In fact, according to the proposition on p. [771 or equivalently, according to 
the assertion formulated just below the long matrix located on p. [761 the linear 
independence of X\, . . . ,X q insures that for most such q points, the long qxqn 
matrix in question: 

e(2) e(2) Aq) 
Sll " ' bin Sll '"Sin Sll " ' h\ n 

c(2) e(2) 

\ S?l " ' S 9 1 hqn S g l " ' hqn ) 

has rank equal to q, where we have set := £, xi (x^). Consequently, while 

considering the values of ^-(jc^) and of rjfjy (a - ^) as constant, the linear system 
above is solvable with respect to the unknowns e' k and we obtain: 

q 

e 'k=Y,Pkjej (*=i •■•*), 

;=i 

for some constants p^/. In addition, we claim that the determinant of the matrix 
(pkj) 1<^<^ is m f act nonzero. Indeed, the linear independence of X\, . . . ,X q be- 
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ing obviously equivalent to the linear independence of <p*(Xi), . . . , (p*(X q ), the 
other corresponding long matrix: 



„(1) „(2) 
'/in 'ill 



„(2) 
''in 



„(<?) 
'ill 



'/in 



„(«) 



then also has rank equal to q and we therefore can also solve symmetrically: 

q 



ek=Y< Pkj e 'j 
7=1 



(*=!•••«), 



with coefficients p^ 7 which necessarily coincide with the elements of the inverse 
matrix. □ 



Families Invariant by One- Term Subgroups 



For an important application to the study of the adjoint group in Chap. L, we now 

want to study families e\X\-\ Ye q X q that are invariant when the transition 

from x to a new variable x' is performed by an arbitrary transformation of some 
one-term group x' = exp(tY)(x), where Y is any (local, analytic) vector field. 



As usual, we understand by: 

" df 
i=i 1 

independent infinitesimal transformations; temporarily, this shall be the only as- 
sumption which we make about the X^f. 

We consider the family of oof -1 infinitesimal transformations which is repre- 
sented by the expression: 

e 1 X 1 f + --- + e q X q f 

with the q arbitrary parameters e\, . . . , e q . When we introduce, in this expression, 
new independent variables x' in place of the x, then each infinitesimal transfor- 
mations in our family takes another form; evidently, we then obtain in general a 
completely new family of oo? -1 infinitesimal transformations. However, in certain 
circumstances, it can happen that the new family does not essentially differ in its 
form from the original family, when for arbitrary values of the e, there is a relation 
of the shape: 
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in df q 11 df 

(1) E e k L ^ki(,Xl,. . . ,X„) -5- = e 'k L ^'W' • • • > X n) "T7> 
yfc=l i'=l ax > k=l i=l OX i 

in which the e' k do not depend upon the x, but onlyS upon ei, . . . , e q . 
If there is such a relation, which we can also write shortly as: 

(2) f e k X k f = £ e' k X[f, 

k=l k=l 

then we say: the family of the infinitesimal transformations £ e^X^f remains invari- 
ant after the introduction of the new variables x' ', or: it admits the transformation 
which is represented by the concerned change of variables. 

§ 69. 

Let the family of the ooi^ 1 infinitesimal transformations £ e^X^f remain invariant 
through the transition to the variables x', so that there is a relation of the form: 

(2) Ye k X k f=Ye' k X' k f 1 

k=\ k=l 

in which the e' are certain functions of only the e. To begin with, we study this rela- 
tionship of dependence between the e and the e'\ in this way, we reach the starting 
point for the more precise study of such families of infinitesimal transformations. 
The expressions X k f can be written as: 

X kf = Y XkX 'i 37' 
(=1 aX i 

or, when one expresses the X k x'j in terms of the x' , as: 

x k f = Ynki{A^--, x 'n)^j- 

i=l OX i 

If we insert these values in the equation (2), we can equate the coefficients of the 
df I dx' j in the two sides, and so we obtain the following linear relations between the 
e and the e': 

q q 

(2') £ 4&i(*0 = £ e k r] ki (x') (i=i-n) 

k=\ k=\ 

According to our assumption, it is possible to enter for the e' functions of the e 
alone so that the equations (2') are satisfied for all values of the x' . It can be shown 
that the concerned functions of the e are completely determined. 



In fact, as will be see in a while, the dependence can then only be linear. 
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Since the equations (2') are supposed to hold true for all values of the x' , then 
they must also be satisfied yet when we replace x\, . . . ,x* n by any other system of 
variables. We want to do this, and to write down the equations (2') in exactly q 

different systems of variables x\, . . . ,x! n , xf{, . . . ,x" n , x[ q \ . . .,x n q ^: 

E^ v) ) = f«tW v) ) c=i™») 

k=\ k=l 

(v = l-?). 

The so obtained equations are solvable with respect to e[, . . . , e' q , because under 
the assumptions made, according to the developments of the Chap. SI p. UM not all 
qx q determinants of the matrix: 

pi pi pn pn pil) 
Sll ' ' bin Sll ' ' bin ' ' ' bin 



pi pi pn pn p{l) 
^ql ' ' ^>qn h q \ ' ' hqn ' ' ' bqn 

vanish. 

In addition, since the said equations are certainly compatible with each otheiH, 
we obtain the e' represented as linear homogeneous functions of the e: 

q 

e 'k=Y^P k j e i (k=l-q). 
7=1 

Here naturally, the p^j are independent of the X t JC ; a a a • JC w> and hence are abso- 
lute constants; the determinant of the py is different from zero, because visibly the 
gfc can, in exactly the same way, be represented as linear homogeneous functions of 
the e'. 

Although, under the assumptions made, the family of the infinitesimal transfor- 
mations £ e^Xif remains invariant after the introduction of the x', in general, its 
individual transformations are permuted. However, there always exists at least one 
infinitesimal transformation £ e Q k X k f which remains itself invariant, since the con- 
dition which the coefficients of such an infinitesimal transformation: 

t e° k X k f = CD t 4Kf 

k=\ k=\ 

must satisfy can be replaced by the q equations: 

g 

we °=£ Pkje°j (k=l-q) 
7=1 

2 — and since, furthermore, the Lemma on p.[76]insures that, with a suitable choice of generic fixed points x' l , . . .,x' n , 
x'[ , . . . , x", • • • , jtj , . . . , xjf 1 , the rank of the considered matrix of ^ 's is maximal equal to q — 
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and these last equations can always be satisfied without all the e Q k being zero. 
For closer illustration of what has been said, an example is more suitable. 
In the family of the °° 3 transformations: 

df df ( 2 df df\ ( df 2 df\ 

£13 h«2 5 he 3 x 13 \-xix 2 ^— + £4*1*23 ^25— )> 

ox\ ax 2 \ ox\ ox 2 J \ ax\ ax 2 J 

we introduce new variables by setting: 

x\ = a\ x\ +a 2 x 2 , x' 2 = a^x\ + a 4 x 2 . 
At the same time, the family receives the new form: 

where e\ , . . . , e' A express as follows: 



1 , df ,i df 



/ / / a 4 e 3 — a$e 4 1 a\e 4 — a 2 ez 

e\ = a\ e\ +a 2 e 2 , e 2 — a-^ey + a 4 e 2 , e 3 = , e 4 = . 

a\a 4 — a 2 a^ CL\Q 4 — a. 2 a,T > 

Consequently, the family remains invariant in the above sense. If one would want 
to know which individual infinitesimal transformations of the family remain invari- 
ant, one would only have to determine CO from the equation: 



a\ — CO a 2 
a.3 a 4 — CO 



a\CO — 1 a 2 
a 3 a 4 co — 1 



0, 



and to choose e\ , . . . , e 4 so that e' k = CO e k ; the concerned systems of values of the e k 
provide the invariant infinitesimal transformations. 

At present, by coming back to the general case, we want yet to specialize in a 
certain direction the assumptions made above. Namely, we want to suppose that the 
transition from the x to the x' is a completely arbitrary transformation of a deter- 
mined group. Correspondingly, we state from now on the following question: 

Under which conditions does the family £ e k X k f remain invariant through every 
transformation x\ — fi{x\, . . . ,x n ,t) of the one-term group Yf, that is to say, under 
which conditions does a relation: 

t e k XJ = £ e' k X' k f, 

k=l k=l 

hold for all systems of values e\,...e q ,t, in which the e' k , aside from upon the ej, yet 
only depend upon t ? 

When, in order to introduce new variables in X k f, we apply the general transfor- 
mation: 

x\ =Xi+tYXi~\ (j=l-n) 
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of the one-term group Yf, we obtain according to Chap. HI p. FTTl 

x k f =4f+t (4 Y 'f - Y Xf) + ■ ■ • ; 

hence also inversely: 

(3) Xj c f = X k f + t[Y,X k )+-:, 

which is more convenient for what follows. 

Now, if every infinitesimal transformation X k f + 1 [Y, X k ] H should belong to 

the family e{X\f ' -\ V e q X q f, and in fact so for every value of t, then obviously 

every infinitesimal transformation [Y, X^] would also be contained in this family. 
As a result, certain necessary conditions for the invariance of our family would be 
found, some conditions which amount to the fact that q relations of the form: 

(4) [Y 1 X k ] = j^g k} X ] f {k=\... q ) 

7=1 

should hold, in which the g k j denote absolute constants. 
If the family of the infinitesimal transformations: 

eiXl f+... + e q X q f 

is constituted so that for every k, a relation of the form (4) holds true, then we want 
to say that the family admits the infinitesimal transformation Yf. By this settlement 
of terminology, we can state as follows the result just obtained: 

If the family of the infinitesimal transformations: 

eiXJ+--- + e q X q f 

admits all transformations of the one-term group Yf, then it also admits the in- 
finitesimal transformation Yf. 

But the converse too holds true, as we will now show. 

We want to suppose that the family of the transformations £ e k X k f admits the 
infinitesimal transformation Yf, hence that relations of the form (4) hold true. If 
now the family £ e k X k f is supposed to simultaneously admit all finite transforma- 
tions of the one-term group Yf, then it must be possible to determine e[, . . . ,e' q as 
functions of e\, . . . , e q in such a way that the equation: 

I e' k X' k f = £ e k X k f 

k=l k=l 

is identically satisfied, as soon as one introduces the variable x in place of x' in the 
X' k f. Consequently, if X' k f takes the form: 
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x kf=Y< Cki(xi,---,x n ,t)-^- 

i=l 1 

after the introduction of the x, then one must be able to determine the e' k so that the 
expression: 

q q n 

L e 'k X kf = E E 4 > • • • >*n,0 ^~ 

k=\ k=\ i=\ Xl 

is free of t, hence so that the differential quotient: 

d q " df d q 

L e 'k X kf = E 3T 37 L 4 ■ ■ , W) 

oi k=l i=1 ox, or k=l 

vanishes^]; but at the same time, the e must still also satisfy the initial condition: 

e' k = gjfc for t = 0. 

In order to be able to show that under the assumptions made there really are 
functions e' of the required constitution, we must at first calculate the differential 
quotient: 

— X'f=Y d^ ki (xi,...,x n ,t) df 
dt kJ & dt dx .> 

for this, we shall take an indirect route. 

Above, we saw that Xlf can be expressed in the following way in terms of 
xi,..., x n and t: 

X[f = X k f + t[Y,X k } + ---, 

when the independent variables x' entering the X k are determined by the equations 
x\ = fi(x\, . . -,x n ,t) of the one-term group Yf. So the desired differential quotient 
can be obtained by differentiation of the infinite power series in t lying in the right- 
hand side, or differently enunciated: it is the coefficient of T 1 in the expansion of 
the expression: 

X k f + (t + t)[Y,X k ] + -- = f d Zutf, . . . X) |£ = Xt'f 

!=1 OX i 

with respect to powers of T. Here, the x" mean the quantities: 

x" = fi(xi,...,x„,t + %). 

However, the expansion coefficient [Entwickelungscoefficient] discussed just 
above appears at first as an infinite series of powers of t; nevertheless, there is no 
difficulty to find a finite closed expression for it. 

As we know, the transition from the variables x to the variables = fi(x\ , . . . , x n , t) 
occurs through a transformation of the one-term group Yf, and to be precise, 



3 Indeed, differentiation with respect to t of e\ X\ H h e r X r yields: = Jj Ef=i e k%k- 



§ 69. 261 

through a transformation with the parameter t. One comes from the x to the 
x'l = fi(x\, . . . ,x n , t + t) through a transformation of the same group, namely 
through the transformation with the parameter t + X. But this transformation can 
be substituted for the succession of two transformations, of which the first one 
possesses the parameter t, and the second one the parameter t; consequently, the 
transition from the x' to the x" is likewise got through a transformation of the 
one-term group Yf, namely through the transformation whose parameter is i: 

x'[ = fi(x?i, . . . ,x' n , t). 

From this, we conclude that the series expansion of Xl'f with respect to powers 
of T reads: 

X' i :f=X' k f+x[Y'X] + ---- 
As a result, we have then found a finite closed expression for the expansion coeffi- 

d(X' f) 

cient mentioned a short while ago; the sought differential quotient d k is hence: 

(5) ^-X ! k f=[Y\X' k ]=Y ! X' k f-X ! k Y'f. 

Naturally, this formula holds generally, whatever also one can choose as the 
two infinitesimal transformations X k f and Yf. However, in our specific case, 
Xif, . . . ,X q f,Yf are not absolutely arbitrary, but they are linked together through 
the relations (4). So under the assumptions made above, we receive: 

d(X'f) q 

(6) -^r Z =£^vX/ (*=!•••«)• 

dt v=i 

Now, if we form the differential quotient of J] e ' k X k f with respect to t, we obtain: 

P) q q a j q q 

ol k=l k=\ al k=l v=l 

q rde' q i 

k=l K u ' v=l J 

Obviously, this expression vanishes only when the e' k satisfy the differential equa- 
tions: 

de 1 q 

(7) -77+Esv*e'v = (*=i •••*). 

a ' v =l 

But from this the e^. can be determined as functions of t in such a way that for t = 0, 
each converts into the corresponding e^\ in addition, the e' are linear homoge- 
neous functions of the e. 
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If one puts the values of the e' in question in the expression £ e ' k Xif an d returns 
afterwards from the x' to the initial variables x\, . . . ,x n , then £ e' k X! will be indepen- 
dent of t, that is to say, it will be equal to £ e k X k f. Consequently, the family of the 
infinitesimal transformations £ e k X k f effectively remains invariant by the change 
of variables in question. 

As a result, we can state the following theorem: 

Theorem 43. A family of°° q ~ l infinitesimal transformations e\X\f -\ \-e q X q f 

remains invariant, through the introduction of new variables x' which are defined 
by the equations of a one-term group: 

x'j = Xi+tYXj-\ (i=l-n), 

if and only if between Yf and the X k f there are q relations of the form: 

(4) [Y,X k ]= 1 £g kv X v f (k=l- q ), 

v=l 

in which the g kv denote constants. If these conditions are satisfied, then by the con- 
cerned change of variables, £ e k X k f receives the form £ e' k X k f, where e[, . . . ,e' q 
determine themselves through the differential equations: 

de 1 q 
at v =l 

by taking account of the initial conditions: e' k = e k for t = (H 

If one performs the integration of which the preceding theorem speaks, hence 
determines e[ , . . . , e' r from the differential equations: 



dp' q 

-TT = -L8vke v (k=i~q) 
at v=l 

taking as a basis the initial conditions: e' k = e k for t = 0, then one obtains equations 
of the form: 

q 

4=l4,W e j (*= 1 •••<?)• 
;=i 

It is clear that these equations represent the finite transformations of a certain one- 
term group, namely the one which is generated by the infinitesimal transformation: 



k=\ v=l 

(cf. Chap.®. 



' LIE, Archiv for Mathematik og Naturvidenskab Vol. 3, Christiania 1878. 
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From the theorem just stated, we want to derive an important proposition which 
is certainly closely suggested. 

If the family of oo? -1 infinitesimal transformations e\X\f -\ Ye q X q admits the 

two infinitesimal transformations y\f and Y 2 f, then it also admits at the same time 
each transformation c\Y\f + c 2 Y 2 f which is linearly deduced from Y\f and Y 2 f; 
this follows immediately from the fact that the infinitesimal transformation: 

[ci Y x f + c 2 Y 2 f, X k f] = Cl [Yi , X k ] + c 2 [7 2 , X k ] 

can, in our case, be linearly expressed in terms of the Xtf. But our family e\X\f + 

h e q X q f also admits the infinitesimal transformation [Fj, Y 2 ]. Indeed, one forms 

the Jacobi identity: 

[[Y U Y 2 ],X k ] + [[Y 2 , X k ], Yi] + [[X k , Yi], Y 2 ] = 0, 

and one takes into account that [Ti,^] and [l2j -Xjt] can be linearly expressed in 
terms of the Xjf, so one realizes that this is also the case for \\Y\, Y 2 ], X k ~\ . 
By combining these two observations, one obtains the announced 

Proposition 1. If the most general infinitesimal transformation which leaves invari- 
ant a family of°° q ~ l infinitesimal transformations: 

eiXl f+... + e q X q f 

can be linearly deduced from a bounded number of infinitesimal transformations, 
say from Y\f, . . . , Y m f, then the Y k f generate an m-term group. 

This proposition can yet be generalized; indeed, it is evident that that the totality 
of all finite transformations which leave invariant the family £ e k X k f always forms 
a group. 

§ 70. 

Let the conditions of the latter theorem be satisfied, namely let the family of the 
ooQ- 1 infinitesimal transformations £ e k X k f be invariant by all transformations of 
the one-term group Yf. 

Now, according to Chap.Hl p. [681 the following holds true: if, after the introduc- 
tion of new variables, the infinitesimal transformation Xf is transferred to Zf, then 
at the same time, the transformations of the one-term group Xf are transferred to the 
transformations of the one-term group Zf. So we deduce that under the assumptions 
of the Theorem 43, not only the family of the oo^ 1 infinitesimal transformations 

V e r X r f remains invariant, but also the family of the oo? -1 one-term 

groups generated by these infinitesimal transformations, and naturally also, the to- 
tality of the oo ? finite transformations which belong to these one-term groups. 

But we yet want to go a step further: we want to study how the analytic expression 

of the individual finite transformations of the one-term groups e\X\f-\ h e q X q f 

behave, when the new variables: 
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x'i =Xi + t Yxi H 

are introduced in place of the x. 

The answer to this question is given by the Proposition 3 in Chap. HI p.[69l Indeed, 
from this proposition, it easily results that, after the introduction of the new variables 
x', every finite transformation: 



(8) 



1-9 l "' q e k e- 

■xi+Y, e k x k*i + E T^ XkX j Xi + " ' 

k kj w 

(i=l-n) 



receives the shape: 

(9) A = A + E AAA + E j-^ x k x 'j x i + ■ • • , 

k k, j 

where the connection between the e k and the e' k is prescribed through the relation: 

(10) Ye k X k f+Ye'Xf. 

k=\ k=l 

Consequently, we see directly that the concerned family of °° q finite transformations 
in the new variables x 1 possesses exactly the same form as in the initial variables x. 
But in addition, we remark that a finite transformation which has the parameters 
e\, . . . , e q in the x possesses, after the introduction of the new variables x', the pa- 
rameters e' v ...,e' q . 

Now, as said just now, the connection between the e and the e' through the iden- 
tity (10) is completely prescribed; hence this identity is absolutely sufficient when 
the question is to determine the new form which an arbitrary finite transforma- 
tion (8) takes after the transition to the x' . 

In order to be as distinct as possible, we bring this circumstance to expression 
when we interpret £ e^X^f virtually as the symbol of the finite transformation: 

i 

A = x i+ E e k X k*i + --- (i=l-n), 
k=l 

where the absolutJ^ values of the e k then come into consideration, not only their 
ratio. Then we can simply say: 

After the introduction of the new variables x', the finite transformation £ e k X k f 
is transferred to the finite transformation £ e' k X' k f. 

In the next studies of this chapter, the symbol £ e k X k f will be employed some- 
times as the symbol of a finite transformation, sometimes as the symbol of an in- 



- namely the values themselves, but not the 'absolute values' \e^ \ in the modern sense- 
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finitesimal transformation. Hence in each individual case, we shall underline which 
one of the two interpretations of the symbol is meant. 

§ 71. 

Let the family of the °° q transformations e\X\f -\ h e q X q f remain invariant by 

all transformations of the one-term group Yf. It can happen that Yf itself is an 
infinitesimal transformation of the family £ e^X^f; indeed, the case where Yf is one 
arbitrary of the ooi^ 1 infinitesimal transformations £ e^X^f is of special interest. 
This will occur if, but also, only if between the X^f, there are relations of the form: 

[Xi,X k } = Y,8ik s X s f. 

5=1 

Hence from the theorem of the preceding paragraph, we obtain the following more 
special theorem in which we permit ourselves to write r instead q and instead 

Of giks- 

Theorem 44. For a family of ~°° r finite transformations: 

e\X\f-\ Ye r X r f or: x t = <Pj(xi, . . . ,x n , e\, . . . ,e r ) 

to remain invariant by every transformation which belongs to it — so that, after the 
introduction of the new variables: 

Xj ^3;(jcj , ... jXfi, h\, . . . , hy) , Xj ^3;(xi , . . . , x n: h\ , . . . , h r ^ 

in place of the x and the x, it takes the form: 

Xj = ^3/(^1, . . . l\,...,l r ) 

where the I only depend upon e\ , . . . , e r and hi, . . . , h r — it is necessary and sufficient 
that the Xf stand pairwise in the relationships: 

r 

[Xh %k\ = J! c iksX s f, 
s=l 

where the cik s are absolute constants. 

This theorem states an important property that the family of the oo r finite trans- 
formations £ ekXkf possesses as soon as relations of the form [X{, Xk] exist. It is 
noteworthy that, for the proof of this theorem, we have used the studies of the pre- 
ceding chapter only for the smallest part; moreover, we have used no more than a 
few developments of the Chaps. [21 SB] and [8] Namely, one should observe that we 
have made no use of the Theorem 24, Chap. |9l p. 11691 

If one assumes that the latter theorem is known, then one can shorten the proof 
of the Theorem 44 as follows: one shows at first, as above, that the relations 
[Xj, Xfc] = Y*Cik s X s f are necessary; then from Theorem 24, p. 11691 it comes that 
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the oo r_1 infinitesimal transformations Y^e k X k f generate an r-term group. If 
x- = tyi(xi,. .. ,x n , h\,. .. ,h r ) are the finite equations of this group, then according 
to Theorem 5, p.|43l there is an identity of the form: 

j^e k X k f=j^e' k X' k f; 

k=\ k=\ 

with this, the proof of the Theorem 44 is produced. 

One does not even need to refer to Theorem 5 p.|43l but one can conclude in the 
following way: 

The equations x\ = *#i(x,h) of our group, when resolved, give a transformation 
of the shape: 

xt = «P/ (x[ , . . . , xf n , %i{h),..., Xr(h)) , 

that is to say, the transformation which is inverse to the transformation with the 
parameters hi,.. .,h r . Now, if one imagines that these values of the X[ are inserted 
in the equations xi = *p,-(jc, e) and if one takes into consideration that one has to deal 
with a group, then one realizes that there exist certain equations of the form: 

xi = % (x\ , . . . ,x' n , \in(h, e), . . . , \fr r (h, ej). 

Lastly, if one inserts these expressions for the Xi in the equations = ^j(x,h), 
then one obtains: 

= $Pi(.*i, . . . ,x n , li, . .. ,l r ). 

This is the new form that the transformations Xi = *$i(x, e) take after the introduction 
of the new variables x' . Here evidently, the / are functions of only the e and the h, 
exactly as it is claimed by the Theorem 44, p. 12651 

As a result, the connection which exists between the Theorem 24, p. 1 1691 and the 
Theorem 44 of the present chapter is clarified. 

§ 72. 

In order to be able to state the gained results more briefly, or, if one wants, more 
clearly, we will, as earlier on, translate the symbolism of the theory of substitutions 
to the theory of transformation groups. 

We shall denote all finite transformations eiXif -\ \-e r X r f by the common 

symbol T, and the individual transformations by marking an appended index, so 
that for instance the symbol Ti a \ denotes the finite transformation: 

aiXif^ \-a r X r f. 

Using this way of expressing, we can at first state the Theorem 24, p. 11691 as 
follows: 

Proposition 2. If r independent infinitesimal transformations X\f,... ,X r f stand 
pairwise in relationships of the form: 
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[X h X k ] = £c iks X s f, 

.5=1 

then the family of all finite transformations Y^ e k^-kf> or Tr e y contains, simultane- 
ously with the two transformations T/ a \ and Tr b \, also the transformation Tr a \ T^ b y, 
hence there is a symbolic equation of the form: 



in which the parameters c are functions of the a and of the b. 

Correspondingly, from the Theorem 44 of the present chapter, we obtain the fol- 
lowing proposition, which, however, does not exhaust the complete content of the 
theorem: 

Proposition 3. If r independent infinitesimal transformations X\f,...,X r f stand 
pairwise in the relationships [Xj, X^], then the family of the °° r finite transformations 
£ e^X^f, or Tt e \, contains, simultaneously with the transformations and T/ b \, 

also the transformation Tr} T^ a y whence there exists an equation of the form: 

rri — 1 rri rri rri 

T (a) T (b) T {a) = T (C) 

in which the parameters c' are functions of the a and of the b. 

Obviously, the existence of the symbolic relation: Tr} = is a con- 

sequence of the former relation: T a \ Ti b \ = Tt c \, hence the latter proposition is also 
a consequence of the preceding one, as we already have seen in the previous para- 
graphs. 

Finally, by combining the two Theorems 44 and 24, p. |169[ we yet obtain the 
following the following curious result. 

Theorem 45. If a family of °° r finite transformations: a\X\f + • • • + a r X r f, or 
shortly T^ a y possesses the property that the transformation Tr always 
belongs to the family, whatever values the parameters ai,...,a r , bi,...,b r can 
have, then the family of°° r transformations in question forms an r-term group, that 
is to say: T^y Ti b \ is always a transformation which also belongs to the family. 

§ 73. 

If the transformation Tr} T^ T^ coincides with the transformation T^ b y a fact that 
we express by means of the symbolic equation: 

rri — 1 rri rri rri 

T (a) T (b) T (a)=T(b), 

then we say: the transformation T/ b \ remains invariant by the transformation T/ a y 
But in this case, we also have: 
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rjl — 1 rri rri rri 

\ b) T {a) T {b) =T {a) , 

that is to say, the transformation Tt a \ remains invariant by the transformation ; 
on the other hand: 

T (a) T(b) = T {b) T {a) 

is an equation which expresses that the two transformations T/ a \ and are inter- 
changeable one with another. 

We already remarked in Theorem 6, p.[63]that the transformations of an arbitrary 
one-term group are interchangeable by pairs. At present, we can also settle the more 
general question of when the transformations of two different one-term groups Xf 
and Yf are interchangeable one with another. 

In the general finite transformation eXf of the one-term group Xf, we introduce 

the new variables x\ which are defined by the finite equations x\ =X{ + t Yxi H of 

the one-term group Yf. The transformations of our two one-term groups will then 
be interchangeable if and only if every transformation of the form eXf remains 
invariant after the introduction of the x' ', whence eXf is equal to eX'f. 

According to the Theorem 43, p. |262[ for the existence of an equation of the form: 

eXf = e'Xf, 

it is necessary and sufficient that the infinitesimal transformations Xf and Yf satisfy 
a relation: 

[Y,X]=gXf; 

at the same time, the e' determines itself through the differential equation: 

- + ^ = 0. 

But in our case, e' is supposed, for every value of t, to be equal to e, hence e' 
depends absolutely not on t, that is to say, the differential quotient de' /dt vanishes, 
and with it, the quantity g too. At the same time, this condition is evidently necessary 
and sufficient. Consequently, the following holds true: 

Proposition 4. The finite transformations of two one-term groups Xf and Yf are 
interchangeable one with another if and only if the expression [X, Y] vanishes iden- 
tically. 

It stands to reason to call interchangeable two infinitesimal transformations Xf 
and Yf which stand in the relationship [X,Y] = 0. 

If we introduce this way of expressing, we can say that the finite transformations 
of two one-term groups are interchangeable by pairs if and only if the infinitesimal 
transformations of the two groups are so. 

Moreover, from the latter proposition, it yet comes the 

Theorem 46. The finite transformations of an r-term group X\f, . . . ,X r f are pair- 
wise interchangeable if and only if all expressions [X,-, X^] vanish identically, or 
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stated differently, if and only if the infinitesimal transformations X\f,... ,X r f are 
interchangeable by pair^ 

§ 74. 

From the general developments of the §§69 and 70, we will now yet draw a few 
further consequences that are of importance. 

We again assume that the r independent infinitesimal transformations X\f,..., X r f 
stand pairwise in the relationships: 

r 

[Xi, Xk] = J! c iksX s f, 
S=l 

whence according to the Theorem 24 of the Chap.O p. 11691 the °° r finite transfor- 
mations Y e kXkf form an r-term group. Now, if the family of the transformations 
Y CkXkf remains invariant by all transformations of a one-term group Yf, then ac- 
cording to Theorem 43, p. 12621 there exist r equations of the form: 

(4) [Y,X k ] = j^g ks X s f. 

5=1 

These equations show that the r + 1 infinitesimal transformations X\f, . . -,X r f, 
Yf generate an (r + l)-term group to which X\f, . . . ,X r f belongs as an r-term sub- 
group. 

In addition, it is clear that the relations (4) do not essentially change their form 
when one inserts in place of Yf a completely arbitrary infinitesimal transformation 
of the (r+ l)-term group. 

Hence, if x[ = y/i(xi, . . . ,x n , ai, . . . ,a r +l) are the finite equations of the (r+ 1)- 
term group, then the family of the finite transformations Y CkXkf remains invariant 
when one introduces in the same way the new variables x' in place of the x, that is 
to say, only the parameters vary in the analytic expression of the r-term group. 

A similar property would hold true if, instead of the single transformation Yf, 
one would have several, say m, such transformations all of which would satisfy 
relations of the form (4); in addition, we yet want to add the assumption that these m 
infinitesimal transformations Yif, . . . , Y m f, together with X\f, . . .,X r f, generate an 
(r + m) -term group. Then if we introduce new variables in the group X\f,... ,X r f by 
means of an arbitrary transformation of the (r + m) -term group, the family of finite 
transformations of our r-term group remains invariant, although the parameters are 
changed in their analytic representation. 

We want to express this relationship between the two groups by saying shortly: 
if the r-term group X\f,..., X r f remains invariant by all transformations of the (r + 
m)-term group, it is an invariant subgroup of it. 



T LIE, Gesellschaft der Wissenschaften zu Christiania 1872; Archiv for Mathematik og Naturvidenskab Vol. 8, 
p. 180, 1882; Math. Annalen Vol. 24, p. 557, 1884. 
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If we translate the way of expressing used commonly in the theory of substitu- 
tions, we can also interpret as follows the definition of the invariants subgroups: 

If T is the symbol of an arbitrary transformation of the (r + m) -term group G, 
and if S is an arbitrary transformation of a subgroup of G, then this subgroup is 
invariant in G when the transformation T 1 ST always belongs also to the subgroup 
in question. 

In what has been said above, the analytic conditions for the invariance of a sub- 
group are completely exhibited; so we need only to summarize them once again: 

Theorem 47. If the r-term group X\f 1 . . . ,X r f is contained in an (r + m) -term group 
X\f,... ,X r f, Y\f,..., Y m f, then it is an invariant subgroup of it when every [Yj, X^\ 
expresses in terms ofX\f, . . . ,X r f linearly with constant coefficients. 

On can give the Theorem 47 in the following more general — though only in a 
formal sense — version: 

Proposition5.7/' the totality of all infinitesimal transformations e\X\f + •■■ + 
e m X m f forms an invariant family in the r-term group X\f, . . . ,X m f, . . .,X r f, then 
X\f,.. .,X m f generate an m-term invariant subgroup of the r-term group. 

Indeed, since all [Xj, X%\, in which i is ^ m, can be linearly deduced from 
X\f, . . . ,X m f, then in particular the same holds true of all [X,-, X#] in which both i 
and k are ^ m. As a result, Xi/, . . .,X m f generate an m-term subgroup to which the 
Theorem 47 can immediately be applied. 

At first, a few examples of invariant subgroups. 

Proposition 6. Q If the r independent infinitesimal transformations X\f, . . . ,X r f 
generate an r-term group, then the totality of all infinitesimal transformations 
[X,-, Xjt] also generate a group; if the latter group contains r parameters, then it is 
identical to the group Xif, . . . ,X r f; if it contains less than r parameters, then it is an 
invariant subgroup of the group X\f,.. . ,X r f; if one adds to the [X,-, Xj arbitrarily 

many mutually independent infinitesimal transformations e\ X\f H V e r X r f that 

are also independent of the [X,-, Xj, then one always obtains again an invariant 
subgroup of the group Xi/, . . . ,X r f. 

It is clear that the [X,, X&] can at most generate an r-term group, since they all 
belong to the group X\f,...,X r f; the fact that they effectively generate a group 
comes immediately from the relations: 

r 

[Xi, X k ] = ^ CjksXsf, 
s=l 

for one indeed has: 



t In the Archiv for Mathematik og Naturvidenskab Vol. 8, p. 390, Christiania 1883, LIE observed that the [X t , X k ] 
form an invariant subgroup. KILLING has realized this independently in the year 1886. 
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1-r 

[[Xi,X k ], [Xj,X,]] = £ c iks c jla [X s ,X a ]. 

The claim that the group generated by the [X,-, Xj in the group X\f,... ,X r f is 
invariant becomes evident from the equations: 

[X/JX^X*]] =£c lfe [X/,X,]. 

5=1 

The last part of the proposition does not require any closer explanation. 
The following generalization of the proposition just proved is noteworthy: 

Proposition l.Ifm infinitesimal transformations Zif,.. .,Z m f of the r-term group 
X\f,...,X r f generate an m-term subgroup of this group, and if the subgroup in 
question is invariant in the r-term group, then the subgroup which is generated by 
all the infinitesimal transformations [Z^, Z v ] is also invariant in the r-term group. 

The proof of that is very simple. Under the assumptions of the proposition, there 
are relations of the shape: 

m 

[Xk,Z^] = £ h kp.l Z xf [k=l-r; n = l-m), 

2=1 

where the h k nx are constants. Next, if we form the Jacobi identity (cf. Chap. [51 

p.ssa): 

[X k , [Z M , Z v ]] + [Z M , [Zy, X k }] + [Z v , [X,, Z M ]] = 0, 

and if we insert in it the expressions written above for [Z«,Xjt] and [Z Vl X k ], we 
obtain the equations: 

m 

[X k , [Zfi, Z v ]] = £ {h kvX [Zp, Z x ] - h k ^ x [Z v , Z A ] }, 
1=1 

from which it comes that the subgroup of the group X\f, . . . ,X r f generated by the 
[Zjn, Z v ] is invariant in the former group. But this is what was to be proved. — 

Let the r-term group X\f, . . . ,X r f, or shortly G r , contain an (r — l)-term invariant 
subgroup and let Y\f, . . . , Y r f be r independent infinitesimal transformations of the 
G r selected in a such a way that Y\f, . . . , F r _i/ is this invariant subgroup. Then there 
exist relations of the forrro 

[Yi,Y k ] =CikiYif+---+Cik,r-lYr-lf (i,k=l-r), 

whence all \Yj, Y k ] and also all [X ; -,X^] can be linearly deduced from only 
Y\f, . . . , Y r -if. From this, we conclude that every (r — l)-term invariant subgroup 

5 Indeed, the invariance yields such relations for all i = 1 r — 1 and all k = 1 , . . . , r, and also by skew-symmetry 

for all i = 1, . . .,r and all A; = 1, ... ,r— 1; it yet remains only [Y„, Y„] which, anyway, is zero. 
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of the G r contains all the infinitesimal transformations [Xj, Xj and so, we realize 
that the following proposition holds true: 

Proposition 8. In the r-term group Xif,... ,X r f, there is an (r — \ )-term invariant 
subgroup if and only if the infinitesimal transformations [X/,Xfc] generate a group 
with less than r parameters; if there are, amongst the [X,-, X^] exactly r\ < r mu- 
tually independent infinitesimal transformations, then one obtains all (r— I) -term 
invariant subgroups of the group X\f,... ,X r f by adding to the [X;, Xj in the most 

general way r — r\ — \ infinitesimal transformations e\X\f-\ h e r X r f which are 

mutually independent and are independent of the [X;, X^]. 

The Proposition 1 in Chap. [121 P- 12 141 provides us with another example of in- 
variant subgroup. 

Namely, if, in the neighbourhood of a point Xj, . . . ,x„, a group contains infinites- 
imal transformations of first or of higher order in the x; — xf, then each time, all 
infinitesimal transformations of order k (k > 0) and higher generate a subgroup. 
Now, by bracketing [Klammeroperation], two infinitesimal transformations of re- 
spective orders k and k + v produce a transformation [X, Y] of the order 2k + v — 1 . 
Because k is > 0, one has 2k+v — 1 ^ k + v, hence [X, Y] must be linearly express- 
ible in terms of the infinitesimal transformations of orders k + v and higher. In other 
words: all the infinitesimal transformations of orders k + v and higher generate a 
group which is invariant in the group generated by the infinitesimal transformations 
of orders k and higher. And as said, all of that holds true under the only assumption 
that the number k is larger than zero. 

In particular, if the numbers k and k + v can be chosen in such a way that the 
group contains no infinitesimal transformation of orders (2k + v — 1) and higher in 
the neighbourhood of x®, . . . ,x„, then the expression [X, Y] must vanish identically. 
Hence the following holds true: 

Proposition 9. If, in the neighbourhood of a point Xj , . . . ,x~, a group contains no in- 
finitesimal transformation of(s+\) -th order, or of higher order, and if, by contrast, 
it contains transformations ofk-th order, where k satisfies the condition 2k—l>s, 
then all infinitesimal transformations of the group which are of the k-th order and 
of higher order generate a group with pairwise interchangeable transformations. 

Here, the point Xj , . . . ,x„ needs absolutely not be such that the coefficients of the 
resolved defining equations of the group (cf. Chap. [TU p. 12001 sq.) behave regu- 
larly. — 

Consequently [consequenterweise] one must say that each finite continuous 
group contains two invariant subgroups, namely firstly itself and secondly the iden- 
tity transformation. One realizes this by setting m, in the Theorem 47, firstly equal 
to r, and secondly equal to zero; in the two cases the condition for the invariance 
of the subgroup X\f, . . . ,X r f is satisfied by itself, only as soon as X\f, ...,X r f, 
Y\f,..., Y m f is an (r + m)-term group. 
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The groups which contain absolutely no invariant subgroup, disregarding the two 
which are always present, are of special importance. That is why these groups are 
also supposed to have a special name, and they should be called simple [einfach]. 
In contrast to this, a group is called compound [zusammengesetzt] when, aside 
from the two invariant subgroups indicated above, it yet contains other invariant 
subgroups. 

In conclusion, here are still two propositions about invariant subgroups: 

Proposition 10. The transformations which are common to two invariant subgroups 
of a group Gform in the same way a subgroup which is invariant in G. 

The transformations in question certainly form a subgroup of G (cf. Chap. 
Proposition 2, p. 11701) : this subgroup must be invariant in G, since by all transforma- 
tions of G, it is transferred to a group which belongs to the two invariant subgroups, 
that is to say, to itself. 

Proposition 11. If two invariant subgroups Y\f, . . . , Y m f and Z\j ', . . . ,Z p f of a 
group G have no infinitesimal transformations in common, then all expressions 
\Y(, Zjt] vanish identically, that is to say, every transformation of one subgroup is 
interchangeable with every other transformation of the other subgroup. 

Indeed, under the assumptions made, every expression [Yj, must be ex- 
pressible with constant coefficients both in terms of Y\f, . . .,Y m f and in terms of 
Z\f,...,Z p f; but since the two subgroups have no infinitesimal transformations 
in common, then the thing is nothing else but that all expressions [Yj, Zj vanish 
identically. The rest follows from the Proposition 4, p. |259l 

§ 75. 

There are r-term groups for which one can select r independent infinitesimal 
transformations: Y\f, . . . , Y r f so that for every i < r, the i independent infinitesimal 
transformations Y\f, . . . ,Yif generate an /-term group which is invariant in the 
(/ + l)-term group Y\f, . . . , Y i+ \f. Then between Y\f, . . . , Y r f, there are relations of 
the form: 

[Yi, Y i+k ] = Cjy+^i Yi/H \-c~ij + k : i+k-iYi + k-lf 

(, = 1 --. , — 1 ; k=\-r-i). 

In the integration theory of those systems of differential equations which admit 
finite groups, it comes out that the groups of the just defined specific constitution 
occupy a certain outstanding position in comparison to all other groups^. 

Later, in the chapter about linear homogeneous groups, we will occupy ourselves 
more accurately with this special category of groups; at present, we want only to 
show in which way one can determine whether a given r-term group X\f, . . . ,X r f 
belongs, or does not belong, to the category in question. 

t LIE, Ges. der Wiss. zu Christiania, 1874, p. 273. Math. Ann. Vol. XI, p. 517 and 518. Archiv for Math, og Nat. 
Vol. 3, 1878, p. 105 sq„ Vol. 8, 1883. 
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In order that it be possible to choose, amongst the infinitesimal transformations 
e\ X\f H h e r X r f, r mutually independent ones: Yif,..., Y r f which stand in re- 
lationships of the form (11), there must above all exist an (r— l)-term invariant 
subgroup in the G r : X\f, . . . ,X r f. Thanks to Proposition 8, p. I272L we are in a posi- 
tion to determine whether this is the case: according to this proposition, the group 
X\f,... ,X r f contains an (r — l)-term invariant subgroup only when the group gen- 
erated by all [Xi, Xjfc] contains less than r parameters, say r\\ if this condition is sat- 
isfied, then one obtains all [r — l)-term invariant subgroups of the G r by adding to 
the [Xi, XjJ in the most general way r — r\ — 1 infinitesimal transformations e\ X\f+ 
h e r X r f that are mutually independent and are independent of the [Xi, X^] . 

However, not every r-term group which contains an (r— l)-term invariant sub- 
group does belong to the specific category defined above; for it to belong to this 
category, it must contain an (r— l)-term invariant subgroup, which in turn must 
contain an (r — 2) -term invariant subgroup, and again the latter subgroup must con- 
tain an (r — 3)-term invariant subgroup, and so on. 

From this, it follows how we have to proceed with the group Xif,...,X r f: 
amongst all (r — l)-term invariant subgroups of the G r , we must select those which 
contain at least an (r— 2) -term invariant subgroup and we must determine all their 
(r — 2)-term invariant subgroups; according to what precedes, this presents no 
difficulty. Afterwards, amongst the found (r — 2)-term subgroups, we must select 
those which contain (r — 3) -term invariant subgroups, and so forth. 

It is clear that in this manner, we arrive at the answer to the question which we 
have asked about the group X\f,...,X r f. Either we realize that this group does 
not belong to the discussed specific category, or we find r independent infinitesi- 
mal transformations Y\f, . . . , Y r f of our group which are linked by relations of the 
form (11). 

In certain circumstances, the computations just indicated will be made more dif- 
ficult by the fact that the subgroups to be studied contain arbitrary parameters which 
specialize themselves in the course of the computations. So we will indicate yet an- 
other process which conducts as well to answering our question, but which avoids 
all computations with arbitrary parameters. 

We want to suppose that amongst the [Xi, Xk\, one finds exactly r\ ^ r which 
are independent and that all [Xi, XjJ can be linearly deduced from X[f,...,X^f, 
and furthermore correspondingly, that all [X[, XL] can be linearly deduced from the 
r2 ^ r\ independent transformations X['f,...,X^f, all [X[ r , X^] from the ^ r2 
independent X'" f,...,X'"f, and so on. Then according to Proposition 6, p. 12701 
X[f, . . . ,X' n f generate an ri-term invariant subgroup G n of the G,: X\f, . . . ,X r f, 
and furthermore X['f, . . . ,X''f generate an r2-term invariant subgroup G n of the 
G n , and so forth; briefly, we obtain a series of subgroups G n , G r2 , G r3 , . . . , of the 
G r in which each subgroup is contained in all the preceding ones and is invariant 
in the immediately preceding one, in all cases. But now, according to the Proposi- 
tion 7, p. 12711 the G n is at first invariant not only in the G n , but also in the G r , and 
furthermore, according to the same proposition, the G n is not only invariant in the 
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G n , but also in the G n and even in the G r itself, and so forth. One sees that in the 
series of the groups: G r , G n , G r2 , . . . , each individual group is contained in all the 
groups preceding, and is invariant in all the groups preceding. 

In the series of the entire numbers r, r\, ri, • • • , there is none which is larger 
than the preceding one, and on the other hand, none which is smaller than zero. 
Consequently, there must exist a positive number q of such a nature that r q+ \ is 
equal to r q , while for j < q, it always holds true that: ry + i < rj. Evidently, one then 
has: 

r q = r q+l = r q+2 = ' * ' , 

so actually: 

r q +k = r q (*=1,2-). 

Now, there are two cases to be distinguished, according to whether the number r q 
has the value zero, or is larger than zerc0. 

In the case r q = 0, it is always possible, as we will show, to select r independent 
infinitesimal transformations Yif, . . . , Y r f of the G r which stand in relationships of 
the form (11). 

Indeed, we choose as Y r f, Y r -\f, ...,Y n +if any r — r\ infinitesimal transforma- 
tions e\ X\f H h e r X r f of the G r that are mutually independent and are indepen- 
dent of X[f, . . . ,X' n f; as Y n f, Y n -\f, Y n+ \f, we choose any r\ — r2 infinitesi- 
mal transformations e\X[f -\ Ye' r ^X' r J of the G n that are mutually independent 

and are independent of X['f, . . . ,X" 2 f, etc.; lastly, as Y r x f, Y r Y -\f, . . . , Y\f, we 

choose any r q -\ independent infinitesimal transformations ef ^X-f f -\ h 

e r^_i Xrq-i^ f °f me G r _ v In this way, we obviously obtain r mutually indepen- 
dent infinitesimal transformations Y\f, . . . , Y r f of our G r ; about them, we claim that 
for every i < r, the i transformations Y\f, . . . , Yff generate an /-term group which is 
invariant in the (i + 1 )-term group: Y\f, . . . , Yj + if. If we succeed to prove this claim, 
then we have proved also that Yj/, . . . , Y r f stand in the relationships (11). 

Let j be any of the numbers 1,2, ...,q. Then it is clear that the r, mutually 
independent infinitesimal transformations Y\f, . . . ,Y r .f generate an ry-term group, 
namely the group G rj defined above; certainly, it must be remarked that in the case 
j = q, the G r . reduces to the identity transformation. 

As we already have remarked earlier on, according to Proposition 6, p. 12701 the 
G rj is invariant in the group G rj l ; but from this proposition, one can conclude even 
more, namely one can conclude that we always obtain an invariant subgroup of the 
G rj j when, to the infinitesimal transformations Yif,...,Y rj f of the G rj , we add 
any infinitesimal transformations of the group G rj l that are mutually independent 
and are independent of Y\f, . . . , Y r .f . Now, since Y r +if, . . . , Y rj _ x f belong to the 
G r and furthermore, since they are mutually independent and independent of 
Y\ f, . . . , Y rj f, then it comes that each one of the following systems of infinitesimal 
transformations: 



6 In this case, r q ^ 2 in fact, for a one-term group is always solvable. 
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Yif,..., 
Yif,..., 



Y r .f,Y r] +lf,...,Yrj- 1 -2f,Y, 
Y rj f, Yrj + lf, Y rj _ x -if 



if 




the following properties: each one of them has a number of terms exactly one less 
than that of the group just preceding in the series, each one of them is contained 
in the G rjl and in all the groups preceding in the series, and each one of them is 
invariant in the G rjl , hence also invariant in all the groups preceding in the series, 
and in particular, invariant in the group immediately preceding. About that, it yet 
comes that the G rj is contained in the I^+i as an invariant subgroup. 

What has been said holds for all values: 1,2, ... ,q of the number j, and conse- 
quently, we have effectively proved that Yif,.. ., Y r f are independent infinitesimal 
transformations of the group Xif, ...,X r f such that, for any i < r, Yif,...,Yif 
always generate an z'-term group which is invariant in the (i + l)-term group 
Yif, . .., Yi + \f. But this is what we wanted to prove. 

The case where the entire number r q defined above vanishes is now settled, so it 
still remains the case where r q is larger than zero. We shall show that it is impos- 
sible in this case to select r infinitesimal transformations Yif,.. .,Y r f in the group 
Xif, . . .,X r f which stand in relationships of the form (11). 

If r q > 0, then the r 9 -term group G Tq which is generated by the r q independent 

infinitesimal transformations X^f, . . . ,X$ f certainly contains no (r q — l)-term 
invariant subgroup. Indeed, since r q+ \ = r q , then amongst the infinitesimal trans- 
formations [xjs^xjd], one finds exactly r q that are mutually independent, whence 
by taking account of the Proposition 8, p. I272L the property of the group G Yq just 
stated follows. 

At present, we assume^ that in the group Xif, . . . ,X r f, there are r independent 
infinitesimal transformations Yif,...,Y r f which are linked by relations of the 
form (11), and we denote by &i the /-term group which, under this assumption, is 
generated by Yif,..., Yif. 

According to p. 12751 the group G r is invariant in the group Xif, . . . ,X r f, but as 
we saw just now, it contains no (r q — l)-term invariant subgroup. Now, since each 25/ 
contains an (i— l)-term invariant subgroup, namely the group 0;_i, it then follows 
immediately that the G r cannot coincide with the group & r , and at the same time, 
it also comes that there exists an integer number m which is at least equal to r q and 



(reasoning by contradiction) 
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is smaller than r, such that the G r is contained in none of the groups r , ® r +1 , 
. . . , Q5 m , while by contrast, it is contained in all groups: <5 m+ i, <5 m +2, fe r - 

As a result, we have an m-term group <& m and an r 9 -term group G Yq which are both 
contained in the (m + l)-term group (5 m +i as subgroups, and to be precise, which 
are both evidently contained in it as invariant subgroups. According to Chap. [121 
Proposition 7, p. |219[ the transformations common to the <3 m and to the G Tq form 
a group F which has at least r q — 1 parameters, and which, according to Chap.[T5l 
Proposition 10, p. I273L is invariant in the & m +\. Now, since under the assumptions 
made, the G Tq is not contained in the & m , it comes that F is exactly (r q — l)-term 
and is at the same time invariant in the G, . 

This is a contradiction, since according to what precedes, the G Yq contains 
absolutely no invariant (r q — l)-term subgroup. Consequently, the assumption 
which we took as a starting point is false, namely the assumption that in the 
group Xif,...,X r f, one can indicate r independent infinitesimal transformations 
Yif, . . . , Y r f which stand mutually in relationships of the form (11). From this, we 
see that in the case r q > 0, there are no infinitesimal transformations Yif,.. ., Y r f of 
this constitution. 

In the preceding developments, a simple process has been provided by means of 
which one can realize whether a given r-term group Xif,... ,X r f belongs, or does 
not belong, to the specific category defined on page 12731 

Proposition 12.0 IfX x f, . . . ,X r f are independent infinitesimal transformations of 
an r-term group, ifX[f, . . . ,X{. f (r\ ^r) are independent infinitesimal transforma- 
tions from which all [X,-, X^\ can be linearly deduced, if furthermore X"f, . . . ,X' r ' 2 f 
( r 2 ^ r l) are independent infinitesimal transformations from which all [X-, X',] can 
be linearly deduced, and if one defines in a corresponding way r?, =SJ r2 mutually 
independent infinitesimal transformations X["f, . . . , X^f, and so on, then the X' f 
generate an r\-term group, the X" f an r2-term group, the X'" f an r^-term group, 
and so on, and to be precise, each one of these groups is invariant in all the preced- 
ing groups, and also in the group X\f, . . -,X r f. — In the series of the numbers r, r\, 
r2, ■ ■ ■ there is a number, say r q , which is equal to all the numbers following: r q+ \, 
r q+2, ■ ■ ■ , while by contrast the numbers r, r\, . . . , r q are all distinct one from an- 
other. Now, ifr q = 0, then it is always possible to indicate, in the group X\f, . . . ,X r f, 
r mutually independent infinitesimal transformations Yif,..., Y r f such that for ev- 
ery i < r, the transformations Yif, . . . ,Y(f generate an i-term group which is in- 
variant in the (i + \)-term group: Yif, . . ., Yj + if, so that there exist relations of the 
specific form: 

\Xu Y i+k ] = cij + k : i Yif-\ h Cij+kj+k-i Yi + k-if 

(, = 1. k=l-r-i). 



8 Since, as we saw, G, V/ is invariant in G, = & r , it is then trivially invariant in C5 m +i C & r - 
t In this proposition, r\ naturally has the same meaning as on p. 12741 and likewise r^, ^3, etc. 
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However, ifr q > 0, it is not possible to determine r independent infinitesimal trans- 
formations Yif,..., Y r f in the group Xif,... ,X r f having the constitution defined 
above. 



Chapter 16 

The Adjoint Group 



Let x[ = fi(x\,. . . ,jc„, a\,...,a r ) be an r-term group with the r infinitesimal trans- 
formations: 

3fc/ 3^ (*=l~r). 
(=1 1 

If one introduces the x\ as new variables in the expression £ e^X^f, then as it has 
been already shown in Chap. [3j Proposition 4, p. [45j one gets for all values of the 
g£ an equation of the form: 

t = £ 

fe=i fe=i 

Here, the 4 are certain linear, homogeneous functions of the e k with coefficients 
that depend upon a\,...,a r : 

r 

(1) 4= X) Pkj(ai,- ..,ar) ej. 

If one again introduces in £ e' k X' k f the new variables = /i(x, Z?), then one re- 
ceives: 

/t=l A:=l 

where: 

r 

(1') 4'= £ pkj(bi,...,b r )e'j. 

7=1 

But now, because the equations x\ = /j-(x, a) represent a group, the x" are conse- 
quently linked with the x through relations of the form x'/ = /j-(x, c) in which the c 
depend only upon a and b: 

c k = (pk(ai,...,a r , h,..., b r ). 
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Hence if one passes directly from the x to the x", one finds: 



£ e k X k f = £ e'lXi'f, 

k=l k=l 



and to be precise, one has: 



(!") e k = £ Pkj{.c\,...,c r )ej= £ p kj ((pi(a,b),...,(p r (a,b))e j . 
7=1 ;=i 

From this, it can be deduced that the totality of all transformations e' k = £ pkj( a ) e j 
forms a group. Indeed, by combination of the equations (1) and (1') it comes: 

\-r 

e'l= £ p kj (b 1 ,...,b r )p jv (a 1 ,...,a r )e v , 
h v 

what must naturally coincide with the equations (1") and in fact, for all values of 
the e, of the a and of the b. Consequently, there are the r 2 identities: 

r 

Pkv(<Pi(a,b),...,tp r (a,b)) = £ p jv (a u . . . ,a r ) p kj (b u . . . ,b r ), 

j=i 

from which it results that the family of the transformations e' k = £ Pkj( a ) e j effec- 
tively forms a group. 

To every r-term group x\ = fi{x, a) therefore belongs a fully determined linear 
homogeneous group: 

r 

(1) 4= L Pkj{ai,...,a r )ej (*=i.»r), 

which we want to call the adjoint grou$\ [adjungirte Gruppe] of the group x' i = 

fi(x, a). 

We consider/br example the two-term group x' = ax + b with the two independent 
infinitesimal transformations: 4^, x4^. We find: 

d/ , d/ d/ d/ , d/ ; ; d/ 

ei — + e 2 x— = eia — + e2{x-b) — = e l — +e 2 x — 
ax ax ax 1 ax 1 ax' ax' 

whence we obtain for the adjoint group of the group x' = ax + b the following 
equations: 

e\ = ae\ — bej, e 2 = e 2 , 
which visibly really represent a group. 



t LIE, Archiv for Math., Vol. 1, Christiania 1876. 
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The adjoint group of the group x'j = fj(x, a) contains, under the form in which 
it has been found above, precisely r arbitrary parameters: ai,...,a r . But for every 
individual group x[ = fi(x, a), a special research is required to investigate whether 
the parameters ai,...,a r are all essential in the adjoint group. Actually, we shall 
shortly see that there are r-term groups whose adjoint group does not contain r 
essential parameters. 

Besides, in all circumstances, one special transformation appears in the adjoint 
group of the group x' i = fi(x, a), namely the identity transformation; for if one sets 
for oi,. . . ,a r in the equations (1) the system of values which produces the identity 
transformation x\ = xi in the group x' t = ft (x,a), then one obtains the transformation: 
e\ = e\, . . . , e' r = e r , which hence is always present in the adjoint group. However, 
as we shall see, it can happen that the adjoint group consists only of the identity 
transformation: e[ = ei, . . . ,e' r = e r . 

§ 76. 

In order to make accessible the study of the adjoint group, we must above all deter- 
mine its infinitesimal transformations. We easily reach this end by an application of 
the Theorem 43, Chap. [151 p. 12621 yet we must in the process replace the equations 
x\ = fi(x, a) of our group by the equivalent canonical equations: 

f r 

(2) x'i = xi + - £ hXk*i + ■■■ ('=i •••»), 

1 k=\ 

which represent the oo' _1 one-term subgroups of the group x\ = fi(x, a). According 
to Chap. HI p. |79l the a^ are defined here as functions of t and X\, . . . ,A r by the 
simultaneous system: 

(3) — = £ Xja,j k {a\,...,a r ) {k=i-r). 
at J=1 

By means of the equations (2), we therefore have to introduce the new variables 
x' t in Y, CkXkf and we must then obtain a relation of the form: 

t e k X kf = t e 'k X 'kf- 

k=l k=\ 

The infinitesimal transformation denoted by Yf in Theorem 43 on p. 12621 now 
writes: X\X\f A h X r X r f; we therefore receive in our case: 

Y(X k (f)) -X k (Y(f)) = £ X v [X v ,X k ] 

V=l 

= L i L h v c vks \x s f. 

s=l v=l J 
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Consequently, we obtain the following differential equations for e[, . . . , e' r : 
de' r r 

(4) —f+ £ A v £ c vks e' k = (s=l-r). 
at v=l k=\ 

We consider the integration of these differential equations as an executable op- 
eration, for it is known that it requires only the resolution of an algebraic equation 
of r-th degree. So if we perform the integration on the basis of the initial condition: 
e' k = gfc for t = 0, we obtain r equations of the form: 

r 

(5) 4= E Vkj(ht,...,^rt)ej (k=l-r), 

which are equivalent to the equations (1), as soon as the are expressed as func- 
tions of Xit, . . . , X r t in the latter. 

From this, it follows that the equations (5) represent the adjoint group too. But 
now we have derived the equations (5) in exactly the same way as if we would have 
wanted to determine all finite transformations which are generated by the infinites- 
imal transformations: 

r l-r r 

A v E c kv s ek-^—= £ k v E v f 

V=l k, s des v=l 

(cf. p. 51 above). Consequently, we conclude that the adjoint group (1) consists of 
the totality of all one-term groups of the form Xi E\f A V X r E r f. 

If amongst the family of all infinitesimal transformations X\E\f A YX r E r f 

there are exactly p transformations and no more which are independent, say 
Eif, . . . ,E p f, then all the finite transformations of the one-term groups Xi Eif + 

h X r E r f are already contained in the totality of all finite transformations of the 

ooP -1 groups XiEif A \-XpEpf. The totality of these °° p finite transformations 

forms the adjoint group: e' k = £ pkj( a ) e j, which therefore contains only p essential 
parameters (Chap. HI Theorem 8, p.l72l). 

According to what precedes, it is to be supposed that Eif, . . . ,E p f are linked 
together by relations of the form: 

P 

[E^, E v ] = ^ gp_ Vs E s f; 

s=\ 

we can also confirm this by a computation. By a direct calculation, it comes: 
E fl (Ey(f))-Ey(E fl (f))= £ {pn\ikCkva-CnvkCk\io)e n ^-. 



But between the c^, there exist the relations: 
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r 

/. { c 7tfik c kva ~l~ c fivk c kna + c v%k c k\ia) = 0, 



k=\ 



which we have deduced from the Jacobi identity some time ago (cf. Chap.[9l Theo- 
rem 27, p. II 80ft . If we yet use for this that c V7t k = —c nyk and c kna = —c Kk a, we can 
bring the right hand-side of our equation for [E^, E v ] to the form: 

f £ r df 

/ , c fivk c xka e 7i 3 7 



whence it comes: 



[Efi, E v ] = ^ c y.vkEkf- 

k=\ 



Lastly, under the assumptions made above, the right hand side can be expressed by 
means of E\f, . . . , E p f alone, so that relations of the form: 

P 

[Efi, E v ] = ^ g^vsEsf 
s=l 

really hold, in which the g^ Vs denote constants. 

Before we continue, we want yet to recapitulate in cohesion [im Zusammenhange 
wiederholen] the results of the chapter obtained until now. 

Theorem 48. If, in the general infinitesimal transformation e\X\f H \- e r X r f of 

the r-term group x\ = f(x, a), one introduces the new variables x' in place of the x, 
then one obtains an expression of the form: 

e[x[f + --- + e' r X' r f; 

in the process, the e' are linked to the e by equations of the shape: 

r 

4 = L Pkj{.a\,...,a r )ej (*=i.»r), 
7=1 

which represent a group in the variables e, the so-called adjoint group of the group 
x\ = fi(x, a). This adjoint group contains the identity transformation and is gener- 
ated by certain infinitesimal transformations; if, between X\f, . . . ,X r f, there exist 
the Relations: 

r 

[ X U X k ] = £ C iks X s f (i,k= 1 -r), 

s=l 

and if one sets: 

l-r 

E nf=Y* c j^ e i-faT (M=l -'•), 

k, j 
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then X\E\f-\ YX r E r f is the general infinitesimal transformation of the adjoint 

group and between E\f, . . . ,E r f, there are at the same time the relations: 



[E i ,E k ] = Y J CiksE s f (i,*=l- 



■r 



If two r-term groups X\f, . . . ,X r f and Yif, . . . , Y r f are constituted in such a way 
that one simultaneously has: 

[X h X k ] = £ c iks X s , [Yi, Y k ] = £ c lks Y s f, 

s=l s=l 

with the same constants Cj ks in the two cases, then both groups obviously have the 
same adjoint group. Later, we will see that in certain circumstances, also certain 
groups which do not possess an equal number of terms can nonetheless have the 
same adjoint group. 

§ 77. 

Now, by what can one recognize how many independent infinitesimal transforma- 
tion there are amongst E\f, . . . , E r fl 

If Eif, . . . , E r f are not all independent of each other, then there is at least one in- 
finitesimal transformation £ g^E^f which vanishes identically. From the identity: 

it comes: 

r 

£ gnc jtlk = o 

for all values of j and k, and consequently the expression: 

r 1 r r 

x ji E«mV = L { £ SfiCj^ k jx k f 



Jt=l v /x=l 



vanishes, that is to say: the infinitesimal transformation £ g^Xnf is interchange- 
able with all the r infinitesimal transformations Xjf. Conversely, if the group 
Xif,...,X r f contains an infinitesimal transformation YgfiX^f which is inter- 
changeable with all the X k f, then if follows in the same way that the infinitesimal 
transformation £ g^ E^f vanishes identically. 

In order to express this relationship in a manner which is as brief as possible, we 
introduce the following terminology: 

An infinitesimal transformation Ygp.Xp.f of the r-term group X\f, ...,X r f is 
called an excellent infinitesimal transformation of this group if it is interchangeable 
with all the X k f. 
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Incidentally, the excellent infinitesimal transformations of the group Xif,... ,X r f 
are also characterized by the fact that they keep their form through the introduction 
of the new variables x\ = fi(x, a), whichever values the parameters a\,...,a r can 
have. Indeed, if the infinitesimal transformation £ g^X^f is excellent, then accord- 
ing to Chap. 15, p. 259, there is a relation of the form: 

LgnV = Zg^f. 

In addition, the cited developments show that each finite transformation of the 
one-term group £ gn X^f is interchangeable with every finite transformation of the 
group Xxf,...,X r f. 

According to what has been said above, to every excellent infinitesimal trans- 
formation of the group X\f, ...,X r f, it corresponds a linear relation between 
E\f, . . . ,E r f. If Y^Sfi^iif is an excellent infinitesimal transformation, then there 
exists between the Ef simply the relation: £ g^ E^f = 0. Consequently, between 
Eif,.. .,E r f there are exactly as many independent relations of this sort as there are 
independent excellent infinitesimal transformations in the group X\f,...,X r f. If 
there are exactly m and not more such independent transformations, then amongst 
the infinitesimal transformations E\f,... ,E r f there are exactly r — m and not more 
which are independent, and likewise, the adjoint group contains the same number 
of essential parameters. 

We therefore have the 

Theorem 49. The adjoint group e' k = £ pkj(a) £j of an r-term group X\f, . . . ,X r f 
contains r essential parameters if and only if none of the oo' _1 infinitesimal trans- 
formations Y,8p.Xjj,f is excellent inside the group X\f, . . . ,X r f; by contrast, the 
adjoint group has less than r essential parameters, namely r — m, when the group 
X\f, . . .,X r f contains exactly m and not more independent excellent infinitesimal 
transformations^ 

Let us take for example the group: 

dx\ ' ' dx, 



(r^n). 



r 



Its infinitesimal transformations are all excellent, since all c% s are zero. So all r 
expressions E\f ', . . . ,E r f vanish identically, and the adjoint group reduces to the 
identity transformation. 

On the other hand, let us take the four-term group: 



df df df df 

y^~- 

ox ox oy oy 
This group contains a single excellent infinitesimal transformation, namely: 



t LIE, Math. Ann. Vol. XXV, p. 94. 
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its adjoint group is hence only three-term. 

If the group X\f, ...,X r f contains the excellent infinitesimal transformation 
Lg/x^u/, then Y^S^X^f is a linear partial differential equation which remains 
invariant by the group; in consequence of that, the group is imprimitive (cf. p. 12291) . 
From this, we conclude that the following proposition holds: 

Proposition 1. If the group X\f, . . . , X r f in the variables x\,.. .,x n is primitive, then 
it contains no excellent infinitesimal transformation. 

If we combine this proposition with the latter theorem, we yet obtain the 

Proposition 2. The adjoint group of an r-term primitive group contains r essential 
parameters. 

In a later place, we shall give a somewhat more general version of the last two 
propositions (cf. the Chapter [24] about systatic groups). 

According to what precedes, the infinitesimal transformations of an r-term group 
X\f,.. .,X r f and those of the adjoint group E\f,... ,E r f can be mutually ordered 
in such a way that, to every infinitesimal transformation £ e k X k which is not excel- 
lent there corresponds a nonvanishing infinitesimal transformation £ e k E k f, while 
to every excellent infinitesimal transformation £ e k X k f is associated the identity 
transformation in the adjoint group. In addition, if one takes account of the fact that 
the two systems of equations: 

r r 

[Xj, X k ] = £ c iks X s f, [Ei, E k ] = £ c iks E s f 

S=l .5=1 

have exactly the same form, then one could be led to the presumption that the adjoint 
group cannot contain excellent infinitesimal transformations. Nevertheless, this pre- 
sumption would be false; that is shown by the group df/dx2, x\ df/dx2, df/dx\ 
whose adjoint group consists of two interchangeable infinitesimal transformations 
and therefore contains two independent excellent infinitesimal transformations. 

§ 78. 

The starting point of our study was the remark that the expression £ e k X k f takes 
the similar form £ e' k X k f after the introduction of the new variables x[ = f(x,a). 
But now, according to Chap. [151 P- 12641 the expression £ e k X k f can be interpreted 
as the symbol of the general finite transformation of the group X\f, . . . ,X r /; here, 
the quantities e\ , . . . , e r are to be considered as the parameters of the finite transfor- 
mations of the group X\f,... ,X r f. Consequently, we can also say: after the tran- 
sition to the variables x' , the finite transformations of the group X\f, . . . ,X r f are 



287 



permuted with each other, while their totality remains invariant. Thanks to the de- 
velopments of the preceding paragraph, we can add that the concerned permutation 
[Vertauschung] is achieved by a transformation of the adjoint group. 

But when it is spoken of a "permutation of the finite transformations £ e^X^f", 
the interpretation fundamentally lies in the fact that one imagines these transforma- 
tions as individuals [Individuen]; we now want to pursue this interpretation some- 
what in details. 

Every individual in the family £ e^X^f is determined by the associated values of 
e\, . . . ,e r ; for the sake of graphic clarity, we hence imagine the e^ as right-angled 
point coordinates of an r-times extended manifold. The points of this manifold then 
represent all finite transformations £ e^X^f; hence, they are transformed by our 
known linear homogeneous group: 

r 

4 = L Pkj( a ) e J- 

At the same time, the origin of coordinates e\ = 0, . . . , e r = 0, i.e. the image-point 
[Bildpunkt] of the identity transformation x\ = Xj, obviously remains invariant. 

Every finite transformation e\ belongs to a completely determined one-term 
group, whose transformations are defined by the equations: 

£i - fi. 

_ " " _ e ' 

but according to our interpretation, these equations represent a straight line through 
ek = 0, that is to say: 

Every one-term subgroup of the group X\f,... ,X r f is represented, in the space 
e\,...,e r , by a straight line which passes through the origin of coordinates e^ = 0; 
conversely, every straight line through the origin of coordinates represents such a 
one-term group. 

Every other subgroup of the r-term group X\f,...,X r f consists of one-term 
subgroups and these one-term groups are determined by the infinitesimal trans- 
formations that the subgroup in question contains. But according to Chap. \TT\ 
Proposition 6, p. I219L the infinitesimal transformations of a subgroup of the group 
Xif,... ,X r f can be defined by means of linear homogeneous equations between 
e\, . . . , e r ; these equations naturally define also the one-term groups which belong to 
the subgroup, hence they actually define the finite transformations of the subgroup 
in question. Expressed differently: 

Every m-term subgroup of the group X\f, . . . ,X r f is represented, in the space 
e\,...,e r , by a straight [eben] m-times extended manifold which passes through 
the origin of coordinates: e\ — 0, . . . , e r = 0. 



2 The "straight" character just means that the manifold in question is a linear subspace of the space e\ , . . . , e r . 



288 



16 The Adjoint Group 



Of course, the converse does not hold true in general; it occurs only very excep- 
tionally that every straight manifold through the origin of coordinates represents a 
subgroup. 

The adjoint group e' k = £ pkj( a ) e j now transforms linearly the points e^. If an 
arbitrary point e^ remains invariant by all transformations of the group, and in con- 
sequence of that, also every point m ~e k = Const. ~e k , then according to what precedes, 
this means that the transformations of the one-term group £ e^X^f are interchange- 
able with all transformations of the group X\f, . . .,X r f. 

Every invariant subgroup of the group X\f, . . .,X r f is represented by a straight 
manifold containing the origin of coordinates which keeps its position through all 
transformations e' k = £ pkj(a)ej. On the other hand, every manifold through the 
origin of coordinates which remains invariant by the adjoint group represents an 
invariant subgroup of X\f, . . . ,X r f (cf. Chap. \T5\ Proposition 5, p. 1270b . 

Now, let M be any straight manifold through the origin of coordinates which 
represents a subgroup of the G r : X\f, . . . ,X r f. If an arbitrary transformation of the 
adjoint group is executed on M, this gives a new straight manifold which, likewise, 
represents a subgroup of the G r . Obviously, this new subgroup is equivalent [ahn- 
lich], through a transformation of the G r , to the initial one, and if we follow the pro- 
cess of the theory of substitutions, we can express this as follows: the two subgroups 
just discussed are conjugate [gleichberechtigtJI inside the group X\f, . . .,X r f. 

The totality of all subgroups which, inside the group G r , are conjugate to the sub- 
group which is represented by M is represented by a family of straight manifolds, 
namely by the family that one receives as soon as one executes on M all transforma- 
tions of the adjoint group. Two different manifolds of this family naturally represent 
conjugate subgroups. 

From this we conclude that every invariant subgroup of the G r is conjugate only 
to itself inside the G r . 

Since the family of all subgroups g which are conjugate to a given one result from 
the latter by the execution of all transformations e' k = £ pkj( a ) e j, then this family 
itself must be reproduced by all transformations e' k ' = £ Pkj(b) e'j. Because if one ex- 
ecutes the transformations e' k = £ pkj( a ) e j an d e'£ = J] pkj( a ) e 'j one a fter me other, 
then one obtains the same result as if one would have applied all transformations: 

^k=Y^Pkj(c)ej {c k = <p k (a,b)) 

to the initially given subgroup; in the two cases, one obtains the said family. 

Now, if all conjugate subgroups g have a continuous number of mutually common 
transformations, then the totality of all these transformations are represented by a 
straight manifold in the space e\,...,e r . Naturally, this straight manifold remains 
invariant by all transformations of the adjoint group and hence, according to what 
was said above, it represents an invariant subgroup of the G r . Consequently, the 
following holds true. 



Literally in German: they are equal, they are considered on the same basis, or they have the same rights. 
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Theorem 50. If the subgroups of a group G r which are conjugate inside the G r to a 
determined subgroup have a family of transformations in common, then the totality 
of these transformations forms a subgroup invariant in the G r . 

§ 79. 

We distribute [eintheilen] the subgroups of an arbitrary r-term group G, in different 
classes which we call types [Typen] of subgroups of the G r . We reckon as belonging 
to the same type the groups which are mutually conjugate inside the G, ; the groups 
which are not conjugate inside the G r are reckoned as belonging to different types. 

If one knows any subgroup of the G r , then at once, one can determine all sub- 
groups which belong to the same type. Thanks to this fact, the enumeration [ Aufzah- 
lung] of the subgroups of a given group is essentially facilitated, since one clearly 
does not have to write down all subgroups, but rather, one needs only to enumerate 
the different types of subgroups by indicating a representative for every type, hence 
a subgroup which belongs to the type in question. 

We also speak of different types for the finite transformations of a group. We 
reckon as belonging to the same type two finite transformations: e®X\f+ ■■■ + 

e Q r X r f and e\X\f A \-e r X r f of the r-term group X\f,...,X r f if and only if 

they are conjugate inside the G r , that is to say: when the adjoint group contains a 
transformation which transfers the point e\,...,e® to the point e\,...,e r . It is clear, 
should it be mentioned, that in the concerned transformation e' k = £ Jkj e j °f me 
adjoint group the determinant of the coefficients jkj should not vanish. 

At present, we want to take up again the question about the types of subgroups of 
a given group, though not in complete generality; instead, we want at least to show 
how one has to proceed in order to find the extant types of one-term groups and of 
finite transformations. 

At first, we ask for all types of finite transformations. 

Let e\]X\f A h e®X r f be any finite transformation of the group X\f, . . .,X r f. 

If, on the the point e\] , . . . , e®, we execute all transformations of the adjoint group, we 
obtain the image-points [Bildpunkte] of all the finite transformations of our group 
which are conjugate to £ e\X^f and thus, belong to the same type as £ e^X^f. Ac- 
cording to Chap. [HI p. |233L the totality of all these points forms a manifold invariant 
by the adjoint group and to be precise, a so-called smallest invariant manifold, as 
was said at that time. 

We can consider the finite equations of the adjoint group as known; consequently, 
we are in a position to indicate without integration the equations of the just men- 
tioned smallest invariant manifold (cf. Chap. [HI Theorem 37, p. 12331) . Now, since 
every such smallest invariant manifold represents the totality of all finite transforma- 
tions which belong to a certain type, then with this, all types of finite transformations 
of our group are found. As a result, the following holds true. 

Proposition 3. If an r-term group x? t = fi(x\, . . . ,x n , a\, . . . ,a r ) with the r indepen- 
dent infinitesimal transformations X\f,.. .,X r f is presented, then one finds in the 
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following way all types of finite transformations e\X\f-\ h e r X r f of this group: 

one sets up the finite equations e' k = Y* Pkj(a) £j of the adjoint group of the group 
X\f, ...,X r f and one then determines, in the space of the e, the smallest mani- 
folds which remain invariant by the adjoint group; these manifolds represent the 
demanded types. 

With all of that, one does not forget that only the transformations of the adjoint 
group for which the determinant of the coefficients does not vanish are permitted. 
About this point, one may compare with what was said in Chap.dH p. 12331 

Next, we seek all types of one-term subgroups, or, what is the same: all types of 
infinitesimal transformations of our group. 

Two one-term groups £ e\X^f and Y^^k^kf are conjugate inside the G r when 
there is, in the adjoint group, a transformation which transfers the straight line: 

e A - 

to the straight line: 

ei e^ 
ei e r ' 

these two straight lines passing through the origin of coordinates are indeed the im- 
ages of the one-term subgroups in question. Hence if we imagine that all transfor- 
mations of the adjoint group are executed on the first one of these two straight lines, 
we obtain all straight lines passing through the origin of coordinates that represent 
one-term subgroups which are conjugate to the group £ e\X k f . Naturally, the total- 
ity of all these straight lines forms a manifold invariant by the adjoint group, namely 
the smallest invariant manifold to which the straight line: ei/e? = • • • = e r /e® be- 
longs. It is clear that this manifold is represented by a system of equations which is 
homogeneous in the variables ei,...,e r . 

Conversely, it stands to reason that every system of equations homogeneous in the 
e which admits the adjoint group represents an invariant family of one-term groups. 
Now, since every system of equations homogeneous in the e is characterized to be 
homogeneous by the fact that it admits all transformations of the form: 

(6) e' 1 =Xe l , e' r = Xe n 

it follows that we obtain all invariant families of one-term groups by looking up at 
all manifolds of the space ei,. ..,e r which, aside from the transformations of the 
adjoint group, yet also admit all transformations of the form (6). In particular, if 
we seek all smallest invariant manifolds of this constitution, we clearly obtain all 
existing types of one-term subgroups. 

The transformations (6) form a one-term group whose infinitesimal transforma- 
tions read: 
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If we add Ef to the infinitesimal transformations E\f, . .., E r f of the adjoint group, 
we again obtain the infinitesimal transformations of a group; indeed, the expres- 
sions [fife, E] all vanish identically, as their computation shows. Visibly, everything 
amounts to the determination of the smallest manifolds which remain invariant by 
the group E\f, . . .,E r f,Ef. But according to the instructions in Chap \T4[ p. 12331 
this determination can be accomplished, since together with the finite equations of 
the adjoint group, the finite equations of the group just mentioned are also known 
without effort. Hence we have the 

Proposition 4. If an r-term group ^ = fi(x\, . . . ,x n , a\, . . . ,a r ) with the r indepen- 
dent infinitesimal transformations X\f,... ,X r f is presented, then one finds as fol- 
lows all types of one-term subgroups of this group, or what is the same, all types 
of infinitesimal transformations E\f , . .., E r f: one sets up the infinitesimal transfor- 
mations of the adjoint group of the group X\f,... ,X r f, then one computes the finite 
equations of the group which is generated by the r+l infinitesimal transformations 
Eif,..., Erf and: 

and lastly, one determines, in the space e\,...,e r , the smallest manifolds invariant 
by the just defined group; these manifolds represent the demanded types. 

In what precedes, it is shown how one can determine all types of finite trans- 
formations and all types of one-term subgroups of a given r-term group. Now in 
a couple of words, we will yet consider somewhat more precisely the connection 
which exists between these two problems; we will see that the settlement of one of 
these two problems facilitates each time the settlement of the other. 

On the first hand, we assume that we already know all types of finite trans- 
formations of the group X\f, . . . ,X r f, so that all smallest manifolds of the space 
e\, . . . , e r which admit the adjoint group E\f, . . .,E r f are known to us. Then how 
one must proceed in order to find the smallest manifolds invariant by the group Ef, 
E x f,...,E r p. 

It is clear that every manifold invariant by the group Ef, E\f , . . .,E r f admits 
also the adjoint group; consequently, every sought manifold either must be one of 
the already known manifolds, or it must contain at least one of the known man- 
ifolds. Hence in order to find all the sought manifolds, we only need to take the 
known manifolds one after the other and for each of them, to look up at the smallest 
manifold invariant by the group Ef, E\f, . . . ,E r f in which it is contained. 

Let: 

(7) W 1 (e l ,...,e r )=0, W m (e h ...,e r ) =0, 

or shortly M, be one of the known manifolds which admits the adjoint group 
E\f,...,E r f. Now, how one finds the smallest manifold which admits the group 
Ef, Eif,. . .,E r f and which in addition comprises the manifold Ml 
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The sought manifold necessarily contains the origin of coordinates e\ = 0, . . . , 
e r = and moreover, it consists in nothing but straight lines passing through it, 
hence it certainly contains the manifold M' which is formed of the straight lines 
between the points of M and the origin of coordinates. Now, if we can prove that M' 
admits the infinitesimal transformations Ef, E\f, . . . ,E r f, then at the same time, 
we have proved that M' is the sought manifold. 

Visibly, the equations of M' are obtained by eliminating the parameter x from the 
equations: 

(8) W l (e 1 T,...,e r r) = 0, W m {e\ t, . . . , e r x) = 0. 

Consequently, M' can be interpreted as the totality of all the °° ! manifolds that are 
represented by the equations (8) with the arbitrary parameter x. But the totality of 
the manifolds (8) obviously admits the infinitesimal transformation Ef, since the °° 
systems of equations (8) are permuted with each other by the finite transformations: 

e\ = X e\, . . . , e' r — Xe r 

of the one-term group Ef. Furthermore, it is easy to see that each one of the individ- 
ual systems of equations (8) allows the infinitesimal transformations E\f, . . . ,E r f. 
Indeed, because the system of equations (7) allows the infinitesimal transforma- 
tions: 

V=lL c W e j^ k (M=l -'•) 

then the system (8) with the parameter x admits the transformations: 

that is to say, it admits E\f, . . .,E r f themselves, whichever value x can have. 

From this, we conclude that the totality of the °° ! manifolds (8) admits the in- 
finitesimal transformations Ef, E\f ', . . . , E r f, hence that the manifold M' which co- 
incides with this totality really is the sought manifold; as said, this manifold is 
analytically represented by the equations which are obtained by elimination of the 
parameter x. 

If we imagine that for every manifold M, the accompanying manifold M' is 
formed, then according to the above, we obtain all types of one-term subgroups of 
the group Xif,...,X r f.— 

On the other hand, we assume that we know all types of one-term subgroups of 
the group X\f,... ,X r f, and we then seek to determine from them all types of finite 
transformations of these groups. 

All smallest manifolds invariant by the group Ef, E\f, . . . ,E r f are known to us 
and we must seek all smallest manifolds invariant by the group E\f, . . .,E r f. But 
now, since every sought manifold is contained in one of the known manifolds, we 



§ 79. 
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only have to consider for itself each individual known manifold and to look up at 
manifolds of the demanded constitution that are located in each such manifold. 

Let the g-times extended manifold M be one of the smallest manifolds invariant 
by the group Ef, Eif, . . .,E r f. Then for the points of M (cf. Chap. M P- [243]), all 
the (q + 1) x (q + 1) determinants, but not all q x q ones, of the matrix: 



(9) 



XX=1 c kn ek 



YJk=l c k\rCk 
I-£=l c krr e k 



vanish. 

Now, the question whether M decomposes in subsidiary domains which remain 
invariant by the group E\j ', . . . ,E r f is settled by the behaviour of the q x q subde- 
terminants of the determinant: 

L£=l CkllCk ■ ■ ■ YJk=\ C k\r^k 
YIk=\ c kr\Ck ■ ■ ■ L[=l Ckrrek 

If, for the points of M, not all the subdeterminants in question vanish, then no 
decomposition of M in smaller manifolds invariant by the adjoint group takes place. 

By contrast, if the concerned subdeterminant all vanish for the points of M, then 
M decomposes in °° l (q— l)-times extended subsidiary domains invariant by the 
group E\f,. . .,E r f; that there are exactly oo 1 such subsidiary domains follows from 
the fact that surely for the points of M, not all (q—\) x (q—\) subdeterminants 
of A vanish, for on the contrary case, all the q x q determinants of the matrix (9) 
would vanish simultaneously. Naturally, one can sets up without integration the 
equations of the discussed subsidiary domains, since the finite equations of the 
group Eif, E r f are known. 



In the present chapter, we always have up to now considered the finite transfor- 
mations of the group Xif ,. . .,X r f only as individuals and we have interpreted them 
as points of an r-times extended space. 

There is another standpoint which is equally legitimate. We can also consider as 
individuals the one-term subgroups, or, what amounts to the same, the infinitesimal 
transformations of our group, and interpret them as points of a now (r— l)-times 
extended space. Then clearly, we must understand the quantities ei , . . . , e r as homo- 
geneous coordinates in this space. 

Our intention is not to follow further these views; above all, by considering what 
was said earlier on, it appears for instance evident that every m-term subgroup of the 
group Xif, . . . ,X r f is represented, in the (r — 1) -times extended space, by a smooth^ 



4 Namely, the projectivization of a linear subspace (Lie subalgebra) or "straight" [EBEN] manifold (cf. 1287b . 
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[eben] manifold of m — 1 dimensions. We only want to derive a simple proposition 
which follows by taking as a basis the new interpretation and which can often be 
useful for the conceptual researches about transformation groups. 
We imagine that the general finite transformation: 

t r 

4 = xi + - Y, ?i k X k x t + ■■■ (i=l -n) 

1 k=\ 

of the one-term group X®X\f H h h®X r f is executed on the infinitesimal trans- 
formation: e^Xif '+ \-e®X r f of our r-term group, that is to say, we imagine 

that, in place of jci, . . . ,x n , the new variables x\, . . . ,x' n are introduced in the expres- 
sion e\X\f H \-e®X r f. According to p. I282L the infinitesimal transformation: 

X\f H h e®.X r f is transferred at the same time to the oo 1 infinitesimal transfor- 
mations: e\X\f -\ Ye r X r f of our group, where e\, . . . ,e r are certain functions of 

e®,...,e~. and t that determine themselves through the differential equations: 

de r r 

(4') ^T7 = " L A v L C vksCk (a = l-r), 

v=l k=\ 

with the initial conditions: e\ = e\, . . . , e r = e~. for t = 0. 

Since every infinitesimal transformation of our group is represented by a point of 
the (r— l)-times extended space mentioned a short while ago, we can also obviously 
say: If all oo 1 transformations of the one-term group: X®X\f -\ \- X®X r f are exe- 
cuted on the infinitesimal transformation: e® X\f-\ \-e®X r f, then the image-point 

of this infinitesimal transformation moves on a certain curve of the space e\,...,e r . 

Now, there is a very simple definition for the tangent to this curve at the point 
e\ : •■■ : e®. Namely, the equations of the tangent in question have the form: 

l-r l-r 

e s Y c vkr e l~ e tY c vks e\ = 

V, k V,k 
(s, T=l-r), 

whence the point whose homogeneous coordinates possess the values: 

l-r 

e S = Y c vks^v e k (*=l-r) 
v, k 

obviously lie on the tangent. But this point visibly is the image-point of the infinites- 
imal transformation: 

t *° v XvL t 4*kf] = t { E c V ks^el\xj 

Lv=l k=\ J s=l < V,k > 
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which is obtained by combination of the two infinitesimal transformations £ Ay X v f 
and £ e Q k X k f. Consequently, we have the 

Proposition 5. If one interprets the oo r_1 infinitesimal transformations e\X\f + 
■■■ + e r X r f of an r-term group X\f, ...,X r f as points of an (r — \)-times ex- 
tended space by considering ei,...,e r as homogeneous coordinates in this 
space, then the following happens: If all transformations of a determined one 
term group: X®X\f + ■ ■ ■ + X®X r f are executed on a determined infinitesimal 
transformation e®X\f + ■ ■ ■ + e®.X r f, then the image-point of the transformation 
e\Xif+ ■ ■ ■ + e° r X r f describes a curve, the tangent of which at the point e®'. • ■ ■ : e® 
may be obtained by connecting, through a straight line, this point to the image-point 
of the infinitesimal transformation [£ XyX v f, £ e^X^f]; on the other hand, if all 
transformations of the one-term group Y. e k^kf are executed on the infinitesimal 
transformation £ AyX v /, then the image-point of the transformation £AyX v / 
describes a curve, the tangent of which one obtains by connecting, through a 
straight line, this point to the image-point of the infinitesimal transformation 
[LelXkf^tfXyf]. 



Chapter 17 

Composition and Isomorphism 



Several problems that one can raise about an r-term group X\f, . . . 7 X r f require, for 
their solution, only the knowledge of the constants in the relations: 

[X i ,X k ] = f d c iks X s f. 

5=1 

For instance, we have seen that the determination of all subgroups of the group 
X\f,... ,X r f depends only on the constants and that exactly the same also holds 
true for the determination of all types of subgroups (cf. Theorem 33, p. 12181 and 

Chap.[Mp.|2Mand[288]>. 

It is evident that the constants actually play the role of certain properties of 
the group X\f,... ,X r f. For the totality of these properties, we introduce a specific 
terminology, we call them the composition [Zusammensetzung] of the group, and 
we thus say that the constants Cfa in the relations: 

(1) [X h X k ] = j^c iks X s f 

5=1 

determine the composition of the r-term group X\f, . . . ,X r f. 
§ 80. 

The system of the c,^ which determines the composition of the r-term group 
Xif, ...,X r f is in turn not completely determined. Indeed, the individual c,^ re- 
ceive in general other numerical values when one chooses, in place of X\f, . . . ,X r f, 
any other r independent infinitesimal transformations e\ X\f H h e r X,-f. 

From this, it follows that two different systems of can represent, in certain cir- 
cumstances, the composition of one and the same group. But how can one recognize 
that this is the case? 

We start from the relations: 

r 

(1) [Xi,X k ] = Y,C iks X s f (i,k=l-r) 

5=1 
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which exist between r determined independent infinitesimal transformations 
Xif, ...,X r f of our group. We seek the general form of the relations by which 
r arbitrary independent infinitesimal transformations %\f,...,& r f of the group 
X\f, . . .,X r f are linked. 

If the concerned relations have the form: 

r 

(2) = 52 C 'iks ^sfi 

5=1 

then the system of the constants c' iks is the most general one which represents the 
composition of the group X\f, . . . ,X r f. Hence the thing is only about the computa- 
tion of the c' iks . 

Since 3H\f, . . . , 3£ r f are supposed to be arbitrary independent infinitesimal trans- 
formations of the group X\f, . . . ,X r f, we have: 

r 

^kf=Y. h ki X lf (*=l-r), 
7=1 

where the constants h^j can take all the possible values which do not bring to zero 
the determinant: 

D = Z±h n ---h rr . 

By a calculation, it comes: 

l-r l-r 
5£ k ] = hijhk7i[Xj,X n ] = hijh k7t Cj Ks X s f; 
j, it j, jt, s 

on the other hand, it follows from (2): 

l-r 



[5t>i, 2£k] — Y hnsCfcnXsf- 



71, s 



If we compare with each other these two expressions for 3C^\ and if we take 
account of the fact that X\f,... ,X r f are independent infinitesimal transformations, 
we obtain the relations: 

r 1— r 

(3) Y< h ™ c 'ikn = £ hijhnCjns {s=l-r). 

%=1 j,7t 



Under the assumptions made, these equations can be solved with respect to the 

ikn' 



c',,_, hence one has3: 



Implicitly here, one sees a standard way to represent the matrix which is the inverse of (hy). 
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1 ^ f dD 



l-r 



(4) C,t >-D^\jh;^, h >i hk "} c >*° 

(i,k,p = l-r) 

With these words and according to the above, we have found the general form of 
all systems of constants which determine the composition of the group X\f, . . . ,X r f. 
At the same time, we have at least theoretical means to decide whether a given sys- 
tem of constants c,^ determines the composition of the group X\f, . . .,X r f; namely, 
such a system obviously possesses this property if and only if one can choose the 
parameters h^j in such a way that c' iks = c^. — 

If two r-term groups are given, we can compare their compositions. Clearly, 
thanks to the above developments, we are in a position to decide whether the two 
groups have one and the same composition, or have different compositions. Here, 
we do not need to pay heed to the number of variables. 

We say that two r-term groups which have one and the same composition are 
equally composed [gleichzusammengesetzt]. 

If: 

X kf =Y,%ki(xi, ■■■,**) (k=l-r) 

are independent infinitesimal transformations of an r-term group and if: 

m 

M =l ^ fyu 

are independent infinitesimal transformations of a second r-term group, and in ad- 
dition, if there are relations: 



[Xi, Xk] = £ c iksX s f, 



s=l 

then obviously, these two groups are equally composed when, and only when, 

amongst the infinitesimal transformations e\Y\f-\ Ye r Y r f of the second group, 

one can indicate r mutually independent transformations ^{f, such that 

the relations: 

[m,m = y Lc i ks& s f 

5=1 

hold identically. 

If the relations holding between Y\f, . . . , Y r f have the form: 

[Yi,Y k ] = £c iks Y s f, 

.5=1 
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then we can say: the two groups are equally composed when and only when it is 
possible to choose the parameters h^j in the equations (4) in such a way that every 
c' iks is equal to the corresponding c^. 

One can also compare the compositions of two groups which do not have the 
same number of parameters. This is made possible by the introduction of the general 
concept: isomorphism [Isomorphismus]. 

The r-term group X\f, . . . ,X r f: 

[X h X k ] = j^c iks X s f 

is said to be isomorphic [isomorph] to the (r — q)-term group: Y\f, . . . , Y r - q f when 
it is possible to choose r infinitesimal infinitesimal transformations: 

®kf = hklY l f+.~ + k k , r - q Y r - q f 
(k=l-r) 

in the (r — q) so that not all (r — q)x(r — q) determinants of the matrix: 



h 



1 1 



/? 



l,r-q 



and so that at the same time, the relations: 



I = £ c iks %f 

5=1 



hold identically^ 

Let there be an isomorphism in this sense and let &\f ', . . . , W r f be already cho- 
sen in the indicated way. Then if we associate to the infinitesimal transformation 
e\X\f -\ h e r X r f of the r-term group always the infinitesimal transformation: 

e 1 &if+--- + e r & r f 

of the (r — g)-term group, whichever values the constants e\ , . . . , e r may have, then 
the following clearly holds true: when Yj/ is the transformation of the (r — g)-term 
group which is associated to the transformation E\f of the other group, and when, 
correspondingly, Y2/ is associated to the transformation S2/, then the transforma- 
tion [Si, S2] always corresponds to the transformation [Yi, Y2]. We express this 
more briefly as follows: through the indicated correspondence of the infinitesimal 
transformations of the two groups, the groups are isomorphically related one to an- 



t Cf. Volume III, p. 701, remarks. 



§ 80. 301 

other. Visibly, this isomorphic condition is completely determined when one knows 
that, to X\f, . . . 7 X r f, are associated the transformations . . . , respectively. 

One makes a distinction between holoedric and meroedric isomorphisms. The 
holoedric case occurs when the number q, which appears in the definition of the 
isomorphism, has the value zero; the meroedric case when q is larger than zero. 
Correspondingly, one says that the two groups are holoedrically, or meroedrically, 
isomorphic one to another. 

Visibly, the property of being equally composed [die Eigenschaft des Gle- 
ichzusammengesetztseins] of two groups is a special case of isomorphism; 
namely, two equally composed groups are always holoedrically isomorphic, and 
conversely. 

Two meroedrically isomorphic groups are for example the two: 

df_ df_ 2 df_ df_ 

dx\ ax\ dx\ dx2 

and: 

df df 2 df 

dyi dyi dyi 

with, respectively, four and three parameters. We obtain that these two groups are 
meroedrically isomorphic when, to the four infinitesimal transformations: 

X]J = 3 , X 2 f — Xl^r , X 3 f — Jj- , X 4 f — \-- 

dx\ dx\ dx\ dx\ dx 2 

of the first, the following four, say, are associated: 

a?/ f d f a?/ f d f a?/ * 2 d f f d f 
dyi dyi dyi dyi 

In the theory of substitutions, one also speaks of isomorphic groups, although 
the notion of isomorphism happens to be apparently different from the one herdjj. 
Later (cf. Chap. [2J3 The Group of Parameters) we will convince ourselves that 
nevertheless, the concept of isomorphism following from our definition corresponds 
perfectly to the concept which one obtains as soon as one translates the definition 
of the theory of substitution directly into the theory of finite continuous groups. 

At present, we shall at first derive a few simple consequences from our definition 
of isomorphism. 

In the preceding chapter, we have seen that to every r-term group Xif,... ,X r f 
is associated a certain linear homogeneous group, the adjoint group, as we have 
named it. From the relations which exist between the infinitesimal transformations 
of the adjoint group (cf. Chap. [161 p. 1283b , it becomes immediately evident that the 
group Xif, . . . ,X r f is isomorphic to its adjoint group; however, the two groups are 
holoedrically isomorphic only when the group X\f,... ,X r f contains no excellent 



t Camille JORDAN, Traite des substitutions, Paris 1870. 
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infinitesimal transformation, because the adjoint group is r-term only in this case, 
whereas it always contains less than r parameters in the contrary case. Thus: 

Theorem 55. To every r-term group X\f, . . .,X,-f is associated an isomorphic linear 
homogeneous group, namely the adjoint group; this group is holoedrically isomor- 
phic to the group X\f,... ,X r f only when the latter contains no excellent infinitesi- 
mal transformation. 

We do not consider here the question of whether to every r-term group which contains excellent 
infinitesimal transformations one can also associate an holoedrically isomorphic linear homogeneous 
group. Yet by an example, we want to show that this is in any case possible in many circumstances, 
also when the given r-term group contains excellent infinitesimal transformations. 

Let the r-term group X\f,... ,X r f contains precisely r — m independent excellent infinitesimal 
transformations, and let X\f,... ,X r f be chosen in such a way that X m+ \f, . . . ,X r f are excellent 
infinitesimal transformations; then between X\f, . . . ,X r f, there exist relations of the form: 

\Xjl, Xy\ = C^vl X[f + h C flvrXyf 

[X^ , X m+ fc] = \X m ^,X m +j\ = 

(H, v = 1 ■ m; k, j= 1 —r—m). 

In the associated adjoint group E\f,... ,E r f, there are only m independent infinitesimal transfor- 
mations: Eif, . . . ,E„,f, while E m+ \f, . . . ,E r f vanish identically, and hence E\j ', . . . ,E m f are linked 
together by the relations: 

[E^,E V ] = c^ v \E\f-\ \-Cfi Vm E m f. 

In particular, if all Cu,v,m+i, ■ ■ ■ ,Cn Vr vanish, one can always indicate an r-term linear homo- 
geneous group which is holoedrically isomorphic to the group Xif, . . . ,X r f. In this case namely, 
X\f, . . . ,X m f actually generate an m-term group to which the group E\j \ . . . ,E„,f is holoedrically 
isomorphic. Hence if we set: 

F f 9 f P f d f 

tm+U — e r+\ 7 ■ ■ ■ 7 <^rj — <?2 r _„ 



d7 ■ ■ ■ 7 ~z.r—m -i i 

e r +i oe2 r - m 

then the r independent infinitesimal transformations: 

Eif, • • • , E m f, E m+ i/, . . . , E r f 

obviously generate a linear homogeneous group which is holoedrically isomorphic to the group 
X x f,...,XJ. 

But also in the cases where not all v , m +i , • • • ,c^ V ) vanish, one can often easily indicate an 
holoedrically isomorphic linear homogeneous group. As an example, we use the three-term group 

Xif, X 2 f, X 3 f: 

[Xi , X 2 ] = X 3 f, [Xi , X 3 ] = [X 2 , X 3 ] = 0, 

which contains an excellent infinitesimal transformation, namely X^f; it is holoedrically isomorphic 
to the linear homogeneous group: 

E 1 / = a 3 ^f, E 2 / = a 1 ^-, E 3 / = a 3 ^f. 

d(X\ da,2 0OC2 



As we have seen in Chap.[9l p. 1 1 801 the constants in the equations: 
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(1) [Xi,X k } = Y,c lks X s f 

5=1 

satisfy the relations: 

Ciks+C kis = 

r 

y. { c ;lV c Vjs~\~C k jV c Vis + C jjy C yks } = 



(5) 



v=l 



With the help of these relations, we succeeded, in Chap. COS p. 12831 to prove that 
the r infinitesimal transformations: 

l-r 

(6) E ^f=Y, C j^ ke J'5~ (ji=l-r) 

k, j dek 

of the group adjoint to the group X\f, . . . ,X r f stand pairwise in the relationships: 

r 

(7) [Ep,Ev] = Y* c PV' E sf- 

s=l 

But for this proof of the relations (7), we have used no more than the fact that 
the c,-fcs satisfied the equations (5), namely we have made no use of the fact that we 
knew r infinitesimal transformations X\f, . . . ,X r f which were linked together by 
the relations (1). Thanks to the cited developments, it is hence established that the r 
infinitesimal transformations (6) always stand in the relationships (7) when the 
satisfy the equations (5). 

Consequently, if we know a system of c,^ which satisfies the relations (5), 
we can immediately indicate r linear homogeneous infinitesimal transforma- 
tions E\f,...,E r f, namely the transformations (6), which stand pairwise in the 
relationships: 

r 

[Ej,E k } = £ CfaEsf. 

5=1 

It is evident that the so obtained infinitesimal transformations E\f,.. .,E r f gen- 
erate a group, and to be precise, a group with r or less parameters; clearly, they 
generate a group with exactly r parameters only when they are mutually indepen- 
dent, hence when it is impossible that the equations: 

g l E l f+--- + g r E r f = 0, 

or the r 2 equivalent equations: 



81 Cj Ik + 82 Cj2k H \-8rCjrk U,k=\-r) 
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are satisfied by not all vanishing quantities gj, . . . ,g r . 
As a result, we have the 

Theorem 52. When the constants (/, Jfc, ,s=i •••/•) possess values such that all re- 
lations of the form: 



(5) 



Ciks + cids = 

r 

y, { C /Jfcv C V /s + c kjv c vis + c j; v c vks } = 
v=l 

(;', fc, 7, *=!••• r) 



are satisfied, then the r linear homogeneous infinitesimal transformations: 

de k 



stanJ pairwise in the relationships: 

r 

[ E h E k ] = c iks E s f (i, k=l-r), 

s=l 

and hence, they generate a linear homogeneous group. In particular, if the c^ are 
constituted so that not all r x r determinants, the horizontal series of which have 
the form: 

\cjlkCj2k ■■■ Cj r k\ (J,k=l-r), 

vanish, then E\f, . . . ,E r f are independent infinitesimal transformations and they 
generate an r-term group whose composition is determined by the system of the c\ ks , 
and which contains no excellent infinitesimal transformation. In all other cases, the 
group generated by E\f, . . . ,E r f has less than r parameters. 



§ 81. 

The results of the preceding paragraph suggest the presumption that actually, every 
system of which satisfies the relations (5) represents the composition of a cer- 
tain r-term group. This presumption, corresponds to the truth [Diese Vermuthung 
entspricht der Wahrheit], for the following really holdfjl 

Proposition 1. If the constants c% s (i,k,s=l — r) possess values such that the rela- 
tions: 



t LIE, Archiv for Math, og Nat. Vol. 1, p. 192, Christiania 1876. 

2 This is the so-called Third Fundamental Theorem of Lie's theory, cf. Vol. III. 
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(5) 



Ciht + cjds = 

r 

^ { C ikv C V js + Ckj v C V i s + C jiv Cyfcs } = 
V=l 

((', k, j, s=l — r) 



are satisfied, then there are always, in a space of the appropriate number of dimen- 
sions, r independent infinitesimal transformations X\f, . . . ,X r f which stand pair- 
wise in the relationships: 

[Xi,X k ] = j^c iks X s f 

,v=l 

and hence generate an r-term group of the composition c^. 

For the time being, we suppress the proof of this important proposition, in order 
not to be forced to digress for a long while, and we will perform this proof only in 
the next volume. Of course, until then, we will make the least possible use of this 
proposition. 

From the Proposition 1, it results that the totality of all possible compositions of 
r-term groups is represented by the totality of all systems of c^ s which satisfy the 
equations (5). If one knows all such systems of c^, then with this, one knows at the 
same time all compositions of r-term groups. 

But now, as we have seen on p. 12991 there are in general infinitely many systems 
of Ciks which represent one and the same composition; if a system of is given 
which represents a composition, then one finds all systems of c' iks which represent 
the same composition by means of the equations (4), in which it is understood that 
the are arbitrary parameters. Hence, when one knows all systems of c,^ which 
satisfy the equations (5), a specific research is yet required in order to find out which 
of these systems represent different compositions. In order to be able to execute this 
research, we must at first consider somehow more closely the equations (4). 

For the moment, we disregard the fact that the are linked together by some 
relations; rather, we consider the c^, and likewise the c' iks , as variables independent 
of each other. On the basis of this conception, it will be shown that the equations (4) 
represent a continuous transformation group in the variables c^. 

In order to prove the claimed property of the equations (4), we will directly exe- 
cute one after the other two transformations (4), or, what is the same, two transfor- 
mations: 

r l—r 

w) 7T=1 K 

(;, k, s=l ■■■ r). 

To begin with, we therefore transfer the to the c' iks by means of the transfor- 
mation (3) and then the cL to the c'l by means of the transformation: 
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(3') 52 h'nsc'lkn — 52 h'iih'kK c 'jKs- 

K=l j, 7t 

In this way, we obtain a new transformation, the equations of which are obtained 
when the c' iks are took away from (3) and (3'). It is to be proved that this new 
transformation has the form: 

n'n Y h" r" = V" h" h" r 

71=1 j,K 

where the h" are functions of only the h and the h'. 

We multiply (3') by h sa and we sum with respect to s; then we receive: 

1 -r l-r 

Y^ h KS h s(J c ikK = 52 hij hkrc hso c jns 5 

7t,S j,Z,S 

or, because of (3): 

l-r l-r 

52 hsa c'ikn = 52 h' kK hj T h np c Tpa - 

n, s j, 7t, t, p 

This is the discussed new transformation; it converts into (3") when one sets: 

hxo = 52 hjishsa- 

.5=1 

As a result, it is proved that the transformations (4) effectively form a group. 
Now, we claim that the transformations of this group leave invariant the equa- 
tions (5). 

Let Ciks be a system of constants which satisfies the relations (5), hence according 
to Proposition 1, which represents the composition of a certain r-term group. Then 
as we know, the system of the c' iks which is determined by the relations (4) represents 
in the same way a composition, namely the same composition as the one of the 
system of the c ;/ t. s ; consequently, the c' iks also satisfy relations of the form (5). Thus, 
the transformations (4) transfers every system which satisfies (5) to a system 
c' ik having the same constitution, that is to say, they leave invariant the system of 
equations (5), and this was just our claim. 

At present, we interpret the r 3 variables c^. v as point coordinates in a space of r 3 
dimensions. 

In this space, a certain manifold M which is invariant by the transformations of 
the group (4) is sorted by the equations (5). Every point of M — as we can say — 
represents a composition of r-term group, and conversely, every possible compo- 
sition of r-term group is represented by certain points of M. Two different points 
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of M represent one and the same composition when there is, in the group (4), a 
transformation which transfers the first point to the other. 

Hence, if P is an arbitrary point of M, then the totality of all positions that the 
point P takes by the transformations of the group (4) coincides with the totality of all 
points which represent the same composition as P. We know from before (Chap.[T4l 
p. 12331) that that this totality of points forms a manifold invariant by the group (4), 
and to be precise, a so-called smallest invariant manifold. 

From this, it follows that one has to proceed as follows in order to find all different 
types of r-term groups: 

One determines all smallest manifolds located in M that remain invariant by the 
group (4); on each such manifold, one chooses an arbitrary point c^-: the systems 
of values c,-^ which belong to the chosen points then represent all types of different 
compositions of r-term groups. 

Since the finite equations of the group (4) are here, the determination of the small- 
est invariant manifolds has to be considered as an executable operation; it requires 
only the resolution of algebraic equations. 

We therefore have the 

Theorem 53. The determination of all essentially different compositions of r-term 
groups requires only algebraic operations. 

§ 82. 

Now, let X\f, . . . ,X r f be an r-term group G r of the composition: 

[X 1 ,X k ] = £c iks X s f. 

Furthermore, let Y\f, . . . , Y r -qf be an (r — g)-term group isomorphic to the G r , and 
to be precise, meroedrically isomorphic, so that q is therefore larger than zero. We 
want to denote this second group shortly by G r - q . 

Let the two groups be, in the way indicated on p. 13001 and 13011 isomorphi- 
cally related one to the other; so in the G r - q , let r infinitesimal transformations 
^if, ■ ■ ■ , be chosen which stand in the relationships: 

[W,9k] = t,c iks & s f, 

s=l 

where "3^f,..., *3f r -qf are mutually independent, whereas . . . , W r f are de- 

fined by the identities: 

= dkl &\f + • • • + 4, r-q %-qf 
(k=l-q). 



Under the assumptions made, one obviously has: 
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r-q 



&if,&r- q +kf-Y, d ^%f 

(j=l-r; k=l-q), 
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or: 



r-q 



52 1 C J,r-q+k,s- d kH c jfis \®sf=0- 
s=l < jl=l J 

If we replace here . . . , W r f by their values (8), we obtain linear relations 

between &if, . . . , W r -qf\ but obviously, such linear relations can hold only when the 
coefficients of every individual &if, . . . , *3f r -qf possess the value zero. 

From the vanishing of these coefficients, it follows that the rq expressions: 



r-q 



-9 



Xjf, ^r-q+kf — 52 d^X^f — 52 \ c j,r-q+k,s~ 52 d kp. c j^ls \X s f 
jl=l J 5=1 L /l=l 

can be linearly deduced from the q infinitesimal transformations: 

r-q 



(9) 



Xr-q+kf ~ 52 dkfiXjxf 
fl=l 



(k=l-q). 



Expressed differently: the q independent infinitesimal transformations (9) generate 
a g-term invariant subgroup of the group X\f, . . . ,X r f. 

Theorem 54. If the (r — q)-term group Yif,..., Y r - q f is isomorphic to the r-term 
group: X\f, . . .,X r f, and if . . . , W r f are infinitesimal transformations of the 
(r — q)-term group such that firstly &if, . . . , ?K-qf are mutually independent while 
by contrast, ^—q+i, • ••■> &rf can be linearly deduced from &{f,..., ^ r - q f: 

^r-q+kf = d kl Wlf+--- + d K r ^ q %- q f (k= 1 -q), 

and secondly such that, simultaneously with the relations: 



[Xi,X k ] — 52 c iksX s f 7 



S=l 



the analogous relations: 



5=1 



hold, then the q infinitesimal transformations: 

X r - q +kf — dk\X\f d^ r-q X r - q f (k=l-q) 

generate a q-term invariant subgroup of the group X\f, . . . ,X r f. 
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The G r : X^f, . . . ,X r f and the G r q . Y\f, . . . , Y r - q f are, as we know, isomorphi- 

cally related when, to every infinitesimal transformation of the form: e\X\f -\ h 

e r X r f, we associate the infinitesimal transformation: 

£ e k&kf = £ <U+ £ Sr-q+jdjk) %f. 
k=\ k=\ < 7=1 J 

Through this correspondence, the transformations of the G, which belong to the 
g-term group (9) are the only ones which correspond to the identically vanishing in- 
finitesimal transformation of the G r - q . Consequently, in general, to every one-term 
subgroup of the G r , there corresponds a completely determined one-term subgroup 
of the G r - q , and it is only to the one-term subgroups of the group (9) that there 
correspond no one-term subgroups of the G r - q , for the associated one-term groups 
indeed reduce to the identity transformation. Conversely, to one and the same one- 
term subgroup h\ <3f\f -\ h h r - q & r - q f of the G r - q , there correspond in total °° q 

different one-term subgroups of the G r , namely all the groups of the form: 

£ hx k f + £ Xj \x r - q+j f - £ d iVL x^f) , 

k=l j=\ ^ fi=l J 

where X\ , . . . , X q denote arbitrary constants. 

Now, a certain correspondence between the subgroups of the G r and the sub- 
groups of the G r -q actually takes place. 

If m arbitrary mutually independent infinitesimal transformations: 

lfilXlf-\ Vl^irXrf (/i = l-ro) 

generate an m-term subgroup of the G r , then the m infinitesimal transformations: 

£ hk%S= £{w+£ l H,r-9+J d Jk}®kf 
k=l k=l < j=\ > 

(fl = l---m) 

obviously generate a subgroup of the G,-- q . This subgroup is at most m-term, and in 
particular, it is 0-term, that is to say, it consists of only the identity transformation 
when the m-term subgroup of the G r is contained in the g-term group (9), and in 
fact clearly, only in this case. 

Conversely, if m' arbitrary infinitesimal transformations: 

generate an m'-term subgroup of the G r - q : Y\f,..., Y r - q f, then the m' infinitesimal 
transformations: 



JjUl-Xl/H \-lp,,r- q Xr- q f 



(M = l -«'), 
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together with the q transformations: 

Xr-q+kf — dl\X\f d^r-qXr-qf (k=\-q) 

always generate an {m! + g)-term subgroup of the G r . 

From this, we see that to every subgroup of the G, corresponds a completely 
determined subgroup of the G r - q which, in certain circumstances, consists of only 
the identity transformation; and moreover, we see that to every subgroup of the 
G r - q corresponds at least one subgroup of the G r . If we know all subgroups of the 
G r and if we determine all the subgroups of the G r - q corresponding to them, we 
then obtain all subgroups of the G r - q . Thus, the following holds. 

Proposition 2. If one has isomorphically related an r-term group of which 
one knows all subgroups to an (r — q)-term group, then one can also indicate 
straightaway all subgroups of the (r — q)-term group. 

Let X\f, . . . ,X r f, or shortly G, , be an r-term group of the composition: 

;• 

[Xh Xk] = ^ c iksX s f- 

5=1 

We want to study what are the different compositions that a group meroedrically 
isomorphic to the G r can have. 

Up to now, we know only the following: If the G r can be isomorphically related to 
an (r — g)-term group, then there is in the G, a completely determined g-term invari- 
ant subgroup which corresponds to the identity transformation in the (r — q) -term 
group. Now, we claim that this proposition can be reversed in the following way: 
If the G, contains a g-term invariant subgroup, then there always is an (r — g)-term 
group G r - q which is isomorphic to the G r and which can be isomorphically related 
to the G r in such a way that the g-term invariant group inside the G r corresponds to 
the identity transformation^! in the G r - q . 

For reasons of convenience, we imagine that the r independent infinitesimal trans- 
formations X\f, . . . ,X r f are chosen so that X r - q+ if, . . .,X r f generate the said in- 
variant subgroup. Then our claim clearly amounts to the fact that, in arbitrary vari- 
ables y i,y2) ■ • • > there are r infinitesimal transformations . . . , &rf which sat- 
isfy the following two conditions: firstly, . . . , vanish identically, while 
. . . , *3f r -qf are mutually independent, and secondly, the relations: 

(10) [% W k ] = C M mf+-+ C ikr %f (i,k=l-r) 

must hold identically. 

Since X r - q+ \f, . . . ,X r f generate a subgroup invariant in the G r , all c#i, c^, 
c ik,r-q m which at least one of the two indices i and k is larger than r — q, are 
equal to zero. Thus, if in the relations (10), we set equal to zero all the infinitesimal 



The notion of quotient group will in fact not come up here; instead, Lie uses Proposition 1 above. 
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transformations ^ r _ q+ if, . . . , then all relations for which not both i and k are 
smaller than r — q + 1 will be identically satisfied, and we keep only the following 
relations between ZPif, . . . , 

(11) S£] = C M + • • • + Cik) r _g ^ r - 9 / (i, Jk=l r-«). 

So, we need only to prove that there are r — q independent infinitesimal trans- 
formations &{f, . . . , ^K-qf which are linked together by the relations (11), or, what 
is the same: that there is an (r — q)-term group, the composition of which is repre- 
sented by the system of the constants c^ s (i, k, s= l -r-q). 

In order to prove this, we start from the fact that, for i,k,j = 1 , . . . , r — q, the 
Jacobi identity: 

[[X u X k ] , Xj] + [[X k , Xj] , X,} + [[Xj, X t ] , X k ] = 0, 
holds, and it can also be written as: 

r-q 



i c *M t^M c k jfi [Xfi , Xi] + c [Xp , Xk) 

q r 

+ 52 X r -q+nf, Cilc^-q+nXjf + Ckj : r-q+7tXif + Cji^r-q+xXkf 
%=\ 

If we develop here the left-hand side and if we take into consideration that the 
coefficients of Xif, . . . ,X r - q f must vanish, we obtain, between the constants Cj ks 
which appear in (1 1), the following relations: 



V, \ c ik\i Cji jv + Ckjfi C^ii V + C jifi C^kv r = 



(i,k,j,v = l-r-q). 



These relations show that the (i,k, s=l-r-q) determine a composition in the 
sense defined earlier on. As was observed on p. 13041 there surely are (r — g)-term 
groups the composition of which is determined by the Ciks (i,k,s=i-r-q). 

As a result, the claim stated above is proved. If we yet add what we already knew 
for a while, we obtain theQ 

Proposition 3. If one knows all invariant subgroups of the r-term group X\f , . . .,X r f: 

r 

[Xi, X k ] = ^ c iksXsf, 

.5=1 

then one can indicate all compositions which a group isomorphic to the group 
Xif,.. ., X r f can have. 



T We will show later that the cited Proposition 1, p. |304| is not at all indispensable lor the developments of the text. 
Cf. LIE, Archiv for Math, og Nat. Vol. 10, p. 357, Christiania 1885. 
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In order to really set up the concerned compositions, one must proceed as follows: 
If the q > independent infinitesimal transformations: 

gniXif-\ \-g^ r X r f (ft = i-«) 

generate a g-term invariant subgroup of the group: X\f, . . .,X r f, or shortly G,, then 
one sets: 

8nl&if+---+8nr&rf=0 (M = l-9), 

one solves with respect to q of the r expressions &if, . . . , *3£f, and one eliminates 
them from the relations: 

s=l 

Between the r — q expressions remaining amongst the expressions W\f, . . . , %f, 
one then obtains relations which define the composition of an [r — g)-term group 
isomorphic to the G r . If one proceeds in this way for every individual subgroup of 
the G r , one obtains all the desired compositions. 

Since every group is one's own invariant subgroup, it follows that to every r-term 
group G r is associated a meroedrically isomorphic group, namely the group which 
is formed by the identity transformation. If the G, is simple (cf. Chap. \T5\ p. 12731) . 
then the identity transformation is evidently the only group which is meroedrically 
isomorphic to it. 

§ 83. 

In this paragraph, we consider an important case in which groups occur that are 
isomorphic to a given group. 
Let the r-term group: 

Xkf=Y d ^d(xi,...,Xn)^- (k=l-r) 

of the space x\, . . . ,x n be imprimitive, and let: 

u\ (x\,..., x n ) = const., u n - q (xi,...,x n ) = const. 

be a decomposition of the space into oo" _1 ? g-times extended manifolds invariant by 
the group. 

According to Chap. [7] and to Chap. [131 P- 12291 the n — q mutually independent 
functions u\ , . . . , u n - q satisfy relations of the form: 

XkU v = (Ok v (ui,...,U n - q ) (k=l-r; V=\-n-q), 

hence the r expressions: 



§ 83. 313 

V y d f V or \ d f Y f 

> A k U v -r — > <»kv\ u \, ■ ■ -lUn-q) -r — A k J 

v=l ° u v v=l dUv 

(k=l-r) 

represent as many infinitesimal transformations in the variables ui, . . . ,u„- q . We 
claim that Xif, . . . ,X r f generate a group isomorphic^ to the group X\f, . . . ,X r f. 
For the proof, we form: 

Xi(x k (f)) -x k (Xi(f)) = £ (x l( o kv -x k (o iv ) p- 

v=i au v 

n-q 3 r 

= £ (Xj a kv - X k co iv ) ; 
v=l du v 

now, we have: 

Xi(X k (f)) -X k (Xi(f)) = £ c iks X s f, 

s=l 

or, when we insert u v in place of /: 

r r 

XiCOkv —X k C0iv = £ c iks X s u v = £ c iks (0 SV , 
hence, after inserting the found values of X; oo kv —X k C0i V , it comes: 

Xi(x k (f)) -x k (Xi(f)) = £ £ c lks o) sv 

5=1 V = l 

or, what amounts to the same: 

\X u X k ] = f,c iks X s f. 

s=l 

But this is what was to be proved. 

The group X\f, . . . ,X r f has a very simple conceptual meaning. 

From the definition of imprimitivity, it follows that the totality of the oo' 1_ ? man- 
ifolds u\ = const., . . . , u n - q = const, remains invariant by the group X\f, . . . ,X r f, 
hence that the co n ^i manifolds are permuted by every transformation of this group. 
Consequently, to every transformation of the group X\f,... ,X r f, there corresponds 
a certain permutation of our oo" - ^ manifolds, or, what is the same, a transformation 
in the n — q variables u\ , . . . , u n - q . It is clear that the totality of all the so obtained 



4 This notion of reduced group X\f, X r f appearing just now is central in the general algorithm, devised by LIE 

and developed later in Vol. Ill, towards the classification of all imprimitive transformation groups, and it also unveils 
appropriately the true mathematical causality of the nowadays seemingly unusual notion of isomorphism which was 
introduced earlier on, p. 13001 
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transformations in the variables u form a group, namely just the group which is 
generated by X\f, . . . ,X~rf. 

Naturally, the group X\f,... ,X r f needs not be holoedrically isomorphic to the 
initial group, but evidently, it is only meroedrically isomorphic to it when, amongst 

the infinitesimal transformations e\X\f -\ \-e r X r f, there is at least one which 

vanishes identically without ei,...,e r being all zero, hence when at least one 

amongst the infinitesimal transformations e\X\f -\ h e r X r f leaves individually 

invariant each one of our oo" - ^ manifolds. 

Thus, we have the 

Proposition 4. If the r-term group X\f,..., X r f of the space x\ , . . . ,x n is imprimitive 
and if the equations: 

u\ (xi, ... ,x n ) = const., u n - q (x\, ... ,x n ) = const. 

represent a decomposition of the space in oo"-<i q-times extended manifolds, then 
the infinitesimal transformations: 

n-q ^j- n-q df — 

y x k u v - — = y (o kv (u\,...,u n - q ) 3 — =x k f 

v=l du v v=l du v 

(k=l-r) 

in the variables u\ , . . . , u„- q , generate a group isomorphic to the group X\f, . . . ,X r f 
which indicates in which way the °° n ~ q manifolds are permuted by the transfor- 
mations of the group X\f,...,X r f. If amongst the infinitesimal transformations 
e iXif H h e r X, f, there are exactly r — p independent ones which leave individ- 
ually invariant each one of the oo n ^i manifolds, then the group X\f : . . . ,X r f is just 
p -term. 

Using the Theorem 54, p. 13081 we yet obtain the 

Proposition 5. If the group Xif,... ,X r f of the space x\, . . . ,x n is imprimitive and 
ifi 

u\ (xi,..., x n ) — const, u n - q {x\, . . . ,x n ) — const. 

is a decomposition of the space in oo n ~i q-times extended manifolds, then the totality 

of all infinitesimal transformations e\X\f -\ +e r X r f which leave individually 

invariant each one of these manifolds generates an invariant subgroup of the group 
Xif,...,X r f. 

At present, we consider an arbitrary r-term group X\f,... ,X r f which leaves in- 
variant a manifold of the space x\ , . . . ,x n . 

According to Chap.[l4l p. 12391 the points of this manifold are in turn transformed 
by a group, the infinitesimal transformations of which can be immediately indicated 
when the equations of the manifold are in resolved form. Indeed, if the equations of 
the manifold read in the following way: 
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x l *Pl (Xn— w+1 j • • • j-^njj ■ ■ • 5 x n—m *Pn— mip^n— m+1 j ■ ■ • 

and if x n - m +\ , . . . , x„ are chosen as coordinates for the points of the manifold, then 
the infinitesimal transformations of the group in question possess the form (cf. 
Chap. [141 p. 12401): 

Xkf ^>k,n— m+fl (*Pl j • • • j (Pn—mi x n—m+\i ■ ■ ■ i^n) "3 

(k=l-r). 

What is more, as we have already proved at that time, the following relations 
hold: 



\X h X k ] = Y,c iks X s f. 



*=l 

From this, we see that the group X\f,...,X r f is isomorphic to the group 
X\f, . . . ,X r f; in particular, it is meroedrically isomorphic to it when, amongst the 
infinitesimal transformations: 

eiX 1 f+ — + e r X r f, 

there is at least one transformation which vanishes identically, so that at least one 

amongst the infinitesimal transformations e\X\f -\ \- e r X r f leaves fixed every 

individual point of the manifold. 

We can therefore complement the Theorem 40 in Chap. [141 p. 12391 as follows: 

Proposition 6. If the r-term group X\f, . . . 7 X r f in the variables x\,...,x n leaves 
invariant the manifold: 

%\ *Pl C^n— m+1 5 • • • i x n)i ■ ■ • ? x n—m ^Pn—m(p^n—m-\-l j • • • -i x n)i 

then the reduced infinitesimal transformations: 

— m df 

Xkf = ^ ^k,n—m+ll( ( Pli---i ( Pn—mi x n—m+li---i x n)ji 

f±=l uXn—tn+fl 

(k=l-r) 

in the variables x n - m +i, . . . , x n generate a group isomorphic to the r-term group 
which indicates in which way the points of the manifold are permuted by the trans- 
formations of the group X\f, . . .,X r f. If amongst the infinitesimal transformations 

e i^i/H V£rX r f, there are exactly r — p independent ones which leave invariant 

every individual point of the manifold, then the group X\f, . . . ,X r f is just p-term. 

In addition, the following also holds true. 

Proposition 7. If the r-term group X\f, . . . ,X r f of the space x\,...,x n leaves in- 
variant a manifold, then the totality of all infinitesimal transformations e\X\f-\- 
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\-e r X r f which leave fixed every individual point of this manifold generate an 

invariant subgroup of the r-term group. 



Let: 

" df 

^kf=2l^ki(xi,...,X n )^- (k=l-r) 
i=l ax i 

be an r-term intransitive group of the R n , and one which contains only a discrete 
number of invariant subgroups. 

The complete system which is determined by the equations: 

Xi/ = 0, X r f = 

is g-term under these assumptions, where q < n, and it possesses n — q independent 
solutions. Hence we can imagine that the variables x\, . . . ,x n are chosen from the 
beginning in such a way that x 9 +i, . . . ,x n are solutions of the complete system; if 
we do this, then because %k,q+j = XkX q +j, all %k,q+l j ■ - -Akr vanish. 
Evidently, each one of the oo"~4 g-times extended manifolds: 

Xq-\- 1 = &q+ 1 1 ■ ■ ■ i Xn — an 

remains now invariant by the group X\f,... ,X r f; but their points are permuted and 
according to Chap. O p. 12391 by a group. If we choose coordinates 
for the points of the manifold, then the infinitesimal transformations of the group in 
question will be: 

— q df 

Xkf — V • • • i x qi a q+li ■ ■ ^ a n) 

(k=l-r) 

Whether this group is r-term or not remains temporarily uncertain, and in any 
case, it is isomorphic to the group X\f, . . . ,X r f. 

If the group X\f, . . . ,X r f if p-term (p ^ r), then the group X\f, . . . ,X r f contains 
an (r — p) -term invariant subgroup which leaves fixed every individual point of 
the manifold x q +\ = a q +\, . . . ,x n = a n (cf. Propositions 6 and 7). This invariant sub- 
group cannot change with the values of a q+ \ , . . . , a n , since otherwise, there would be 
in the group X\f, . . . ,X r f a continuous series of invariant subgroups, and this would 
contradict our assumption. Consequently, there exists in the group X\f, . . .,X r f an 
(r — p)-term invariant subgroup which leaves fixed all points of an arbitrary mani- 
fold amongst the oo' 1- ? manifolds: 

Xq-\- 1 @q+ 1 ? ■ • • ? %n — @n j 

hence which actually leaves fixed all points of the space xi,...,x n . But now, the 
identity transformation is the only one which leaves at rest all points of the space 
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xi,. . .,x n , so one has r — p = and p = r, that is to say: the group X\f, . . . ,X r f is 
holoedrically isomorphic to the group X\f,... ,X r f. 
As a result, the following holds true. 

Proposition 8. IfX\f, . . . ,X r f are independent infinitesimal transformations of an 
r-term group with the absolute invariants Q\(x\, ... ,x n ), Q n - q (x\, . . . ,x n ), and 
if there is only, in this group, a discrete number of invariant subgroups, then the 
points of an arbitrary invariant domain: Q.\=a\, & n -q = ^n-q we transformed 
by a group holoedrically isomorphic to the group X\f,... ,X r f. 
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Chapter 18 

Finite Groups, the Transformations of Which 
Form Discrete Continuous Families 



So far, we have only occupied ourselves with continuous transformation groups, 
hence with groups which are represented by one system of equations of the form: 



In this chapter, we shall also treat briefly the finite groups which cannot be repre- 
sented by a single system of equations, but which can only represented by several 
such systems; these are the groups about which we already made a mention in the 
Introduction, p. 

Thus, we imagine that a series of systems of equations of the form: 



is presented, in which each system contains a finite number r& of arbitrary param- 

(k) (k) 

eters a\ , . ■ . ,a rk , and we assume that the totality of all transformations which are 
represented by these systems of equations forms a group. 

Since each one of the systems of equations (1) represents a continuous family of 
transformations, our group consists of a discrete number of continuous transforma- 
tions. It is clear that every continuous family of transformations of our group either 
coincides with one of the families (1), or must be contained in one of these fami- 
lies. Of course, we assume that none of the families (1) is contained in one of the 
remaining families. 

It is our intention to develop the foundations of a general theory of the sorts of 
groups just defined, but for reasons of simplicity we will introduce a few restric- 
tions, which, incidentally, are not to be considered as essential. 

Firstly, we make the assumption that the transformations of the group (1) are 
ordered as inverses by pairs. Hence, although the transformations of the family: 



x[ = fi(x u ... 



iXfii 0,\ , . . . , Q-r) 



(1) 




4= 




f LIE, Verhandlungen der Gesellschaft der Wissenchaften zu Christiania, Nr. 12, p. 1, 1883. 
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18 Groups with Discrete Families of Transformations 



are not already ordered as inverses by pairs, the totality of the associated inverse 
transformations is supposed to form a family which belongs to the group, hence 
which is contained amongst the families (1). 

Secondly, we assume that the number of the families (1) is finite, say equal to m. 
However, when the propositions we derive are also true for infinitely many fami- 
lies (1), we will occasionally point out that this is the case. 



§ 84. 



To the two assumptions about the group (1) which we have made in the introduction 
of the chapter, we yet want to temporarily add the third assumption that all families 
of the group should contain the same number, say r, of essential parameters. In the 
next paragraph, we show that this third assumption follows from the first two, and 
hence is superfluous. 
Let: 

x 'i = fi (xi,...,x n , ai,...,a r ) (i=l-n) 

be one of the m families of °° r transformations of which our group consists, so k is 
any of the numbers 1 , . . . , m. 

By resolution of the equations written above, we obtain a family of transforma- 
tions: 

X{ = (x' l5 . . . ,x' n , m, . . . ,a r ) (i=l-n) 

which, under the assumptions made, equally belongs to the group. 
Therefore, when the two transformations: 

Xi = Fj (x-i , . . . ,X„ , d\ , . . . , Qy) 

(k) (i=l-») 
x" = f> \xi,...,x n ,ai+h u ...,a r + h r ) 

are executed one after the other, it again comes a transformation of our group, 
namely the following one: 

(2) x'l = f> k \F^ k \x',a),...,F^ k '{x',a), a\ + hi,. . . ,a r + h r ) (i=i-n). 

Here, we expand the right-hand side with respect to powers of hi, . . . ,h r and we 
find: 



*?=#V ( V,«),«) + I> 

7=1 



da j Jx=F(*)(y,a) 



where all the left out terms in hi , . . . , h r are of second order and of higher order. But 
if we take into account that the two transformations: 



Xi = F^ k) {x',a), x\ = ff ] (x, a 



(i=l-n) 



axe inverse to each other, and if in addition, we yet set for abbreviation: 



(3) 
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,(*), 



'Hji ( x h • • ■ i^ni a \i ■ ■ ■ i a r)i 



. da j x =FW(x>,a)- 

then we see that the transformation just found has the shape: 

(4) x'l = x\+j^ hj 7]f (x' , a) + ■ ■ ■ (<= l ...»). 

7=1 

It is easy to see that there are no functions ^i(fl), . . . ,Xr( a ) independent of 
x' v . . . 1 x' n which satisfy the n equations: 

r 

£ X j (a h ...,a r )rif(x',a)=0 (i=i-n) 

identically, without vanishing all. Indeed, if one makes the substitution x' v = 
fv^ (x, a) in these equations, one obtains the equations: 

tt,W^ = (.-.-.), 
■ 1 da; 
j=i J 

which must as well be satisfied identically; but according to Chap.[2l Theorem I2.2L 
p. [T3l this is impossible, because the parameters a\,...,a r in the transformation 

equations x\ = (x, a) are essential. 

From this, we conclude that the r infinitesimal transformations: 

(5) 1 £ri^\x\,...,x' n ,ai,...,a r )j- 1 (j=i-r) 

!=1 ax i 

are always mutually independent when a\, . . . ,a r is a system of values in general 
position. 

By fitj, . . . , we want to understand a system of values in general position and 
we want to set: 

7 1 { / l \x\a°) = ^(x' u ...X), 

by conferring the special value 1 to the number k. We will show that all infinites- 
imal transformations (5) can be linearly deduced from the r mutually independent 
infinitesimal transformations: 

X 'jf = E %ji( x 'u- ■ ■ >4) |4 U=l~r), 

i=\ OX i 

whichever value k can have as one of the integers 1, 2, . . . , m and whichever value 
ai,...,a r can have. 

The proof here has great similarities with the developments in Chap. HI p.l85lsq. 
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We execute two transformations of our group one after the other, namely at first 
the transformation: 

r 

(6) x'l = x\ + £ hj ^(x') + ■■■ (;=i •••«) 

7=1 

which results from the transformation (4) when one sets k = 1 and a\ = a\, . . . , 
a r = cP r , and afterwards, the transformation: 



'ij 

7=1 



which, likewise, possesses the form (4). In this way, we obtain the following trans- 
formation belonging to our group: 

7=1 7=1 
(i=l-n), 

where the left out terms are of second order and of higher order in the 2r quantities 
h h ...,h r , pi,...,p r . 

Disregarding the a, the 2r arbitrary parameters hi, . . . , h r , p\, . . . , p r appear in the 
latter transformation, whereas our group can contain only transformations with r es- 
sential parameters. From the Proposition 4 of the Chap. HI p.[7H it therefore results 
that, amongst the 2r infinitesimal transformations: (5) and X[f, . . .,X' r f, only r can 
be in existence that are mutually independent. But because X[f, . . . ,X' r f are mutu- 
ally independent, the infinitesimal transformations (5) must be linearly expressible 
in terms of X[f, . . . ,X' r f, for all values 1, 2, . . . , m of k and for all values of the a. 

At present, thanks to considerations analogous to those in Chap. ?? 
realize that identities of the form: 



Fill ?? 



we 



!=1 ' OX i 7C=1 

(k = 1 • • • m ; j ! = 1 • • • r) 

(k) 

hold, where the \\f y J are completely determined analytic functions of a\, . . . ,a r . 
Lastly, if we remember the equations (3) which can evidently also be written as: 

„{k)(Ak), v Jk) ( v ^_df- k \x,a) 
*1 H / ■•»/« i.x,a), a h ...,a r ) = 5 , 

' ' OClj 

and if we compare these equations to the identities: 
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n}fV,«)=Ev)?(«)UA 



7C=1 

we then obtain the identities: 



The functions ^ here are independent of the index k, but by contrast, the 
are not. 

Thus, we have the 

Theorem 55. If the m systems of equations: 

A = fP (xi,...,x n ,ai,...,a r ) (i= l •••«) 

(Jfc=l-m), 

in eac/z of which the r parameters ai,...,a r are essential, represent all transforma- 
tions of a group ( and if at the same time, all these transformations can be ordered 
as inverses by pairs then there are r independent infinitesimal transformations: 

x jf = E » • • • = 1 r) 

which stand in such a relationship to the group that each family: 

A =f> k \xi,...,x n , a h ...,a r ) (i=i-n) 
satisfies differential equations of the form: 

d r (k) 

V 7 > ° a j 71=1 

(i=l — n; j=\ — r). 

From this, it follows at first that, according to the Theorems 21, p. 11601 and 24, 
p. I169L the r infinitesimal transformations X\f, . . . ,X r f generate an r-term group. 
Furthermore, it is clear that the Theorem 25 in Chap.|9l p. |17 ll finds an application 

to each one of the families x\ = (x, a) : every transformation x\ = (x, a) whose 
parameters a\ , . . . , a r lie in a certain neighbourhood of a\ , . . . , a r can be obtained by 

executing firstly the transformation x, = (x, a) and afterwards, a certain trans- 
formation of the r-term group Xif, . . . ,X r f. 



t As one easily realizes, the Theorem 55 still remains correct when the words in brackets are crossed out. (Compare 
to the developments of the Chaps. [5]|4]and|9]) 
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Now, since our group contains all transformations of the form (6): 

r 

7=1 

and since one of these transformations is the identity transformation, namely the one 
with the parameters h\ = 0, . . . , h r = 0, then the identity transformation must occur 

in one of the families x\ = fj~ k \x 7 a). Consequently, one amongst these families is 
just the r-term group X\f, . . . ,X r f. Of course, this is the only r-term group generated 

by infinitesimal transformations which is contained in the group x\ = (x, a). 
As a result, we have gained the following theorem: 

Theorem 56. Every group: 

x\ = fj® (xi , . . . ,x„, a\ , . . . , a r ) (i= l •••«) 

(k=l-m) 

having the constitution indicated in the preceding theorem contains one, and only 
one, r-term group with transformations inverse by pairs. This r-term group is gen- 
erated by the infinitesimal transformations Xif,.. .,X r f defined in the previous the- 
orem, its oo r transformations form one of the m families xj = f^{x,a) and in addi- 
tion, they stand in the following relationship with respect to each one of the remain- 
ing m— 1 families: Ifxj = f- k \x,a) is an arbitrary transformation of the family 

x\ = fj k \x,a), then every other transformation of this family whose parameters 
a\ , . . . , a r lie in a certain neighbourhood ofa\ , . . . , a r can be obtained by executing 
firstly the transformation Xj = f^ (x, a), and afterwards, a certain transformation 
x\ = COi(xi , . . . ,x„) of the r-term group X\f, . . .,X r f. 

For example, we consider the group consisting of the two families of °° l trans- 
formations that are represented by the two systems of equations: 

x' = x cosa — y sina, y' = x sina +y cosa 
x' = x cosa + y sina, y' = x sina —y cosa. 

For the two families, one obtains by differentiation with respect to a: 

dx' , dy' , 

-7— — —y 1 -r- =x, 

da da 

(k) 

so that in the present case, the functions ty/^y mentioned in the Theorem 55 are 
independent of the index k. 

The first one of the above two families is a one-term group which is generated by 
the infinitesimal transformation y dfj dx — xdfj dy. The general transformation of 
the second family will be obtained when one executes firstly the transformation: 
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x = x , y = -y, 

and afterwards the transformation: 

x' = xcosa — y sina, y' = x sina + y cos a 

of the one-term group ydf/dx — xdf/dy, hence the general transformation of the 
first family. — 

It should not remain unmentioned that the two Theorems 55 and 56 also remain 
yet valid when the concerned group consists of an infinite number of discrete con- 
tinuous families which all contain the same number of essential parameters. — 

Before we go further, yet a few not unimportant remarks. 
Let: 

x\ =fi(xi,...,x„,ai,.. .,«,-) («=i •••«) 

be an r-term continuous group which does not contain the identity transformation. Then according to 
Theorem 25, Chap.|9j p. 11711 there is an r-term group X{f, . . . ,X r f with the identity transformation 
and with pairwise inverse transformations which stands in the following relationship to the group 
x'j = fi(x,a), or shortly 25: If one executes at first a transformation x, = fi(x, a) of 25 and afterwards 
a transformation: 

r 

x'j=xi+Y< e kXkXi-\ (;=i-n) 

k=l 

of the group X\f,... ,X,-f, then one always obtains a transformation of 25. 

At present, one can easily prove that one then also always obtains a transformation of © when 
one firstly executes a transformation of the group X\f,... ,X r f and afterwards a transformation of 
the group 25. We do not want to spend time in order to produce this proof in details, and we only 
want to remark that for this proof, one may employ considerations completely similar to those of 
Chap.g](Cf. Theorem 58). 

Now, if we take together these two relationships between 25 and the group Xif, . . . ,X r f and in 
addition, if we take into account that we have to deal with two groups, then we realize immediately 
that the transformations of the group 25 and of the group X\f,... ,X r f, when combined, again form 
a group, but to be precise, a group the transformations of which cannot be ordered as inverses by 
pairs. 

At present, we also attract in the circle of our considerations yet the family of the transformations: 

x\ = Fi(x\,. ..,x n ,ai,...,a r ) (;= l ■ ■■«) 

which are inverses of the transformations x\ = fj(x,a). According to Theorem 20 ((H, p. 19), this 
family of transformations also forms a group, that may be called 25'. We shall show that the trans- 
formations of the three groups 0, 0', X\f, . . . ,X r f, when taken together, form again a group, and 
naturally, a group with pairwise inverse transformations. 

Let T be the general symbol of a transformation of ©, whence T~ l is the general symbol of a 
transformation of 25'; by S, it will always be understood a transformation of the group X\f, . . . ,X r f. 

We already know that all transformations T and S taken together form a group and that the trans- 
formations r~' taken for themselves do the same. From this, we realize the existence of relations 
which have the following form: 



1 This theorem simply states that if transformation equations = f(x, a) are stable by composition, the same holds 
for the inverse transformations x,- = Fj(x' ,a) modulo possible shrinkings of domains. 
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7' np r i~ rt rt rr r i~ — 1 Hp — 1 np — 1 

Ta,S\ = Sx T a = Tp. 

We can also write as follows the second series of these relations: 

rf 1 1 1 T~ 1 C 1 T 1 

"A 'a — 1 % > 'a ~ P • 

Now, since the group of the S consists of pairwise inverse transformations, it is immediately clear 
that the T together with the S form a group. Moreover, we have: 

7'— 1 TP HP — 1 HP O C 

a l n — 1 a 1 a^k — ^X^ 

'T' 'T' — 1 'T' 'T' — 1 C 1 — 1 C — 1 

l a,ip — iai a ^x ~ ^X ' 

and therefore, the totality of all S, T, T^ 1 also forms a group. 

With these words, the promised proof is brought: the transformations of the three groups 6, & , 
X\f, . . . ,X r f form a group together, and naturally, a group with pairwise inverse transformations. 

§ 85. 

At present, we take up a standpoint more general than in the previous paragraph. We 
drop the special assumptiorflmade there and we only maintain the two settlements 
which were done in the Introduction. 

Thus, we consider a group G which consists of m discrete families with, respec- 
tively, r\, r2, . . . , r m essential parameters and which, for each one of its transfor- 
mations, also contains the inverse transformation. We will prove that the numbers 
r\,r2,..., r m are all mutually equal. Then from this, it follows that the assumption: 
r\ = r2 = • ■ ■ = r m made in the previous paragraph was not a restriction. 

We execute two transformations of the group one after the other, firstly a trans- 
formation: 

A = fi k \xi,---,x,„ ai,...,a rk ) (i=i-n) 
of a family with parameters, and secondly a transformation: 

x" = fi i \x'i,... 1 x' n ,bi,... 1 b rj ) (i=l-n) 

of a family with r, parameters. 

In this way, we find a transformation: 

A = fi j) {f? M,..., fit ] (*, a) , h , . . . , b rj ) 

which belongs to our group and which formally contains + rj arbitrary parame- 
ters. Now, if the largest number amongst the numbers r\,ri, r m has the value r, 
then amongst these + rj arbitrary parameters, there are no more than r which are 
essential, but also no less essential ones than what indicates the largest of the two 
numbers and rj. So in particular, if both numbers and rj are equal to r, then the 
last written transformation contains exactly r essential parameters. Consequently, 



2 (i.e. the third one) 
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all families of our group which contain exactly r essential parameters already form 
a group r when taken together. 

Now, we can immediately apply the Theorem 56 of the previous paragraph to the 
group r. From this, we see that F and hence also G contains an r-term group: 

x 'i — fi{ x \i ■ ■ ■ i x ni a\,...,a r ) (i=l-n) 

which is generated by r independent infinitesimal transformations. Thus, if we at 
first execute the transformation x\ = f(x, a) and then the transformation: 

(8) x / f = f^(4,..., X / n ,b 1 ,...,b rj ), 

we obtain again a transformation of the group G, namely the following one: 

(9) x'/ = f^(fi(x,a),...,f n (x,a),bi,...,b rj ) (i=l-n). 

Of the r + rj parameters of this transformation, exactly r are essential, so the 
equations just written represent a continuous family of °° r transformations of the 
group G. But since the group x\ = f(x,a) contains the identity transformation, there 
are special values of the parameters ai,...,a r for which the functions f\ (x, a), . . . , 
f n {x, a) reduce to x\ , . . . , x n , respectively. Consequently, the family of the °° r j trans- 
formations (8) is contained in the family of the °° r transformations (9). According 
to the remarks made in the introduction of the chapter, this is possible only when 
the two families coincide, hence when rj is equal to r. 

As a result, it is proved that the numbers r\,r2,..., r m are all really equal one to 
another. Consequently, we have the 

Theorem 57. If a group whose transformations are pairwise inverse one to another 
consists of m. continuous families of transformations and if each one of these fami- 
lies contains only a finite number of arbitrary parameters, then the families all have 
the same number of essential parameters. 

Besides, this theorem still remains valid also when the number of the families of 
which the group consists is infinitely large, when each one of these infinitely many 
families contains just a finite number p k of arbitrary parameters and when at the 
same time, amongst all the numbers p^, a largest one is extant. 

§ 86. 

As up to now, let G consist of m discrete, continuous families of °° r transformations; 
in addition, we assume that the transformations of G are mutually inverse by pairs. 

According to the Theorem 57 in the preceding paragraph, there is in the group 
G one and only one r-term group generated by r independent infinitesimal transfor- 
mations. Now, if S is the symbol of the general transformation of this r-term group 
and T is the symbol of an arbitrary transformation of G, then in the same way: 
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is the symbol of the general infinitesimal transformation of an r-term group gen- 
erated by infinitesimal transformations. Since this new group is contained in G, it 
must coincide with the group of all S; according to the terminology [Terminologie] 
introduced in the Chap. \T5\ p. 12691 we can also express this as: the discussed r-term 
group remains invariant by every transformation T. Thus the following holds true. 

Theorem 58. If a group G with pairwise inverse transformations consists of several 
families of transformations, then the largest group generated by infinitesimal trans- 
formations which is contained in G remains invariant by every transformation of 
G. 

From this theorem, it comes how one can construct groups which consist of sev- 
eral continuous families of °o r transformations. 

Let X\f,... ,X r f be an r-term group in the variables xi,...,x n and let again S be 
the symbol of the general transformation of this group. 

Now, when a group with pairwise inverse transformations contains all transfor- 
mations of the r-term group X\f,.. .,X r f, and in addition yet contains a finite num- 
ber, say m — 1, of discrete families of °° r transformations, then in consequence of 
Theorem 56, p. 13241 it possesses the form: 

(10) T S, TiS, T m -iS. 

Here, Tq means the identity transformation and T\,...,T m -\ are, according to 
the last theorem, constituted in such a way that their totality leaves invariant all 
transformations S. This property of the T v expresses analytically by the fact that for 
every transformation S^ of the group X\f, . . . ,X r f, a relation of the form: 

Ty Sfc 7y = Sj 

exists, where the transformation Sj again belongs to the group X\f, . . . ,X r f. Inci- 
dentally, such a relation also holds true when v is equal to zero, for indeed one then 
has Sk = Sj. 

Since T\ , . . . , T m -\ themselves belong to the transformations (10), the totality of 
all transformations (10) can then be a group only when all transformations T^T V 
also belong to this totality. Hence, aside from the above relations, the 7} must also 
satisfy yet relations of the form: 

Tfi T v = TftSx, 

where /! and v denote arbitrary numbers amongst the numbers 1, 2, . . . , m — 1, 
while it runs through the values 0, 1, . . . , m — 1. If one the numbers /i, v, say /i, 
is equal to zero, then actually, there is already relation of the form indicated, since 
indeed T K = T v and S t is, just as Tq, the identity transformation. 

On the other hand, if the transformations 7^ possess the properties indicated, then 
for all values 0, 1, m — 1 of the two numbers /i and v, there exist relations of 
the form: 
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Tfi Sk T v Si — Tfx T v Sj Si — T n Sx Sj S[ — T^Sp, 

and therefore, the totality of all transformations (10) forms a group. It is easy to see 
that in any case and in general, the transformations of such a group order as inverses 
by pairs. 

At present, it is yet to be asked how the transformations must be constituted 
in order that the m families (10) are all distinct from each other. 

Obviously, all the families (10) are distinct from each other when no transforma- 
tion of the group belongs simultaneously to two of these families. On the other hand, 
if any two of these families, say: T^S and T V S, have a transformation in common, 
then they are identical, because from the existence of a relation of the form: 

TflSk = T v Si, 

it immediately follows: 

Tv = T^ S/ c S l , 
hence the family of the transformations T v S has the form: 

T^S^Sj 1 5, 

that is to say, it is identical to the family: Tn S. 

Thus, for the m families (10) to be distinct from each other, it is necessary and 
sufficient that no two of the transformations Tq,T\, T m _\ be linked by a relation 
of the form: 

T v = T il Sj (v^m). 
We summarize the gained result in the 

Theorem 59. If S is the symbol of the general transformation of the r-term group 
X\f, . . .,X r f, and if moreover, T\,..., T m -\ are transformations which leave invari- 
ant the group X\f,.. .,X r f and which, in addition, are linked together and jointly 
with the identity transformation Tq by relations of the form: 

TfiT v = T K S, 

but not by relations of the form: 

T v = T il Sj (v^aO, 

then the totality of all transformations: 

TqS, T\S, T m -\S 

form a group with pairwise inverse transformations which consists of m discrete 
continuous families of °° r transformations and which, at the same time, contains 
all transformations of the group X\f,.. .,X r f. If one chooses the transformations 
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T\ , . . . , T m _\ in all possible ways, then one obtains all groups having the constitution 
indicated. 

In the next chapter, we give a general method for the determination of all trans- 
formations which leave invariant a given group X\f,... ,X r f. 

If one has two different systems of transformations T\, . . . , T m ^\, say 7\, . . . , r m _i 
and T(, . . . , T' m _ x , then obviously, the two groups: 

ToS, T{S, T m -\S 

rrt ri *T*f rrif q 1 

are always distinct when and only when it is not possible to represent each one of 
the transformations T(, . . . , T' m _\ in the form: 

= Tip ■ 

Needless to say, one can frequently arrange that the m transformations Tq,T\, 
T m -\ already form a discontinuous group for themselves. 

Example. The n infinitesimal transformations: 

df_ df_ 

dx\" ' dx n 

generate an r-term group. The totality of all transformations that leave this group 
invariant forms a finite continuous group which is generated by the n + n 2 infinites- 
imal transformations: 

df df 

-r— , Xi^r (l,k=l-lt) 

axi oxk 
Now, if amongst the °° nn transformations: 

x'i — anxi-l YainXn {i=\-n) 

of the group: 

Xi— — (i,k=l--n), 

dx k 

one chooses m arbitrary transformations that form a discontinuous group as trans- 
formations Tq, T\, . . . , T m -\, and if one sets for S the general transformation: 

/ , / , 

X[ — X\ ~\~ a\^ •••7 X n — Xfi ~~r an 

of the group df/ dx\, . . . , df/ dx n , then one always obtains a group which consists 
of m discrete families and which comprises all °° n transformations of the group 
df/dxu ...,df/dx n . 
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Naturally, the Theorem 58, p. 13281 also holds true when the group G consists of 
infinitely many families of °° r transformations. Hence if one wants to construct such 
a group, one only has to seek infinitely many discrete transformations: 

T h T Z , ... 

which leave invariant the group X\f,..., X r f and which, in addition, satisfy pairwise 
relations of the form: 

but by contrast, which are neither mutually, nor together with the identity transfor- 
mation, linked by relations of the form: 

TfX = TySj. 

The totality of all transformations: 

To S, T\S, T2S, ... 

then forms a group G which comprises the group X\f, . . . ,X r f and which consists 
of infinitely many different families of °° r transformations. 

But the transformations of the group G found in this way are in general not 
ordered as inverses by pairs; in order that they enjoy this property, each one of the 
transformations T\, T2, must also satisfy, aside from the relations indicated 
above, yet relations of the form: 




§ 87. 

At present, we still make a few observations about the invariant subgroups as we 
have considered them in the previous three paragraphs. 
Let G be a group which consists of the m discrete families: 

r (*) _ f W/ r , r J k ) Jk)s 

X i ~ Ji a l ,--.,«r ) (i=l-n) 

(k=l-m) 

of °° r transformations and which, for each one of its transformations, also contains 
the inverse transformation. In particular, let: 

x'i = f- l \xi, . . . ,x n , ai, . . . ,a r ) (i=l-n) 

be the r-term group generated by r infinitesimal transformations: X\f, ...,X r f 
which is contained in G. 

In accordance with Chap.[6l p. 11071 we say that every function which admits all 
transformations of G, hence which satisfies the m equations: 
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ii(x[ k \...,Xn^) =il(xi,...,X n ) (k=l-m), 

is an invariant of G. We want to show how one can find the invariants of G. 

Evidently, every invariant of G is at the same time an invariant of the r-term 
group Xif,... ,X r f and therefore, it is a solution of the complete system which is 
determined by the equations: 

X l f = 0, X r f = 0. 

If this complete system is rc-term, then the group X\f, . . . ,X r f and therefore also 
the group G possess in fact no invariant. So, we assume that the said complete 
system is (n — g)-term and we denote by u\, . . . ,u q any q of its solutions that are 
independent. 

According to Theorem 58, the group X\f, . . .,X r f remains invariant by all trans- 
formations of G; consequently, the {n — g)-term complete system determined by the 
equations: 

Xi/ = 0, X r f = 

also admits all transformations of G. Consequently (cf. Chap. 8, p. 11491) . the solu- 
tions mi, . . . , u q of this complete system satisfy relations of the shape: 

uj(xf\...,xP) = cof\ui(x),...,u q (x), af\...,a?) 

C/=l •■■<?; k=\-m). 

(k) 

It can be shown here that the functions CO- are all free of the parameters 

^. r - „ 

system of values a y jilted r ' lies in a certain neighbourhood of r ', then 

according to Theorem 56, p. 13241 the transformation: 

x- = f- (x.\ , . . . ,x n , , . . . ,a r ) 
can be obtained by executing firstly the transformation: 

X- ^ = fj (x\ , . . . , X n , fl| \ . . . , dy ^ ) 

and afterwards, a certain transformation: 



x 



{k)_Ai) ( Jk) Jk) 



fi , . . . , Xj% , ct\ , . . . , (Xf^j 



of the group X\f, . . . ,X r f. So we have: 
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Now, u\ , . . . , u q are invariants of the group X\f, . . . , X r f and therefore, they satisfy 
relations of the shape: 



1 ) — 1 ) • • • i %n ) • 



On the other hand, we have: 

Jk) _ _(*) 



If/(xJ Jft j ) = CO) ; (wi(x),...,^(x)). 



where the (Oj depend only upon u\,...,u q and contain no arbitrary parameters, 
since af\ . . . ,3^ are numerical constants, indeed. Thus we obtain: 

(11') Uj(x\\...,xi k >) =af > (ui(x),...,u q (x)), 

(k) 

and with this, it is proved that the functions Q)j ' in the equations (1 1) are effectively 

free of the parameters af , . . . , ai ■ 

According to what has bee said above, every invariant U(xi, . . . ,x n ) of the group 
G satisfies m equations of the shape: 

ii(x[ k \. ..,xh') =H(xi,...,x n ) {k=i-m); 
but since it is in addition a function of only u\ , . . . , u q , say: 

ii(xi,...,x n ) =J(ui,...,u q ), 
then at the same time, it satisfies the m relations: 

j(a}\ k \ui,...,U q ), CO q k '(ui,...,Uq)) =/(«!,..., U q ) 

(k=l-m). 

Conversely, every function J(u\, . . .,u q ) that satisfies the m functional equations 
just written obviously is an invariant of the group G. Consequently, in order to find 
all invariants of G, we only need to fulfill these functional equations in the most 
general way. 

The problem of determining all solutions of the functional equations (12) is vis- 
ibly identical to the problem of determining all functions of ui, . . . ,u q which admit 
the m transformations: 

^ u' j = (af\u h ...,u q ) C/=i ■•■<?) 

(k=l-m). 

But these m transformations form a discontinuous group, as one realizes without 
difficulty from the group property [Gruppeneigenschaft] of G. Thus, our problem 
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stated at the outset of the paragraph is lead back to a problem of the theory of the 
discontinuous groups. 

We summarize the gained result in the 

Theorem 60. If a group G (whose transformations are pairwise inverse) consists of 
several discrete families of°° r transformations: 

Jk) _ Ak) ( (*) (k)\ 

X i — H l X l > • • • a \ i---i a r ) (« = l-n) 

(fe=l,2-), 

?/zen a// invariants ofG are at the same time also invariants of the r-term continuous 
group: X\f,... ,X r f determined by G. If one knows the invariants of the latter group, 
hence if one knows any q arbitrary independent solutions ui,...,u q ofthe (n — q)- 
term complete system which is determined by the equations: 

X l f = 0, X r f = 0, 
the one finds the invariants ofG in the following way: one forms at first the relations: 
K 7 -(xf\...,*Sr) = a>f\ui(x),...,u q (x)) C/=i-«) 

(£=1,2-), 

(k) 

which, under the assumptions made, exist, and in which the 0)j depend only upon 
the two indices j and k; afterwards, one determines all functions ofu\,...,u q which 
admit the discontinuous group formed by the transformations: 

u'j = Q}f\u h ...,U q ) (j = i-q) 

(fe=l,2-). 

The concerned functions are the invariants of the group G. 

A similar theorem clearly holds true when the group G consists of infinitely many 
continuous families of transformations. 

One can propose to oneself the problem of finding all invariants that a given family of transfor- 
mations: 

x'i = (Pi(xi,...,x n ,ai,...,a r ) (i=i-n) 

possesses, or all invariants that are common to several such families^ The family, respectively the 
families, can here be completely arbitrary and they need not belong to a finite group. 

We do not intend to treat exhaustively this problem; let it only be remarked that the concerned 
invariants are solutions, though not arbitrary solutions, of a certain complete system that can be 
easily be indicated. Indeed, since the sought invariants, aside from the given transformations, also 
obviously admit yet the associated inverse transformations, then one can very easily set up certain 
infinitesimal transformations by which they remain invariant as well. In general, these infinitesimal 
transformations contain arbitrary elements, an in particular, certain parameters; when set equal to 



t Cf. LIE, Berichte der K. Sachs. Ges. d. W., 1. August 1887. 
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zero, these infinitesimal transformations provide linear partial differential equations which must be 
satisfied by the sought invariants. Now, it is always possible to set up the smallest complete system 
which embraces all these differential equations. If one knows a system of solutions u\, u%, . . , of 
this complete system, then one forms an arbitrary function Q(u\,U2,---) of them, one executes on 
it the general transformation of the given family and one determines £2 in the most general way in 
order that £2 behaves invariantly. 
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Chapter 19 

Theory of the Similarity [Aehnlichkeit] of r-term Groups 



It is often of the utmost importance to answer the question whether a given r-term 
group xj = fi(x\, . . . ,x s , a\, . . . ,a r ) of the s-times extended space is similar [ahn- 
lich] to another given r-term group y\ = Fi{y\, . . . ,y s , b\, . . . ,b r ) of the same space, 
hence whether one can introduce, in place of the x and of the a, new variables: 
yi,...,y s and new parameters: b\,...,b r so that the first group converts into the 
second group (Chap. [31 p. [271) . If one knows, in a given case, that such a transfer of 
one of the groups to the other is possible, then a second question raises itself: how 
one accomplishes the concerned transfer in the most general way? 

In the present chapter, we provide means for answering the two questions. 

To begin with, we show that the first one of the two questions can be replaced 
by the following more simple question: under which conditions does there exist a 
transformation: 

y i = <P(xi,...,x s ) (i = l-5) 

of such a nature that r arbitrary independent infinitesimal transformations of the 
group x'j = fi(x,a) are transferred to infinitesimal transformations of the group y[ = 
Fi(y,b) by the introduction of the variables yi, . . . ,y 5 ? We settle this simpler ques- 
tion by setting up certain conditions which are necessary for the existence of a 
transformation y ; = 4>,-(x) of the demanded constitution, and which prove to also be 
sufficient. At the same time, we shall see that all possibly existing transformations 
yi = 4>j(x) of the demanded constitution can be determined by integrating complete 
systems. With that, the second one of the two questions stated above will then also 
be answered. 

§ 88. 

Let the two r-term groups: x\ = fi(x,a) and y' ; = Fj(y,b) be similar to each other 
and to be precise, let the first one be transferred to the second one when the new 
variables yt = <Pi(x\,. . . ,x s ) are introduced in place of xi , . . . ,x s , and when the new 
parameters bk = jB*(ai, . ..,a r ) are introduced in place of a\, . . . ,a r . Furthermore, 
let: 

i=l dXi 
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be r arbitrary independent infinitesimal transformations of the group x' ; = fi(x,a); 
by the introduction of the new variables y\ , . . . , y s , let them take the form: 

X k f = £ X kyi |^ = £ t)^, . . . ,y s ) |^ = 2)*/ 

(k=l-r). 

We decompose the transition from the group x\ = fj(x, a) to the group y ■ = ^-(y, 
in a series of steps. 

At first, we bring the group x\ = fi{x,a) to the canonical form: 

r 

(1) x\ = xt+ £ e*&j(jti,...,**) + ••• (i=l-s) 

A:=l 

by introducing for ai , . . . , a r certain (needless to say) perfectly determined functions 
of ei, . . . ,e r . Then evidently, we must obtain from (1) the equations y\ = Fi(y,b) 
when we introduce the new variables y\, . . . ,y s in place of the x, and when in addi- 
tion, we insert for e\ , . . . , e r some completely determined functions of bi, . . . , b r . 

But now, according to Chap. HI p. [69l after the introduction of the variables 
yi,...,y s , the equations (1) take the shape: 

r 

(1') y'i =Ji+£ e k \) ki (y 1 ,...,y s ) + --- (i=i».*), 

k=l 

hence the equations (1') must become identical to the equations y\ = Fiiy.b) when 
one expresses e\ , . . . , e r in terms of b\ , . . . , b r in the indicated way. Consequently, 
the equations (1 ') are a form of the group y\ — Fj(y, b), and to be precise, a canoni- 
cal form, as an examination teaches [wie der Augenschein lehrt]. In other words: 
2)l/, . . . , 2) r / are independent infinitesimal transformations of this group. 

Thus, if after the introduction of the new variables y\,...,y s and of the new pa- 
rameters b\,...,b r , the r-term group x\ = fj(x\ ,...,x s ,ai,...,a r ) converts into the 
group y- =Fi(y\, . . . ,y s , b\, . . . ,b r ), then the infinitesimal transformations of the first 
group convert into the infinitesimal transformations of the second group, also after 
the introduction of the variables yi,...,y s . 

Obviously, the converse also holds true: if the two groups x\ = fi(x,a) and y- = 
Fi(y, b) stand in the mutual relationship that the infinitesimal transformations of the 
first one are transferred to the infinitesimal transformations of the second one after 
the introduction of the new variables y\,...,y s , then one can always transfer the 
group x\ = fi(x, a) to the group y- = Fi(y, b) by means of appropriate choices of the 
variables and of the parameters. Indeed, by the introduction of the y, the canonical 
form (1) of the group x' j = fi(x,a) is transferred to the canonical form (1') of the 
group y l i = F i {y,b). 

As a result, we have the 
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Theorem 61. Two r-term groups in the same number of variables are similar to 
each other if and only if it is possible to transfer any r arbitrary independent in- 
finitesimal transformations of the first one to infinitesimal transformations of the 
second one by the introduction of new variables. 

When the question is to examine whether the two r-term groups x[ = fi(x, a) and 
yi = Fi(y,b) are similar to each other, then one needs only to consider [ins Auge 
fassen] the infinitesimal transformations of the two groups and to ask whether they 
can be transferred to each other. 

From the above developments, one can yet immediately draw another more im- 
portant conclusion. 

We know that between the infinitesimal transformations X\f, . . . ,X r f of the group 
x\ = fix, a), there exist relations of the form: 

Xi(X k (f)) -X k (Xi(f)) = [Xi,X k ] = £ c ika X a f. 

tr=l 

According to Chap. |5l Proposition 2, p. [961 after the introduction of the new vari- 
ables yi, . . . ,y s , these relations receive the form: 

CT=1 

so the r independent infinitesimal relations 2) i /,..., 2) r f of the group y ■ = Fj(y, b) 
are linked together by exactly the same relations as the infinitesimal transformations 
Xtf, . . . , X r f of the group x\ = f(x, a) . 

According to the way of expressing introduced in Chap. [F71 p. 12991 and 1301 1 we 
can therefore say: 

Theorem 62. If two r-term groups in the same number of variables are similar to 
each other, then they are also equally composed, or, what is the same, holoedrically 
isomorphic. 

At the same time, it is clear that the transformation y, = <Pj(x\ ,...,x s ) establishes 
a holoedrically isomorphic relationship between the two groups: x\ = fi(x,a) and 
y- = Fj(y,b) since it associates to the r independent infinitesimal transformations 
Xif,.. .,X r f of the first group the r independent transformations 2) if, . . . , 2J r / of 
the other, and since through this correspondence, the two groups are obviously re- 
lated to each other in a holoedrically isomorphic way. 

§ 89. 

At present, we imagine that two arbitrary r-term group in the same number of vari- 
ables are presented; let their infinitesimal transformations be: 

s df 

X kf= £ §y(*l,...,X s )y- (k=l-r) 
1=1 1 
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and: 



Z kf = £ Cu(xi,...,x s ) 



i=\ 



s 




(k=l-r). 



We ask: are these two groups similar to each other, or not? 

Our answer to this question must obviously fall in the negative sense as soon as 
the two groups are not equally composed; indeed, according to Theorem 62, only 
the equally composed groups can be similar to each other. Consequently, we need 
only to occupy ourselves with the case when the two groups are equally composed; 
the question whether this case really happens may always be settled thanks to an 
algebraic discussion [algebraische Discussion]. 

According to that, we assume from now on that the two presented groups are 
equally composed. 

According to Theorem 61, the two equally composed groups X\f,...,X r f and 
Zif, . . . ,Z r f are similar to each other if and only if there is a transformation 
yi = <Pi(x\ , . . . ,x s ) of such a constitution that X\f, . . . ,X r f convert into infinitesimal 
transformations of the group Zi/, . . . ,Z r / after the introduction of the new variables 
yi, . . . ,y s . If we combine this with the remark at the end of the previous paragraph, 
we realize that the two groups are similar to each other if and only if a holoedrically 
isomorphic relation can be established between them so that it is possible, by 
the introduction of appropriate new variables: = <&i(xi,. . . ,x s ) to transfer the r 
infinitesimal transformations X\f, ...,X r f precisely to the infinitesimal transfor- 
mations 2)i/, . . . ,2)r/ of the group Zi/, ...,Z r f that are associated through the 
isomorphic relation. 

The next step that we must climb towards the answer to the question we stated is 
therefore to relate the two groups in the most general holoedrically isomorphic way. 

In the group Z\f, . . . ,Z r f, we choose in the most general way r independent in- 
finitesimal transformations: 



r 



Y k f=^g kj Zjf 



(k=l-r) 



7=1 



such that together with the relations: 



r 



(2) 



[Xi,X k ] = c ika X c f, 



(7=1 



there are at the same time the relations: 



(2') 



[Yi,Y k }= £ c ika Y a f. 



(7=1 



If this is occurs — only algebraic operations are required for that — , then we as- 
sociate the infinitesimal transformations Y\f, . . . , Y r f to X\f,.. .,X r f, respectively, 
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and we obtain that the two groups are holoedrically isomorphically related to each 
other in the most general way. 

In the present chapter, by the gkj, we understand everywhere the most general 
system of constants which satisfies the requirement stated just now. 

Here, it is to be remarked that in general, the gkj depend upon arbitrary elements, 
once upon arbitrary parameters and then upon certain arbitrarinesses [Willkur- 
lichkeiten] which are caused by the algebraic operations that are necessary for 
the determination of the g^; indeed, it is thinkable that there are several discrete 
families of systems of values gkj which possess the demanded constitution. 

At present, the question is whether, amongst the reciprocal isomorphic relation- 
ships between the two groups found in this way, there is one which has the property 
indicated above. In other words: is it possible to specialize the arbitrary elements 
which occur in the coefficients gkj in such a way that X\f, . . . ,X r f can be trans- 
ferred to Y\f, . . . , Y r f, respectively, by means of the introduction of appropriate new 
variables: y,- = *2>;(xi, . . . ,x s )? 

When, but only when, this question must have been answered, one may conclude 
that the two groups X\f, . . . , X r f and Z\f,..., Z r f are similar to each other. 

Let Xif, . . . ,X„f (n ^ r) be linked together by no linear relation of the form: 

Xi(xi,...,x s )Xif^ \-Xn(xh---,x s )X n f = 0, 

while by contrast, X n+ if, . . . ,X r f can be linearly expressed in terms of X\f, . . . ,X n f: 

^ Xn+kf =^l(xi,...,X s )Xif-\ h (pkn{x\ , . . . , X,) X n f 

(k=\-r-n). 

Now, if the transformation yt = <Pi(x\, . . . ,x s ) is constituted in such a way that, 
after introduction of the y,X\f,... ,X r f are transferred to certain infinitesimal trans- 
formations 2)i/, . . . ,2) r / which belong to the group Z\f,... ,Z r f, then naturally, 
2)i/, • • • , % n f are not linked together by a linear relation of the form: 

Wi(yh---,y s )Z)if+--- + Yn(yh---,ys)Z)nf = 0; 

by contrast, we visibly obtain for . . . , 2) r / expressions of the shape: 

n 

Vn+kf= £ 9*v(yi>- ?)v/ (k=l-r-n), 
v=l 

in which the 9^ v (y) come into existence after the introduction of the variables y in 
place of the x, so that the n(r — n) equations: 

are hence identities after the substitution: y, = 4>i(jci, . . . ,x s ). 
From this, we conclude that: 
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If there is no linear relation between X\f,... ,X n f, while X n+ if, . . . ,X r f express 
linearly in terms ofX\f, . . . ,X n f by virtue of the relations (3), then the two equally 
composed groups Xif,... ,X r f and Zif, . . . , Z r f can be similar only when the arbi- 
trary elements in the coefficients g k j defined above can be chosen in such a way that 
the infinitesimal transformations: 

r 

Ykf= J £SkjZ J f (k=l-r) 

possess the following properties: firstly, Yif, . . . , Y n f are linked by no linear rela- 
tion, while by contrast, Y n+ if, . . . , Y r f express linearly in terms ofYif,..., Y n f: 

a 

(3') Yn+kf= £ Vkv{yh---,ys)Yvf (k=l-r-n), 

v=l 

and secondly, then(r-n) equations: 

(4) <Pkv{xi,---,x s )-yr kv (yi,...,y s ) = {k=\-r-n- v=i-n), 

are compatible with each other and they give relations neither between the x alone 
nor between the y alone. 

These conditions are necessary for the similarity between the two equally com- 
posed groups Xif, ...,X r f and Z\f, . . . ,Z r f. We claim that the same conditions 
are sufficient. Said more precisely, we claim: when the said conditions are satis- 
fied, then there always is a transformation yi = <&i(xi, . . . ,x s ) which transfers the 
infinitesimal transformations X\f,.. .,X r f to, respectively, Y[f,..., Y r f, so the two 
groups X\f,..., X r f and Zif,..., Z r f are similar to each other. 

The proof of this claim will be produced while we develop a method which con- 
ducts to the determination of a transformation having the indicated constitution. 

Our more present standpoint is therefore the following: 
In the s variables xi,...,x s , let an r-term group: 

X k f=Y,Zki(Xh (k=l-r) 
i=l dXi 

be presented, the composition of which is determined by the relations: 

r 

[Xi,X k ] = ^ CikoXof- 

(7=1 

Between Xif, . . .,X n f, there is at the same time no linear relation of the form: 

Xi(xi,...,x s )Xif^ \-Xn(xi,---,x s )X n f = 0, 

while by contrast X n+ \f, . . . ,X r f express themselves in terms of X\f, . . . ,X n f: 
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n 

(3) X n+k f= £ 9kv(xi,...,X s )X v f (*=l-n-r). 

V=l 

Furthermore, let us be given an r-term group: 

Zkf = Y.Cki(yi,---,ys)z- (*=i •••>■) 

which is equally composed with the group Xi/, . . .,X r f, and let r independent in- 
finitesimal transformations: 

Ykf=^gkjZjf =, £lki(yh---,ys)j- (k=i-r) 

;'=1 i=\ ? l 

in this group be chosen in such a way that firstly, the relations: 

[Yi,Y k ]= £ c lka Y a f 

are identically satisfied, and such that secondly, Y\f, . . . , Y n f are linked together by 
no relation of the form: 

m(yh- --,y s )Yif+--- + y n {yu ■ ■ ■ ,y*) Y„f = o, 

while by contrast . . . , Y r f express themselves in the following way: 

n 

(3') Y n+k f=Y,¥kv(yh---,ys)Y v f (k=l-n-r), 

v=l 

and such that, lastly, the n(r — n) equations: 

(4) (Pkv(xi,---,X s )-\lf kv (yi,...,y s )=0 (k=\~r-n; v=l-n) 

are compatible with each other and give relations neither between the x alone, nor 
between the y alone. 

To seek a transformation: 

(5) yi = &i(xi,...,x s ) (i=i- s ) 

which transfers X\f,... ,X r f toYif,..., Y r f, respectively. 
We can add: 

The sought transformation is constituted in such a way that the equations (4) are 
identities after the substitution: y\ = <t>\ (x), . . . , y s = <P s (x). 

With these words, the problem which is to be settled is enunciated. 
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§ 90. 

Before we attack in its complete generality the problem stated at the end of the 
preceding paragraph, we want to consider a special case, the settlement of which 
turns out to be substantially simpler; we mean the case n = r which, obviously, can 
occur only when s is at least equal to r. 

Thus, let the entire number n defined above be equal to r. 

It is clear that in this case, neither between X\f, . . . ,X r f, nor between Zr/, . . . ,Z r f 
there exists a linear relation. From this, it follows that the r infinitesimal transfor- 
mations: 

r 

Y k f= J £SkjZ J f (k=l-r) 
7=1 

satisfy by themselves the conditions indicated on p. I342L without it begin necessary 
to specialize further the arbitrary elements contained in the g k j. Indeed, firstly there 
is no linear relation between Y\f, ...,Y r f, and secondly, the equations (4) reduce 
to the identity = 0, hence they are certainly compatible to each other and they 
produce relations neither between the x alone, nor between the y alone. 

Thus, if the claim stated on p. 13421 is correct, our two r-term groups must be 
similar, and to be precise, there must exist a transformation y ; = <Pi(x\, . . . ,x s ) which 
transfers X\f,...,X r f to Y\f,...,Y r f, respectively. We seek to determine such a 
transformation. 

When we introduce the variables y i , . . . , y s in X k f by means of the transformation: 

(5) yi=&i(xi,...,X g ) (i=l-a), 

we obtain: 

Xkf=ix k y l ^- = j^X k <P i ^-; 

i=l (=1 

so by comparing to: 

Ykf = £ Vki(yi, ■ ■ ■ ,y s ) 3- = T. Y kyi^-i 

£1 dyi £[ d yi 

we realize that the transformation (5) transfers X\f, . . . ,X r f to Y\f, . . . , Y r f, respec- 
tively, if and only if the rs equations: 

(6) Y k yi-X k $i = (k= l-r; 1 = 1 - S ) 

become identities after the substitution: yi = <&i(x), . . . , y s = <P s (x)- 
Now, if we set: 

X k f + Y k f = Q k f (k=l-r), 

we have: 

AtCvf - = Y k yi - x k ®i ; 
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thus, when the equations (5) represent a transformation having the constitution de- 
manded, the r s expressions Q k (ji ~ all vanish by means of (5), or, what amounts 
to the same: the system of equations (5) admits the r infinitesimal transformations 
Qif,..., n r f (cf. Chap. Hp. ESI sq.). 

On the other hand, the following obviously holds true: every system of equations 
solvable with respect to x\,...,x s of the form (5) which admits the r infinites- 
imal transformations Q\f,...,Q r f represents a transformation which transfers 
Xif, . . . ,X r f to Y\f, . . . , Y r f, respectively. 

At present, if we take into account that the r infinitesimal transformations 
Qif, . . . , fl, f stand pairwise in the relationships: 

[A, n k ] = [x h x k ] + [Yi, Y k ] = £ c ika n G f, 

(7=1 

and therefore generate an r-term group in the 2s variables x\,...,x s ,yi,...,y s , we 
can thus say: 

The totality of all transformations (5) which transfer X\f, . . . ,X r f to Y\f, . . . , Y r f, 
respectively, is identical to the totality of all systems of equations solvable with 
respect to xi, . . . ,x„ of the form (5) which admit the r-term group Qif,..., Q r f. 

The determination of a transformation of the discussed constitution is therefore 
lead back to the determination of a certain system of equations in the 2s variables 
jci, . . . ,x s , yi, . . . ,y s ; this system of equations must possess the following properties: 
it must consist of s independent equations, it must be solvable both with respect to 
xi,. . . ,x s and with respect to yi,...,y s , and lastly, it must admit the r-term group 

For the resolution of this new problem, we can base ourselves on the develop- 
ments of the Chap. [141 

Under the assumptions made, the r x r determinants of the matrix: 

€nM • ■ 

do not all vanish identically and even less all r x r determinants of the matrix: 

£ n (x) ■ • £ ls (x) 7]u(y) ■ • 7}i s (y) 

£ri(x) ■ ■ % rs (x) 77,-1 (y) ■ ■ 7J„(y) 



(7) 



Hence when a system of equations brings to zero all r x r determinants of the ma- 
trix (7), it must necessarily contain relations between the x alone. 

Our problem is the determination of a system of equations of the form: 



(8) 



y\-&\(x\,...,x s ) =0, y s -<P s (xi,...,x s ) =0 
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which admits the group X k f + Y k f, and which is at the same time solvable with 
respect to xi, . . .,x s . 

A system of equations of this nature certainly contains no relation between 
jci, . . . ,x s only, so it does not bring to zero all r x r determinants of the matrix (7) 
and according to Theorem 17 in Chap. [71 p. 11341 it can be brought to a such a form 
that it contains only relations between the solutions of the complete system: 

(9) Q k f = X k f + Y k f = (k=i- r ). 

Consequently, our problem will be solved when we will succeed to determine s in- 
dependent relations between the solutions of this complete system that are solvable 
with respect toxi, . . . ,x s and with respect to yi, . . . ,y s as well. 

The complete system (9) possesses 2s — r independent solutions which we can 
evidently choose in such a way that s — r of them, say: 

ui(xi, . . . ,x s ), u s — r (xi,...,x s ) 

depend only upon the x, so that s — r other: 

vi(yi,---,y*), v s - r (yi,...,y s ) 

depend only upon the y, while by contrast, the r remaining ones: 

wi(xi,...,x s ,yi,...,y 5 ), w r (xi,...,x i ,yi,...,y i ) 

must contain certain x and certain y as well. Here, the s functions u\,. . . ,u s - r , 
wi,...,w r are mutually independent as far as x\,...,x s are concerned, and the s 
functions V] , . . . , v s - r , w\ , . . . , w r are so too, as far as yi , . . . ,y s are concerned; from 
this, it follows that the r equations of the complete system are solvable with respect 
to r of the differential quotients df/dyi, df/dy s , and with respect to r of 
the differential quotients df/dx\, . . . , df/dx s as well (cf. Chap. [5l Theorem 12, 

p.noa. 

Now, when s mutually independent relations between the u, v, w are solvable both 
with respect toxi , . . . ,x s and with respect toyi, . . . ,y 5 ? Clearly, when and only when 
they can be solved both with respect to u\ , . . . , u s ^ r , w\ , . . . , w r and with respect to 
vi , . . . , v s - r , w\ , . . . , w r , hence when they can be brought to the form: 

Vi =3 r i(wi,...,K J _ r ), V s -r = $ s -r{u\,...,U s -r), 

Wi = <8i(ui,...,U s - r ), W r = <5 r (ui,...,U s - r ), 

where 3l, . . . denote arbitrary mutually independent functions of their argu- 
ments, while the functions <S\, . . . , r are submitted to absolutely no restriction. 

The equations (10) represent the most general system of equations which con- 
sists of s independent equations, which admits the group fiif, fi r f and which 
can be solved both with respect to jci, . . . ,x s and with respect to yi, . . . ,y 5 ; at the 
same time, they represent the most general transformation between x\, . . . ,x s and 
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yi, . . . ,y s which transfers Xif,... ,X r f to Y\f, . . . , F r /, respectively. It is therefore 
proved that there exist transformations which achieve this transfer, hence that our 
two groups are effectively similar to each other. 

But even more: the equations (10) actually represent the most general transfor- 
mation which transfers the group Xif,... ,X r f to the group Zif,..., Z r f. 

In fact, if yj = Wi(xi, ... , x s ) is an arbitrary transformation which transfers the one 
group to the other, then it converts Xif, . . . ,X r f into certain infinitesimal transfor- 
mations 2) if, . . . , 2) r / of the group Zif, . . . , Z r f which stand pairwise in the rela- 
tionships: 

[2)i,2)*]= £ c ika Z) a f, 

(7=1 

and which can hence be obtained from the r infinitesimal transformations: 

r 

YJ £ Kkj (k=l-r) 
j=l 

when one specializes in an appropriate way the arbitrary elements appearing in 
the gkj. But now, all transformations which convert Xif, . . . ,X r f into Y\f, . . . , Y r f, 
respectively, are contained in the form (10), so in particular, the transformation yt = 
f^(jci, • • • ,x n ) is also contained in this form. 

Now, by summarizing the gained result, we can say: 

Theorem 63. If the two r-term groups: 
and: 

S df 

Zkf =Y J Cki(yi,---,ys)-5- (k=i-r) 

are equally composed and if neither Xif,... ,X r f, nor Zif Z r f are linked to- 
gether by linear relations, then the two groups are also similar to each other. On 
obtains the most general transformation which transfers the one group to the other 
in the following way: One chooses the r 2 constants gkj in the most general way so 
that the r infinitesimal transformations: 

r 

Ykf=Y,SkjZjf (k=l-r) 
7=1 

are mutually independent and so that, together with the relations: 



r 

[•Xij-Xfc] = J! c ik<jX<jf, 

(7=1 
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there are at the same time the relations: 

[Yi,Y k ]= £ c ika Y a f; 

C7=l 

afterwards, one forms the r-term complete system: 

X k f + Y k f = (k=l-r) 

in the 2s variables x\ , . . . ,x s , y\ , . . . ,y s and one determines 2s — r independent solu- 
tions of it, namely s — r independent solutions: 

Ui(xi,...,x s ), u s - r (xi,...,x s ) 

which contain only the x, plus s — r independent solutions: 

n(yi,---,y s ), v s - r (yi,...,y s ) 

which contain only the y, and r solutions: 

wi(xi,...,x s ,yi,...,y s ), w r (xi,...,x s ,yi,...,y s ) 

which are mutually independent and which are independent of u\,. . . ,u s - r , 
Vi , . . . , v s - r ; if this takes place, then the system of equations: 

V\=$\(u\,...,U s - r ), V s -r = $ s -r(m,...,U s - r ), 

Wi = <Si{ui,...,U s - r ), W r = <8 r (ui,...,U s - r ), 

represents the demanded transformation; here, &\, . . . ,(J5 r are perfectly arbitrary 
functions of their arguments; by contrast, -,ds-r are subjected to the restric- 
tion that they must be mutually independent. 

From this, it results in particular the 

Proposition 1. If the r ^s independent infinitesimal transformations: 

s df 
Xkf= £ •■■,**) 3- (k=l-r) 

!=1 dXi 

stand pairwise in the relationships: 

[X U X k }=0 (i,k=l-r), 

without being, however, linked together by a linear relation of the form: 

r 

£ Xk(xu---,x s )X k f = 0, 

k=l 

then they generate an r-term group which is similar to the group of transformations: 
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Yf- df Yf- df 
dyi dy r 

A case of the utmost importance is when the two numbers s and r are equal to 
each other, so that the two groups X\f,... ,X r f and Z\f,.. .,Z r f are transitive, or 
more precisely: simply transitive (cf. Chap. [T3l p. 12221) . We want to enunciate the 
Theorem 63 for this special case: 

Theorem 64. Two simply transitive equally composed groups in the same number 
of variables are always also similar to each other. If: 



r df 
^kf=2l^ki(xi,---,Xr)^- (*=l-r) 



and: 

df 

Z kf= y. Su(yi,---OV) 3— (*=l~r) 

are infinitesimal transformations of the two groups, then one finds in the follow- 
ing way the most general transformation which transfers the one group to the other: 
One chooses the r 2 constants g k j in the most general way so that the r infinitesimal 
transformations: 

r 

Y k f=Y,SkjZjf (k=l-r) 

are mutually independent and so that, together with the relations: 

r 

[Xi,X k ] = ^ CjkoXaf, 
0=1 

there are at the same time the relations: 

r 

\?U Yk] = 52 c ik(jYaf', 

(T=l 

moreover, one forms the r-term complete system: 

X k f + Y k f = (k=l-r) 

in the 1r variables x\,...,x r ,yi,...,y r and one determines r arbitrary independent 
solutions: 

wi(xi,...,Xr,yi,...,y r ), w r (x h ...,x r ,yi,...,y r ) 
of it; then the r equations: 

w\ = ai, . . . , w r = a r 
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with the r arbitrary constants ai,...,a r represent the most general transformation 
having the constitution demanded. 

§ 91. 

At present, we turn to the treatment of the general problem that we have stated at 
the end of § 89(p.l343l). 

At first, we can prove exactly as in the previous paragraph that every transforma- 
tion: yi = <Pj(x\ ,...,x s ) which transfers X\f, . . . ,X r f to Y\f, . . . , Y r f, respectively, 
represents a system of equations which admits the r-term group fl^f = X^f + Y^f 
and that, on the other hand, every system of equations solvable with respect to 

X\ , . . . jXg. 

yi = &i(xi,...,x s ) 

which admits the group Qif, . . . ,£l r f represents a transformation which transfers 
Xif, . . . ,X r f to Y-if, . . . , Y r f, respectively. 

Now, according to p. I3421 every transformation y t = <Pj(xi,. . . ,x s ) which trans- 
fers X\f, . . . ,X r f to Y\f, . . . , Y r f, respectively, is constituted in such a way that the 
equations (4) become identities after the substitution: yi = 4>i(jc), . . . , y s = <P s (x). 
Consequently, we can also enunciate as follows the problem formulated on p. !343l 

To seek, in the 2s variables x\, . . . ,x s , y\, . . . ,y s , a system of equations which ad- 
mits the r-term group £l\f, . . . , Sl r f, which consists of exactly s independent equa- 
tions that are solvable both with respect to xi, . . . ,x s and to yi , . . . ,y s , and lastly, 
which embrace^ the n(r — n) equations: 

(4) <p kv (xi,...,X s )-\lf kv (x h ...,X s ) = Q {k=l-r-n;v = l-n). 



For the solution of this problem, it is if great importance that the system of equa- 
tions (4) admits in turn the r-term group £2\f,..., fi r f- 

In order to prove this, we imagine that the matrix which is associated to the 
infinitesimal transformations Oif, . . . , O r f: 



(ID 



£n(x) ■ • Tjn(y) • ■ T] L? (y) 

§rf (*) • • £n(x) T] r i(y) ■ ■ ?]„(y) 



is written down. We will show that the equations (4) are a system of equations 
which is obtained by setting equal to zero all (n+ 1) X (n + 1) determinants of the 
matrix ( 1 1 ) . With thi s , according to Theorem 3 9 , Chap . [H p . 12361 it will be proved 
that the system of equations (4) admits the group Q.\f, . . . , O r f- 

Amongst the (n+1) x (n+ 1) determinants of the matrix (11), there are in par- 
ticular those of the form: 



See the footnote on p. 11281 
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Zn+j,h( x ) ■ ■ %n+j,kn( x ) ln+j,<r(y) 

If we replace in A the members of the last horizontal row by their values from (3) 
and (3'), namely by the following values: 

n n 

Zn+j,^ (x) = £ <Pj V (x) %v,k, (x), I?n+;,cr(j) = £ Wjviy) ^vcr(v), 
v=l v=l 

and if we subtract from the last horizontal row the first n rows, after we have multi- 
plied them before by (pj\(x),. . . , (pj n (x), respectively, then we receive: 

n 

* = L ± €uti (*) ■ ■ ■ Znk„ (x) £ T?va (y) { Wjv (y) - <p jv (x) } . 

v=l 

Here, under the assumptions made earlier on, the determinants of the form: 

do not all vanish identically, and likewise not all determinants: 

D = £±77u, (y)---r\nk n (y) 

vanish identically. 

Obviously, a system of equations that brings to zero all determinants A must 
either contain all equations of the form D = 0, or it must contain the sir — n) equa- 
tions: 

n 

£ Vva(y){Yjv(y)-(Pjv(x)}=0 (a = l-s;j=l-r-n); 

v=l 

in the latter case, it embraces either all equations of the form D = 0, or the n{r — n) 
equations: 

(4) (p jv ( x )-y jv (y) = {j=\...r-n;v=\-n). 

In the latter one of these three cases, we now observe what follows: 
The system of equation (4) brings to zero not only all determinants A, but ac- 
tually also all (n+l) x (n + 1) determinants of the matrix (11). One realizes this 
immediately when one writes the matrix under the form: 
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Lv <Plv<^vl 
Lv " tyr—n,v <dv1 



Lv n <Plv^v.s Lv " Vlv^vl 
Lv n tyr~n,v ^Vs Lv " tyr—n,V Vvl 



vs 



Lv n tyr—n,V Tjvs 



and when one makes afterwards the substitution: % v (y) = (p kv (x) ; the (n + 1 ) x (n + 
1 ) determinants of the so obtained matrix are all identically zero. Consequently, (4) 
belongs to the systems of equations that one obtains by setting equal to zero all 
(n+ 1) x (rc+1) determinants of the matrix (11), and therefore, according to the 
theorem cited above, it admits the r-term group Qif,..., fl r f. 

The important property of the system of equations (4) just proved can also yet be 
realized in another, somehow more direct way. 

According to p. U20l and to p. 123 1 L the system of equations (4) admits in any case 
the r-term group Q\f, . . . , Q r f only when all equations of the form: 

& i ( <Pkv (x) -Ykv(y))= Xj Qkv (x) - Yj y kv (y) = 

are a consequence of (4). That this condition is satisfied in the present case can be 
easily verified. 

For j = 1 , . . . , r and k = 1, . . . , r — n, we have: 



[Xj,X n+ k] = Xjf, £ QkvXvf 
v=l 

n n 

£ x j <p kv x v f+ £ (p kv [Xj,x v }. 

v= 

Moreover, we have in general: 

[Xj,X^\ = £ Cj^ K X n f = £ < Cj^ v + £ Cjn^+xtytv \X v f. 



v=l 



v=l 



7T=1 



V=l 



T=l 



If we insert these values in the preceding equation and if in addition, we take into 
account that X\f,.. .,X n f are not linked together by a linear relation, we then find: 



(12) 



Xj tykv — C j,n+k, v + £ C j, n +k,n+r <Ptv 



rv 



Consequently, we have: 

X j <p kv = n jkv (<pu, <Pn, 



= 1— r; k=\ — r— n; v=l — r) 
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and a completely similar computation gives: 

Yj\j/ kv =n jkv (\j/ n , yi2, ■■•)» 

where in the two cases n jkv denote the same functions of their arguments. 
At present, we obtain: 

^j((pkv-¥kv) = n jkv ((p lh (p u ,...)-n jkv (\i/ n , yn,...), 

from which it is to be seen that the expressions Qj((p kv — y kv ) effectively vanish by 
virtue of (4). 

In general, the n{r — n) equations (p kv (x) = \j/ kv (x) are not be mutually indepen- 
dent, but rather, they can be replaced by a smaller number of mutually independent 
equations, say by the following s — p ^ s following ones: 

(13) (pk(x\,...,x s ) = yr k (yi,...,y s ) (k=i-s-p). 
Naturally, each Xj (p k will then be a function of (p\ , . . . , (p s -p alone: 

(14) Xj<p k =7l jk {<p l ,...,<p s _p) i \-r:k l-v p . 

and every Yj \\r k will be the same function of , . . . , y/ s - p : 

(14') Yj\j/ k = K jk (\j/i,...,\j/ s -p) (j=l-r;k=l-s-p), 

hence all fij((p k — Yk) vanish by virtue of the system of equations: q>i = ifi, . . . , 
<Ps-p = tys-p- But since this system of equations is presented under a form which 
satisfies the requirement set on p. II 191 sq., then according to p. 11231 and to p. 123 1 1 
we conclude that it admits the r-term group Q\f,..., Q r f. 

Now, if s — p = s, so p = 0, then the s equations <pi = \\f\, . . . , (p s = y/s actually 
represent already a transformation in the variables xi, . . . ,x s , yi, . . . ,y s . This trans- 
formation obviously transfers X\f,... ,X r f to Y\f, ■ ■ ■ , Y r f, respectively, and at the 
same time, it is the most general transformation that does this. 

Thus, the case s — p = s is settled from the beginning, but by contrast, the case 
s — p < s requires a closer study. 

In order to simplify the additional considerations, we want at first to introduce 
appropriate new variables in place of the variables x and y. 

The n mutually independent equations: X\f = 0, . . . , X n f = form an n-term 
complete system in the s variables x\, . . . ,x s , hence they have s — n independent 
solutions in common, and likewise, the n equations: Y\f = 0, . . . , Y n f = in the 
variables y\ , . . . , y s have exactly s — n independent solutions in common. 

It stands to reason to simplify the infinitesimal transformations X\f, . . .,X r f and 
Y\f, . . . , Y r f by introducing, in place of the x, new independent variables of which 
s — n are independent solutions of the complete system: X\f = 0, . . . , X n f = 0, 
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and by introducing, in place of the y, new independent variables of which s — n are 
independent solutions of the complete system: Y\f = 0, . . . , Y n f = 0. 

On the other hand, it stands to reason to simplify the equations (13) by introduc- 
ing the functions <pi (x), . . . , (p s ~p (x) and yf\ (y) , . . . , yi-p (y) as new variables. 

We want to attempt to combine the two simplifications as far as possible. 

At first, we start by introducing appropriate new variables in place of the x. 

Amongst the solutions of the complete system X\f = 0, . . . , X n f = 0, there can 
be some which can be expressed in terms of the functions (p\ (x), . . . , (p s -p (x) alone; 
all solutions F(<pi,..., (p s - p ) of this nature determine themselves from the n differ- 
ential equations: 

S ~P dF ' v ~ p dF 

v=l d( Pv v=l d<Pv 

in the s — p variables <Pi , . . . , (p s ~ p ■ We want to suppose that these equations possess 
exactly s — q ^ s — p independent solutions, say the following ones: 

ili(<pi,...,<p. v _p), ii s - q (q>i,...,q> s -p). 

Under these assumptions: 

ill (q>i (*),..., fls-p (*)) =ui(x), ii s - q (q>i(x),...,q> s - p (x)) =u s - q (x) 

are obviously independent solutions of the complete system: X\f = 0, . . . , X n f = 
which can be expressed in terms of <pi(x), .. . , (p s - p (x) alone, and such that every 
other solution of the same constitution is a function of u\ (x), . . . , u s - q (x) only. Nat- 
urally, we also have at the same time the inequation: s — q ^ s — n, hence none of 
the two numbers p and n is larger than q. 
Now, let: 

Us— q-\-\ = U s — ^-|-i(x), . . . , U s — n = U s —n{x) 

be q — n arbitrary mutually independent solutions of the complete system X\f = 0, 
. . . , X n f = that are also independent of u\(x), . . .,u s - q (x). We will show that the 
s — p + q — n functions: u s - q +i(x), u s - n (x), q>\ (x) , . . . , (p s - p (x) are mutually 
independent. 

Since <pi(x),.. ., (p s - p (x) are mutually independent, there are, amongst the func- 
tions <Pi(X), . . . , (p s -p(x), u s - q+ \ (x), . . . , u s - n (x) at least s — p, say exactly s — p + 
q — n — h that are mutually independent, where ^ h ^ q — n. We want to sup- 
pose that precisely (p\(x), (p s ^ p (x), w s - ? +/ 7+ i (x), u s - n {x) are mutually in- 
dependent, while u s - q+ \{x), u s - q+ h(x) can be expressed in terms of pi(x), . . . , 
(Ps-p(x), u s - q+ h+\ (x), . . . , u s -„ only. Thus, there must exist, between the quantities 
u s-q+i , • • • , u s - n , (pi , . . . , (Ps-p relations of the form: 

(16) u s - q+j = Xj(us-q+h+l, u s - n , (p\, (p s -p) y=i-fc) 
which reduce to identities after the substitution: 
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(17) 



s-q+1 



l s—q- 



-iW 



Us— n (x) 



<Pi = <pi (x) , <Ps-p = <Ps-p (x) ■ 
If we interpret the substitution (17) by the sign [ ], we then have: 



[Us-q+j-Xj\ 



whence it comes: 
X k [u s - q+J -Xj] = 
that is to say: all the expressions: 

(18) 







C/=l-A), 



s-p 
v=l 



s-p 
v=l 



(Ps-p)} 



Hi 

d(p v 



(k=l-n;j=l-h), 



(k=l-n; j=l-h) 



vanish identically after the substitution (17). But now, these expressions are all free 



of u 



u s - q +h, so if they were not identically zero and they would vanish 



s— q+l ? ■ • • ? u s—q 

identically after the substitution (17), then the functions u s - q+ h + \ (x), . . . , u s - n (x), 
<Pi(x), <p s - p (x) would not be mutually independent, but this is in contradic- 
tion to the assumption. Consequently, the expressions (18) are in fact identically 
zero, or, what amounts to the same, the functions %\ , . . . , %h are solutions of the n 
differential equations (15) in the s — p variables <pi , . . . , (p s -p. From this, it results 
that <pi, . . . , <p s -p appear in the Xj only in the combination: Hi (<pi, . . . , <p s -p), ■ ■ ■ , 
il s - q (<Pi, . . . , <p s -p), so that the h equations (16) can be replaced by h relations of 
the form: 



(19) 



Xj{ 



u s—q+h+li 



U \ , . . . , U s 



r) 



U=1~A), 



which in turn reduce to identities after the substitution: 



U\ = U\ \Xj 



, . . . , Mj-fl 



(x). 



Obviously, relations of the form (19) cannot exist, for u\,.. .,u s -„ are inde- 
pendent solutions of the complete system X\f = 0, . . . , X n f = 0; consequently, 
h is equal to zero. As a result, it is proved that the s — p + q — n functions 
<Pi (x) , . . . , (Ps-p (x) , u s - q+ 1 (jc) , . . . , u s -„ (x) really are independent of each other. 

We therefore see that, between the s — n + s — p quantities u\,...,u 5 - n , 
<Pi , . . . , <p s - p , no other relations exist that are independent from the s — q relations: 

(20) Ul=iil(<pi,...,<p s - p ), U s - q = H s - q ((pi, • • • , <Ps-p) 

which reduce to identities after the substitution: 



u\ = u\(x), . . . , u s - 



Ks-q 



(x), <pi = q>i(x) 



9s- P = (ps-p(x). 
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From what has been just said, it results that, amongst the s — n + s — p functions 
ui(x), . . . , u s - n (x) , <pi (x) , . . . , <p s -p ( x ) i there exist exactly s — n + s — p — (s — q) = 
s — n + q — p that are mutually independent, namely for instance the s — n functions: 
u\{x),...,u s - n {x) to which q — p ^ of the functions <p\(x),...,<p s -p(x) are yet 
added. If we agree that the equations (20) can be resolved precisely with respect to 
<Pq-p+i, ■ ■ • 7 <Ps-p> we can conclude that precisely the s — n + q — p functions: u\{x), 
. . . , u s - n (x) , <pi (x), . . . , <Pq-p (x) are mutually independent. Here, the number q — p, 
or shortly m, is certainly not larger than n, since the sum s — n + q — p can naturally 
not exceed the number s of the variables x. 

At present, we have gone so far that we can introduce new independent variables 
x\,...,x' s m place of x\, . . . ,x s ; we choose them in the following way: 

We set simply: 

x q+l = Ul(x\, . . . ,Xs), . . . , X s = Us—q(xi, . . . 5X5), 

furthermore: 

X fl j r \ Hs—q+l (-^l ? • • • ? %s) ? %q ^i— nip^l j • • • j-^j) j 

and: 

A = <P\{X\, . . .,X S ), . . . , X m = (pm(x h . . .,X S ), 

where m = q — p is not larger than n; in addition, we yet set: 

^m+l ^1 C*l> • • • j-^s) ) •••5 % n A ;7 — m (xi , . . . , JC S ) , 

where ?ii(x), . . .,X n - m (x) denote arbitrary mutually independent functions that are 
also independent of «i(x), . . . , u s - n (x), <pi(x), (p m (x). 

In a completely similar way, we introduce new independent variables in place of 

We form the s — q functions: 

&i{Vi(y),---,Vs-p(y)) =vi(y), Us-q^iy),..., y s - p (y)) =v s - q (y) 

that are evidently independent solutions of the n-term complete system: Y\f = 0, 
. . . , Y n f = 0; moreover, we determine any q — n arbitrary mutually independent 
solutions: v s - q+ \(y), v s - n (y) of the same complete system that are also inde- 
pendent of vi (y), v s - q (y) . Then it is clear that the s — n + q — p functions: 

vi (j), - v s - n (y), yri(y), V q - P {y) 

are mutually independent. 

We now choose the new variables . . . ,y' s in exactly the same way as the vari- 
ables x 1 a short while ago. 

We set simply: 

y'q+i =vi(yi,...,y s ), y' s = v s -q(yi,...,y s ), 
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furthermore: 

y'n+i = v s - q +i(yi,...,y s ), y q = v s - n (yi,---,y s ), 

and: 

y'i = wi(yu--- ■ • • > )4 = w»(yi»- ■ ■ ; 

in addition, we yet set: 

y'm+i =Ai(yi,...,y a ), )4 = A„_ M (yi,...,^), 

where Ai , . . . , A„_,„ are arbitrary mutually independent functions that are also inde- 
pendent of: vi(y), . . . , v s - n (y), y/i(y),..., y/ m (y). 

At present, we introduce the new variables x! and y' in the infinitesimal transfor- 
mations Xkf, Ykf and in the equations (13). 

Since all Xj c x r n+1 , . . . , X^x' s vanish identically and since all X^ <pi, . . . , X k (p m de- 
pend only on (pi,..., (p s -p, that is to say, only on x? l: . . . ,xf m , x' q+1 , . . . ,xf s , the X^f 
receive the following form in the variables xf 1 , . . . , xf s : 

m d f 

%kf — 52 ( x i ' ' ' ' '•*»»' x 'q+i ' ' ' ' ' x 's) 77+ 

n—m ^ y 

+ T-k,m+ j (%l j ■ ■ • -i^-mi • • • i^ni • • ■ i^qi • • • i^s) ~\i ^kf • 

;=1 aX m+j 

In the same way, we have: 



Y k f = £ %t (y[ ,---,y' m , y' q+ i, ■■■,y' s ) -^r+ 



+ £ t)k,m+j(y[,- ■ ■ ,y' m , ■ ■ ■ ,y' n , ■■■,y' q ,--- ,y' s ) — = H k f. 



Here, the p^x » • • • 5 7m) j ■ • • > 3^) denote the same functions of their arguments 
as the Pfcju (jci , . . . ,xf m , xf q+1 , . . . ,x' s ). Indeed, it results from the equations (14) 
and (14') that Y^y'^ is the same function of y[,---,y' m , y' q+l , . . . ,y' s as Xkx'^ is of 
x[, . . ■,x J m , xf q+ i,. . . ,x' s , where it is understood that /! is an arbitrary number amongst 
l,2,...,m. 

On the other hand, we must determine which form the system of equations (13) 
receives in the new variables. 

The system of equations can evidently be replaced by the following one: 

tpi - yi = 0, . . . , (p m - \lf m = 0, 
il 1 (<pi,...,(p J _p)-il 1 (VAi,...,V^-p) = 0, 

U S -q((ph (Ps-p) -Us-qtyh- ■ ■ , Vs-p) = 0- 
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If we introduce our new variables in this system, we obviously obtain the simple 
system: 



(21) 



' ' A / ' A 

I I _ n / / n 

x q+l ~ Jq+l — u ) Xs — u ' 



so the system of equations (13), or, what is the same, the system of equations (4), 
can be brought to this form after the introduction of the new variables. 

Finally, if we remember that neither Xif,... ,X n f, nor Y\f,..., Y„f are linked by 
linear relations and that all (n + 1) x (n + 1) determinants of the matrix (11) vanish 
by means of (4) while not all n x n determinants do, we then realize that in the same 
way, neither Eif, . . . , E n f, nor H\f, . . .,H n f are linked by linear relations, and that 
all (n + 1) x (n + 1) determinants, but no all n x n ones, of the matrix which can be 
formed with the coefficients of the differential quotients of / in the r infinitesimal 
transformations Q k f — E k f + H k f vanish by means of (21). 

Thanks to the preceding developments, the problem stated in the outset of the 
paragraph, p. 13501 is lead back to the following simpler problem: 

To seek, in the 2s variables x' l ,...,x' s , y[,...,y' s , a system of equations which 
admits the r-term group: 

Q k f=E k f + H k f (k=l-r) 

and in addition which consists of s independent equations that are solvable with 
respect to x[ , . . . , x l s and to y[, . . . ,y' s as well, and lastly, which comprises the s — q + 
m equations (21). 

In order to solve this new problem, we remember Chap. [131 p. |239| sq.; from what 
was said at that time, we deduce that every system of equations which admits the 
group E k f + H k f = fl k f and which comprises at the same time the equations (21) 
can be obtained by adding to the equations (21) a system of equations in the s + 
q-m variables x[, x' m , . . . , x' n , . . . , x' q , . . . , x' s , . . . , y' m+v . ■ ■ ,y' q that admits the 
r-term group: 

m df 

&kf = 52 (*!' ' ' ' x ?+l' • • • '•*■«) ~5~/ 

n—m 3 f 

t 2^ ekjTn+jyCli • • • i x mi • • • i x ni • • • i x qi • • • ) x s) -\ i ' 
j=\ aX m+j 

Lit II I II f\ J 

tyk,m+j\ x li - ■ ■ i x mi Jm+Xi • • • ^ni • • • ^qt x q+l' • • • i x s) 

7=1 



Here, Q k f is obtained by leaving out all terms with df/dy\, df/dy' m in 
Q k f = Ekf+Hkf and by making everywhere the substitution: 
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V'l 



"1) 



t 



9+1 



by means of (21) in the remaining terms. This formation of Qkf shows that in the 
matrix formed with Q\f,..., Q,f: 



(22) 



mi*') ■ ■ ?in co tji,m+iCoy) • ■ oin(^,y 

frlCO • ■ fm(*0 tjr,m+l(^,y) ' ' t)rn(x',y' 



all (« + 1) x (n + 1) determinants vanish identically, but not all n x n ones. If we yet 
add that neither Sif, . . . , S n / nor H\f, . . . ,H n f are linked by linear relations, we 
realize immediately that in particular the two n x n determinants: 



(23) 
and: 

(24) 



£±?ll(0 •••fnn (-0 

?ll(0 ■ ■ flmCO tJl.m+lC^.y) ■ ■ Oln(^,y) 
fnlCO ■ • fnmCO 9n,m+lC0y) ' ' %n(*' ,y') 



are not identically zero. 

But now, the matter for us is not to find all systems of equations which com- 
prise (21) and which admit the group Qif,..., Q r f, and the matter is only to deter- 
mine systems of equations of this sort which consist of exactly s independent equa- 
tions that are solvable both with respect to x[ , . . . , x' s and to y[ , . . . , y' s . Consequently, 
we do not have to set up all systems of equations in x\, . . . ,x' s , y' m +\,. ■ ■ ,y' q which 
admit Q\f,... ,Q r f, but only the systems which consist of exactly s — (m + s — q) = 
q — m independent equations and which in addition are solvable both with respect 
t0 x 'm+v ■ ■ • • • ,4 and with respect to y' m+1 , . ..,y' n ,... ,y' q . 

If a system of equation in x\, . . . ,x' s , y' m+ i,- ■ -,y q satisfies the requirement just 
stated, then it can be brought to the form: 



(25) 



y m+j 



(j=l-q-m) 



where the functions <P, 



m+l j 



<t> q are in turn independent relatively to x! n 



m+l' ' 



Now, it is clear that a system of equations of the form (25) cannot bring to zero 
all n x n determinants of the matrix (22), since in any case, the determinant (23) 
cannot be equal to zero by virtue of (25). On the other hand, since all (n + 1) x 
(n + 1) determinants of (22) vanish identically, then according to Chap. [141 p. 12371 
it comes that every system of equations of the form (25) which admits the group 
Qif, . . . ,Q r f is represented by relations between the solutions of the equations: 
Q\f — 0, . . . , Q r f = 0, or, what is the same, by relations between the solutions of 
the n-term complete system: Q\f = 0, . . . , Q n f = 0. 
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The n-term complete system £2 if = 0, . . . , £2 n f = contains s + q — m indepen- 
dent variables and possesses therefore s—n+q—m independent solutions; one can 
immediately indicate s — n + q — n independent solutions, namely: x' n+l , . . . , x' q , . . . , 
jc s' y'n+i> ■ • • ' 3^' while the n — m lacking ones must be determined by integration 
and can obviously be brought to the form: 

ft)i(xj, . . . ,x^, . . . ,x s , y m +\, .. .,y q ), . . . , (On—mix-i, . . . ,x nv . . . ,x s , y m +\, ■ ■ ■ >y q )- 

Since the two determinants (23) and (24) do not vanish identically, the equa- 
tions of our complete system are solvable both with respect to df/dx[, 
df/dx' m , df/dx' n and with respect to df/dx\, df/dx' m , df/dy' m+l , 
. . . , df I dy' n and therefore, its s — n + q — m independent solutions x' n+l , . . . ,xf s , 
y' J+1 , . . . ,y' q , ©i, .. . , CDn-m are mutually independent both relatively to x n+l , 
4' • • • ' y'm+v- X and relatively to x! m+l , . . . , x' n , . . . , x' q , . . . , x' s , y' n+x , . . . , y' q 
(cf. Theorem 12, p. 11021) . Consequently, the functions (0\ , . . . , (Dn- m are mutually 
independent both relatively to y' m+ i , • • • and relatively to x' m+l ,...,x' n . 

Every system of equations (25) which satisfies the stated requirements is repre- 
sented by relations between the solutions x' n+l ,...,x' s , y' n+l , . . . , y q , C0i,..., (On- m 
and to be precise, by q — m relations that are solvable both with respect to 
y'm+l-i • ■ • iy'q and wrtn res P ect t0 x ' m +v ■ ■ ■ -> x 'q- Visibly, these relations must be 
solvable both with respect to ft>i, . . . , (On- m , x' n+ll ...,x q and with respect to 
Oh,..., COn-m, y' n+ i, ■ -^y'q, so they must have the form: 

{// // // /\ / / / /\ 

"VlXj , . . . ,X m , X m+ i, . . . ,X S , y m +\, ■ ■ ■ ,y q ) — /Cy.\ x n+\i • • • -> X q-> • • • i X s) 
(H = l-n-m) 
y>i+l = ^l{ x n+\i • ■ ■ i x qi ■••i x s)i ■ • • i yq = ^9-«( x n+b •••i x qi--- > x s)i 

where J7i , . . . , H q - n are mutually independent relatively to x' n+l , ...,x' q . 

Conversely, every system of equations of the form (26) in which Tl\ , . . . , H q - n 
are mutually independent relatively to x' n+l , . . . ,xf q is solvable both with respect to 
y'm+v ■■■■'y'q an d w i m respect to x' m+v ...,x' q and since in addition, it admits the 
group Qif, . . . ,Q r f, then it possesses all properties which the sought system of 
equations in the variables xf 1 , . . . ,x' s , y' m+ i,- ■ ■ ,y' q should have. 

From this, we conclude that the equations (26) represent the most general system 
of equations which admits the group Q\f, . . . ,Q r f, which consists of exactly q — m 
independent equations, and which is solvable both with respect to y' m+ \, ■ ■ ■ ,y' q and 
with respect to x' m+1 , . . . ,xf q ; about it, %\ , . . . , Xn-m are absolutely arbitrary functions 
of their arguments and ITi , . . . , TI q _„ as well, though with the restriction for the latter 
that they must be mutually independent relatively to x' n+l ,. ..,x' q . 

Thus, if we add the system of equation (26) to the equations (21), we obtain the 
most general system of equations in x[,...,x' s , y\,...,y' s which admits the group 
^ = Ekf + Hkf, which comprises the equations (21), which consists of s inde- 
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pendent equations and which is solvable both with respect to x\,...,x' s and with 
respect to y'j, . . . ,y' s . Finally, if, in this system of equations, we express the variables 
x' and y' in terms of the initial variables x and y, we obtain the most general sys- 
tem of equations which admits the group Q k f = X k f + Y k f, which comprises the 
equations (4), which consists of s independent equations and which is solvable both 
with respect to x\, . . . ,x s and with respect to y\, . . . ,y s . In other words: we obtain 
the most general transformation y ; - = <Pi(x\,. . .,x s ) which transfers X\f, . . . ,X r f to 
Y x /,..., Y r f, respectively. 

As a result, the problem stated on p. |343| is settled, and it has been achieved even 
more than what was actually required there, because we not only know a transfor- 
mation of the demanded constitution, we know all these transformations. At the 
same time, the claim stated on p. 13421 is proved, namely it is proved that the two 
groups X\f, . . .,X r f and Zi/, . . . ,Z r f are really similar to each other, under the as- 
sumptions made there. 

Lastly, on the basis of the developments preceding, we can yet determine the 
most general transformation which transfers the group X\f, ...,X r f to the group 
Zi/, . . . ,Z r /; indeed, if we remember the considerations of p. 13401 sq., and if we 
combine them with the result gained just now, we then see immediately that the 
transformation in question can be found in the following way: In the infinitesimal 
transformations: 



defined on p. 13431 one chooses the constants g k j in the most general way and af- 
terwards, following the method given by us, one determines the most general trans- 
formation which transfers X\f, . . .,X r f to Y\f, . . . , Y r f, respectively; this then is at 
the same time the most general transformation which actually transfers the group 
Xif,..., X r f to the group Zi/, . . . , Z r f. 

As the equations (26) show, the transformation found in this way contains n — 
m + q — n = q — m arbitrary functions of s — n arguments, and in addition, certain 
arbitrary elements which come from the g k y, these are firstly certain arbitrary pa- 
rameters, and secondly, certain arbitrarinesses which come from the fact that the g k j 
are determined by algebraic operations. From this, it follows that the said transfor- 
mation cannot in all cases be represented by a single system of equations. — 

At present, we summarize our results. 

At first, we have the 

Theorem 65. Two r-term groups: 



r 



Ykf = £ gkjZjf 



(k=l-r) 



x k f 



1=1 




(k=l-r) 



and: 



Z k f 



E fitfC^' 



.V 



df 

dyi 



(k=l-r) 
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in the same number of variables are similar to each other if and only if the following 
conditions are satisfied: 

Firstly: the two groups must be equally composed; so, if the relations: 

r 

[Xfj-Xjfc] = c ik(jX(jf 
rj=l 

hold, it must be possible to determine r 2 constants g^j such that the r infinitesimal 
transformations: 

m=i§ ki Zjf (k=l-r) 

are mutually independent and such that the relations: 

CT=1 

are identically satisfied. 

Secondly: ifX\f, . . .,X r f are constituted in such a way that, X\f,... ,X n f (say) 
are linked together by no relation of the form: 

X\{x\,... ,x s )Xif+- ■■ + Xn(x h ... ,x s )X n f = 0, 

while by contrast X n+ \f ', . . . ,X r f express themselves linearly in terms ofX\f, . . . ,X n f: 

n 

X n +kf= £ (p kv (xi,...,X s )X v f (fc=l»T-n), 
v=l 

them amongst the systems of gkj which satisfy the above requirements, there must 
exist at least one, say the system: gkj — g^p which is constituted in such a way that, 
of the r infinitesimal transformations: 

V 

Ykf=Y,8kjZjf (k=l-r), 
the first n ones are linked together by no linear relation of the form: 

Vi(yi> ■ ■■,y s )Y l f + --- + y n {yu- ..,y s ) Y„f = 0, 

while Y n+ if, . . . , Y r f express themselves in terms ofY\f, . . . , Y n f: 

Y n +kf= £ Ykv(yh---,ys)Y v f (*=l~r-n), 
v=l 

and such that in addition, the n{r — n) equations: 

0tv(*l,...,*,) - Wkv(yi,---,y S ) =0 [k=\-r-n; v=l-n) 
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neither contradict themselves mutually, nor produce relations between the x alone 
or between the y alone^\ 

Moreover, we yet have the 

Proposition 2. If the two r-term groups Xif, . . . ,X r f and Zif, . . .,Z,f are similar 
to each other and if the r infinitesimal transformations: 

r 

Y k f=Y,g kj Zjf (k=l-r) 

are chosen as is indicated by Theorem 65, then there always exists at least one 
transformation: 

yi = &i(x\,...,x s ), y s = 4> s (xi,...,x s ) 

which transfers Xif, ...,X r f to Y\f, ...,Y r f, respectively. One can set up each 
transformation of this nature as soon as one has integrated certain complete 
systems. One obtains the most general transformation which actually transfers 
the group Xif, ...,X r f to the group Z\f, ...,Z r f by choosing the constants g k j 
in the Y k f in the most general way, and afterwards, by seeking the most general 
transformation which transfers Xif,.. . ,X r f toYif,..., Y r f, respectively. 

The complete systems which are spoken of in this proposition do not at all appear 
in one case, namely in the case where the number p defined earlier on is equal to 
zero, hence when amongst the n(r — n) functions (p kv (xi, . . . , x s ) , there are exactly s 
which are mutually independent. Indeed, we have already remarked on p. 13531 that 
in this case, the equations: 

(Pkv(xi,---,X s )-y/ kv (yi,...,ys) =0 (k=l-r-n; v = l-n) 

are solvable both with respect to yi, . . . ,y s and with respect to jq, . . . ,x s , and that 
they represent the most general transformation which transfers Xif, . . . ,X r f to 
Yif,...,Y r f, respectively. 

On the other hand, there are cases in which the integration of the mentioned com- 
plete systems is executable, for instance, this is always so when the finite equations 
of both groups X\f, . . . ,X r f and Y\f, . . . , Y r f are known; however, we cannot get 
involved in this sort of questions. 

§ 92. 

Let the two r-term groups Xif, . . . ,X r f and Zif, . . . , Z r f be similar to each other, so 
that the transformations Xif, . . .,X r f convert into the infinitesimal transformations 
of the other group. 

If we now choose r independent infinitesimal transformations: 



t LIE, Archiv for Math, og Naturv. Vols. 3 and 4, Christiania 1878 and 1879; Math. Ann. Vol. XXV, pp. 96-107. 
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Y k f=Y,8kjZjf (*=i-r) 

in the group Z\f, ...,Z r f, then according to what precedes, there exists a trans- 
formation which transfers Xif,... ,X r f to Yif, . . . , F r /, respectively, if and only if 
Fi/, . . . , Y r f possess the properties indicated in Theorem 65. 

We assume that Yif, . . . ,Y r f satisfy this requirement and that yi = 4>;(xi, . ..,x s ) 
is a transformation which transfers Xif, ...,X r f to Yif,...,Y r f, respectively. 
Then by the transformation = <Pi(x), the general infinitesimal transformation: 
e\X\f -\ h e r X, f receives the form: e\ Y\f -\ V e r Y r f, hence our transforma- 
tion associates to every infinitesimal transformation of the group Xif, ...,X r f a 
completely determined infinitesimal transformation of the group Z\f ,. . .,Z r f, and 
conversely. The univalent and invertible relationships which is established in this 
way between the infinitesimal transformations of the two groups is, according to 
p. 13391 a holoedrically isomorphic one. 

Now, let jcj, . . . ,x® be a point in general position, i.e. a point for which the trans- 
formations Xif,...,X n f produce n independent directions, so that the functions 
<Pkv(x) m me identities: 

n 

(3) X n+k f= £ (p kv (xi,...,X n )X v f (*=l-r-n) 

v=l 

behave regularly. According to Chap. [EH p. 12121 the infinitesimal transformations 
e\ X\f H h e r X r f that leave invariant the point x\, . . . ,x® have the form: 

(27) r ^e k \x q+k f- £ <p* v (x^..,x°)X v /l, 

k=\ { v=l J 

where it is understood that £t,...,£ ; _„ are arbitrary parameters, and all these 
infinitesimal transformations generate an [r — n)-term subgroup of the group 
Xif,...,X r f. 

If, in the identities (3), we introduce the new variables yi, . . . ,y s by means of the 
transformation: y, = <&i(xi,. . . ,x s ), then we obtain between Yif, . . .,Y r f the identi- 
ties: 

(3') Y n+k f= £ Ykv(yh---,y S )Y V f {k=\-r-n). 

v=l 

Hence with y® = <Pi(x®,...,x®), after the introduction of the variables y, the in- 
finitesimal transformation (27) is transferred to: 

(27') £ e k \Y q+k - £ Y kv (y i,...y° s )Y v f), 

k=\ ( v=l J 



§ 92. 
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that is to say, to the most general infinitesimal transformation e\ Y\f -\ h e r Y r f 

which leaves fixed the point: y®,...,y® in general position. At the same time, all 
infinitesimal transformations of the form (27') naturally generate an (r — n)-term 
subgroup of the group Zi/, . . . , Z r f. 

In that, we have an important property of the holoedrically isomorphic re- 
lationship which is established between the two groups by the transformation: 
yi = <Pi(xi,...,x s ). Indeed, to the most general subgroup of X\f,...,X r f which 
leaves fixed an arbitrarily chosen point: x Q v . . . ,x^ in general position, this holoedri- 
cally isomorphic relationship always associates the most general subgroup of 
Y\f, . . . , Y r f which leaves fixed a point: y^, . . . ,y® in general position. Exactly the 
same association is found in the reverse direction; in other words: when the point: 
Xj,...,^ runs through all possible positions, then the point: y®,...,y® also runs 
through all possible positions. 

Now conversely, for two r-term groups in the same number of variables to be 
similar to each other, then obviously, one must be able to produce between them a 
holoedrically isomorphic relationship of the constitution just described. We claim 
that this necessary condition is at the same time also sufficient; we will show that 
the two groups are really similar, when such a holoedrically isomorphic relationship 
can be produced between them. 

In fact, let Z\f, . . .^Zyf be any r-term group which can be related in a holoedri- 
cally isomorphic way to the group Xif, . . .,X r f in the said manner; let e\ Y\f-\ V 

e r Y r f be the infinitesimal transformation of the group Z\f, . . .,Z r f which is asso- 
ciated to the general infinitesimal transformation e\X\f ' -\ h e r X r f of the group 

X\f, . . . ,X r f through the concerned holoedrically isomorphic relationship. 

If X\f, . . . ,X n f are linked together by no linear relations, while X n+ \f, . . . ,X r f 
can be expressed by means of X\f, . . .,X n f in the known way, then the most gen- 
eral infinitesimal transformation contained in the group X\f, . . . ,X r f which leaves 
invariant the point: x®,...,x® in general position reads as follows: 



Under the assumptions made, to it corresponds, in the group Z\f,.. .,Z r f, the in- 
finitesimal transformation: 



which now is in turn the most general transformation of the group Z\f, . . . ,Z r f 
which leaves at rest a certain point: y®,...,y® in general position. Here, if the point 
x^, . . .,x~ runs through all possible positions, then the point y®, . . . ,y® does the same. 

Since (28) is the most general infinitesimal transformation e\Y\f -\ h e r Y r f 

which leaves invariant the point: yj , . . . ,y® in general position, Y\f, . . . , Y„f can be 
linked together by no linear relation, and by contrast, Y n+ \f, . . . , Y r f must be ex- 



(27) 




(28) 
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pressible by means of Yr /, . . . , Y n f in the known way. From this, we deduce that the 

most general infinitesimal transformation e\Y\f -\ V e r Y r f which leaves fixed 

the point: y®, . . . can also be represented by the following expression: 

(28') E«*{w- t Ykv(y°i,-;y s )Yvf\. 

k=\ L v =l J 

Evidently, every infinitesimal transformation contained in the expression (28) is 
identical to one of the infinitesimal transformations (28'), so for arbitrarily chosen 
£i, . . . , £ r - n , it must always be possible to determine £(,..., e' r -n so tnat me equa- 
tion: 



n ( r—n 



£(£,-4) W- £ £ (£^(*V4VM/)) \Y v f = 



k=l v=l ^k=\ 

is identically satisfied. 

Because Yif, . . . , Y r f are independent infinitesimal transformations, the equation 
just written decomposes in the following ones: 

e k -4 = 0, £ ( ej (p jv (x°) - e'j ¥jv (y°))=0 
(29) j= i 

(k= 1 ■■■r — n; V= 1 •■•«). 

From this, it comes immediately: 

£1 £j , . . . , £ r — n £r—n 7 

and in addition, we obtain thanks to the arbitrariness of the £, yet the equations: 

<Pfcv(*l, • • ■ ,X° S ) - Wkv(yi, ■ ■ ■ ,y°s) = (k=\-r-n; V = l-n), 

which must therefore, under the assumptions made, hold for the two points , . . . , 
and Vj, . . . ,Vj . At present, if we still remember that the point y^, . . . ,y® runs through 
all possible positions, as soon as Xj, . . . , x® does this, then we realize immediately 
that, under the assumptions made, the n(r — n) equations: 

(4) (p kv (x h ...,X s )-\lf kv (yi,...,y s ) = {k=\-r-n;v = l-n) 

are compatible with each other and produce relations neither between the x alone, 
not between the y alone. 

According to Theorem 65, p. 136 1 1 it is thus proved that the two groups 
X\f, . . . ,X r f and Z\f, . . .,Z r f are similar to each other, and this is just what we 
wanted to prove. 

We therefore have the 
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Proposition 3. Two r-term groups G and F in the same number of variables are 
similar to each other if and only if it is possible to relate them in a holoedrically 
isomorphic way so that the most general subgroup of G which leaves invariant 
a determined point in general position always corresponds, in whichever way the 
point may be chosen, to the most general subgroup of F which leaves invariant a 
certain point in general position, and so that the same correspondence also holds 
in the reverse direction. 

But at the same time, it is also proved that, under the assumption made right 
now, there exists a transformation: v ; - = 4>;(xi, . . . ,x s ) which transfers X\f, . . . ,X r f 
to Yif, . . . ,Y r f, respectively. We can therefore also state the following somewhat 
more specific proposition: 

Proposition 4. If the r independent infinitesimal transformations: 

f=l dx i 

generate an r-term group G, and if the r independent infinitesimal transformations: 

Y k f = Y, 1 lki(yu--^ys)^- (k=i-r) 

generate an r-term group F, then there is a transformation: yi = <Pi(x\,...,x s ) 
which transfers X\f, . . . ,X r f toYif,..., Y r f, respectively, if and only if the following 
conditions are satisfied: 

Firstly: if G contains exactly r — n independent infinitesimal transformations 
which leave invariant an arbitrarily chosen point in general position, then F must 
also contain exactly r — n independent infinitesimal transformations having this 
constitution. 

Secondly: if one associates to every infinitesimal transformation e\X\f A V 

e r X r f of G the infinitesimal transformation e\ Y\f A Ye r Y r f ofT, then the two 

groups must be related to each other in a holoedrically isomorphic way, in the 
manner indicated by the previous proposition. 

Because the most general subgroup of G which leaves invariant a determined 
point in general position is completely defined by this point, and moreover, because 
the holoedrically isomorphic relationship between G and F mentioned several times 
associates to every subgroup of G of this kind a subgroup of F constituted in the 
same way, it follows that this relationship between G and F also establishes a corre- 
spondence between the points x\,. . . ,x s and the points yi, . . . ,y s ', however, this cor- 
respondence is in general infinitely multivalent, for to every point x\,.. .,x s there 
obviously correspond all points yi,...,y s which satisfy the equations (4), and in- 
versely. As a result, this agrees with the fact that there are in general infinitely many 
transformations which transfer X\f,... ,X r f to Y\f, . . . , Y r f, respectively. 



368 



1 9 Theory of the Similarity of r-term Groups 



For transitive groups, the criterion of similarity enunciated in Proposition 3 turns 
out to be particularly simple. We shall see later (Chap. [2D that two r-term transitive 
groups G and F in the same number, say s, of variables are already similar to each 
other when it is possible to relate them in a holoedrically isomorphic way so that, to 
a single (r — s) -term subgroup of G which leaves fixed one point in general position 
there corresponds an (r — s) -term subgroup of F having the same constitution. 

If an r-term group: 

- df 

X kf=2l^ki(xi,---,Xs)^- (*=l~r) 

having the composition: 

r 

[XiiX k ] = ^ c ikoXof 
a=l 

is presented, then one can ask for all transformations: 

= <Pi(xi,...,x s ) (i=l-s) 

that leave it invariant, namely one can ask for all transformations through which the 
group is similar to itself. 

Thanks to the developments of the previous paragraphs, we are in a position to 
determine all the transformations in question. 

To begin with, we relate in the most general holoedrically isomorphic way the 
group Xif,..., X r f to itself, hence we choose in the most general way r independent 
infinitesimal transformations: 

r 

Sfe/=£ gkjXjf (k=l-r) 

;=i 

that stand pairwise in the relationships: 

r 

[Zi, S k] = £ coo S a f. 
a=l 

Afterwards, we specialize the arbitrary elements contained in the g^j in such a way 
that the following conditions are satisfied: when there are no relations between 
X\f, . . . ,X n f, while X n+ if, . . . ,X r f express themselves by means of X\f, . . .,X n f: 

a 

X n +kf= ( Pkv(Xi,...,X s )X v f (fc=l"T-n), 
v=l 

then firstly, also Si/, ... , E n f should be linked together by no linear relation, while 
by contrast S n+ \f, . . . , E r f also express themselves by means of E\f, . . . , S n f: 
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E n+kf = Wtv ( X l > • • • > S v/ 



(jt=l-r-n), 



v=l 



and secondly, the n(r — n) equations: 

p*v(*i, ■ • • ,x' s ) = Vkv(xi, ■ ■ ■ ,x s ) 



(k=l ■■■r—n; v = 1 ■■■n) 



should be mutually compatible, and they should produce relations neither between 
the x alone, nor between the x' alone. 

If all of this is realized, then following the introduction of § 91, we determine 
the most general transformation x\ = i ,...,x s ) which transfers E\f, E r f to 
X[f, . . . respectively, where: 



The transformation in question is then the most general one by which the group 
X\f,.. .,X r f is transferred to itself. 

It is clear that the totality of all transformations which leave invariant the group 
X\f,.. .,X r f forms a group by itself, namely the largest group in which X\f,... ,X r f 
is contained as an invariant subgroup. This group can be finite or infinite, contin- 
uous or not continuous, but in all circumstances its transformations order as in- 
verses by pairs, because when a transformation x\ = <t>i(x\, . . .,x s ) leaves the group 
X\f, . . .,X r f invariant, then the associated inverse transformation also does this. 

If by chance the just defined group consists of a finite number of different families 
of transformations and if at the same time each one of these families contains only 
a finite number of arbitrary parameters, then according to Chap. [T8l p. 13231 sq., 
there is in the concerned group a family of transformations which constitutes a 
finite continuous group; then this family is the largest continuous group in which 
Xif, . . .,X r f is contained as an invariant subgroup. 

Up to now, we have spoken of similarity only for groups which contain the same 
number of variables. But about that, it was not excluded that certain of the variables 
were absolutely not transformed by the concerned groups, so that they actually did 
not appear in the infinitesimal transformations. 

Now, for the groups which do not contain the same number of variables, one can 
also speak of similarity; indeed, one can always complete the number of variables 
in one of the groups so that one adds a necessary number of variables that are 
absolutely not transformed by the concerned group. Then one has two groups in 
the same number of variables and one can examine whether they are similar to each 
other, or not. 

In the sequel, unless the contrary is expressly stressed, we shall actually interpret 
the concept of similarity in the original, narrower sense. 



i=l 
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§ 93. 

In order to illustrate the general theory of similarity by an example, we will examine 
whether the two three-term groups in two independent variables: 

df df df 

X\f = 5—, X 2 f = xi 3— +X23— , 

OX\ OX\ 0x2 

2 df , ,„ , „ 2 , df 



X 3 f = 4^ + (2x lX2 + Cxi) 



and: 



dx\ dx2 



Y f df df df df 

Y if=^~ + , Y 2 f = yi ^—+y 2 —, 
dy\ dy 2 dy\ dy 2 



yr 2 df ^ 2 df 

Y3f = yi^—+y 2 ^— 

dy\ dy 2 

are similar to each other. 

As one has remarked, the Y^f here are already chosen in such a way that one has 
at the same time: 

[X h X 2 ]=X l f, [X u X 3 ]=2X 2 f, [X 2 ,X 3 ]=X 3 f 

and: 

[Y h Y 2 ]=Y 1 f, [Y u Y 3 ]=2Y 2 f, [Y 2 ,Y 3 ]=Y 3 f 

Although the Y^f are not chosen in the most general way so that the shown relations 
hold, it is nevertheless not necessary to do this, because the result would not be 
modified by this. 
We find: 

X 3 f =-(*? + Cx x x 2 ) X x f+ (2xi + Cx 2 ) X 2 f 

and: 

Y 3 f = -y l y 2 Y l f + (yi+y2)Y 2 f, 

whence one must have: 

=xl+Cxix 2 , yi+y 2 = 2xi+Cx 2 . 

As long as the constant C does not vanish, these equations determine a transforma- 
tion, and consequently, according to our general theory, the two groups are similar 
to each other in the case C ^ 0. But if C = 0, it comes a relation between y\ and y 2 
alone, hence in any case, there exists no transformation which transfers X\f, X 2 f, 
X 3 f to Y\f, Y 2 f, Y 3 f, respectively; one can easily convince oneself that in this case, 
the two groups are actually not similar to each other. 

§ 94. 

Subsequently to the theory of the similarity of r-term groups, we yet want to briefly 
treat a somewhat more general question and to indicate its solution. 
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We imagine, in the variables x\,... ,x s , that any p infinitesimal transformations: 
Xif, . . .,X p f are presented, hence not exactly some which generate a finite group, 
and likewise, we imagine in yi,...,y s that any p infinitesimal transformations 
Y\f, . . . , Y p f are presented. We ask under which conditions there is a transformation 
yi = ^>i(x\ , . . . ,x s ) which transfers X\f, . . .,X p f to Y\f, . . . , Y p f, respectively. Here, 
we do not demand that X\f,... ,X p f should be independent infinitesimal transfor- 
mations, since this assumption would in fact not interfere with the generality of 
the considerations following, but it would complicate the presentation, because it 
would always have to be taken into account. 

At first, we can lead back the above general problem to the special case case 
where the independent equations amongst the equations: X\f = 0, . . . , X p f = 
form a complete system. 

Indeed, if there is a transformation which transfers X\f,.. .,X p f to Y\f, . . . , Y p f, 
respectively, then according to Chap.Hl p. [961 every expression: 

X k (X j (f))-X j (X k (f)) = [X k ,Xj] 

also converts into the corresponding expression: 

Y k (Y J (f))-Y J (Y k (f)) = [Y k ,Y J ]. 

Hence, if the independent equations amongst the equations X\f = 0, . . . , X p f = 
do actually not form already a complete system, then to Xif, . . . ,X p f, we can yet 
add all the expressions [X k , Xj], and also, we must only add to Y\f, . . . , Y p f all the 
expressions [Y k , Yj\. The question whether there exists a transformation of the de- 
manded constitution then amounts to the question whether there exists a transfor- 
mation with transfers X\f, . . . ,X p f, [X k , Xj\ to Y\f, . . . , Y p f, [Y k , Yj\, respectively, 
where one has to set for k and j the numbers 1,2,. ..,p one after the other. 

Now, if the independent equations amongst the equations: X\f = 0, . . . , X p f = 0, 
[X k , Xj] = also do not form a complete system, then we yet add the expressions 
[Xi, [X k ,Xj]\ and the and the corresponding expressions in the 

Yf as well. If we continue in this way, we obtain at the end that our initial problem 
is lead back to the following one: 

In the variables x\, . . . ,x s , let r infinitesimal transformations: X\f,... ,X r f be pre- 
sented, of which n ^ r, say X\f,... ,X n f, are linked together by no linear relation, 
while X n+ if, . . . ,X r f can be linearly expressed in terms ofX\f, . . . ,X n f: 

n 

X n+k f= q>kv(xi,---,x s )X v f (k=l-n-r); 
v=l 

in addition, let relations of the form: 

n 

[ X k,Xj] = £ (p kjv (x U ...,X s )X v f (k,j = l-r) 

v=l 
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yet hold, so that the independent equations amongst the equations X\f = 0, . . . , 
X r f = Oform an n-term complete system. Moreover, in the variables yi,...,y s , let r 
infinitesimal transformations Y\f,..., Y r f be presented. To determine whether there 
is a transformation yi = 4>j(xi, . ..,x s ) which transfers X\f, . . .,X r f to Y\f,.. .,Y r f, 
respectively. 

For a transformation of the constitution demanded here to exist, Yif,...,Y r f 
should naturally not be linked together by a linear relation, while Y n+ \f, . . .,Y r f 
should be linearly expressible in terms of Y\f, . . . , Y n f: 

Y n +kf= £ Vkviyi, ■ ■ ■ ,y S )Yvf (k=l-r-n), 
v=l 

and there should be relations of the form: 

n 

i Y k,Yj} = £ Vkjv(yh---,y s )Y v f (kj=i- r ). 

v=l 

In addition, the equations: 

<Pkv(xi, • ■ ■ ,Xs) ~Vkv(yi,---,ys) =0 (k=l-r-n; v=l-n) 

<Pkjv(xi>---iXs)-Ykjv(yi,---,ys) =° (k,j = l-r; V = l-n) 



(30) 



should yet neither contradict mutually, nor conduct to relations between the x 
alone or the y alone, since these equations will obviously reduce to identities after 
the substitution: y; = . . . ,x s ), when the transformation: y ; - = <Pi(x) converts 

Xif,.. .,X r f into Yif,..., Y r f, respectively. 

We want to assume that all these conditions are satisfied and that all the equa- 
tions (30) reduce to the p mutually independent equations: 

(31) pi(*)-yi(*) = 0, <p p (x)-Vp(x) = 0. 

Thanks to considerations completely similar to those of p. !344l sq.. we realize that 
the determination of a transformation which transfers X\f,... ,X r f to Y\f, . . . , Y r f, 
respectively, amounts to determining a system of equations in the 2s variables 
x\, . . . ,x s , yi, . . . ,y s , and to be precise, a system of equations having the following 
constitution: it must admit the r infinitesimal transformations: Q^f = X^f + Y^f, 
it must consist of exactly s independent equations, it must be solvable both with 
respect to xi, . . . ,x s and with respect to yi, . . . ,y s , and lastly, it must comprise the p 
equations (31). 

A system of equations which comprises the p equations (31) and which admits 
the r infinitesimal transformations £2 k f embraces at the same time all the r p equa- 
tions: 

&k(<Pj(x) ~ Yj(x)) = X k <pj(x) - Y k \j/j(y) = 

(k=l-r;j=l-p). 
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If these equations are not a consequence of (31), we can again deduce from them 
new equations which must be contained in the sought system of equations, and so 
on. If we proceed in this way, then at the end, we must come either to relations 
which contradict each other, or to relations between the x alone, or to to relations 
between the y alone, or lastly, to a system of o ^ s independent equations: 

(32) <P\{x)-W\{y) =0, <f>a{x)-y a (y) =0 (<j>p) 

which possesses the following two properties: it produces no relation between the 
x or the y alone, and it admits the r infinitesimal transformations Q k f, so that each 
one of the ro equations: 

n k(<Pj(x)-Vj(y))=0 (k=l-r;j=l-a). 

is a consequence of (32). 

Evidently, there can be a transformation which transfers X\f,...,X r f to 
Yif,...,Y r f, respectively, only when we are conducted to a system of equa- 
tions (32) having the constitution defined just now by means of the indicated 
operations. So we need to consider only this case. 

If the entire number o is precisely equal to s, then the system of equations (32) 
taken for itself represents a transformation which achieves the demanded transfer 
and to be precise, it is obviously the only transformation which does this. We 
will show that also in the case o < s, a transformation exists which transfers 
X\f, . . .,X r f to Y\f, . . .,Y r f, respectively; here, we produce the proof of that by 
indicating a method which conducts to the determination of a transformation having 
the demanded constitution. 

It is clear that the equations (32) neither cancel the independence of the equations: 
X\f = 0, . . . , X n f = 0, nor they cancel the independence of the equations: Y\f = 0, 
. . . , Y n f = 0, for they produce relations neither between the x alone, nor between 
the y alone. 

Besides, it is to be observed that relations of the form: 

n n 

[Q k ,Qj] = £ (p kjv (x)Q v f= £ y kjv (y)Q v f 
v=l v=l 

(k,j=l,2-n) 

hold, in which the coefficients (p k j V (x) = tykjv(y) behave regularly in general for the 
systems of values of the system of equations: <pi — = 0, . . . , (pa — \\r a = 0. Thus, 
the case settled in Theorem 19, p. U42l is present here. 

As in p. !353l sq.. we introduce the solutions of the n-term complete system X\f = 
0, . . . , X n f = as new x and those of the complete system Y\f = 0, . . . , Y n f = as 
new y, and on the occasion, exactly as we did at that time, we have to make a dis- 
tinction between the solutions which can be expressed in terms of <pi(x), . . . , (p a (x) 
or, respectively, in terms of ty/i (y) , . . . , y a (y) , and the solutions which are indepen- 



374 



1 9 Theory of the Similarity of r-term Groups 



dent of the <p, or respectively, of the In this way, we simplify the shape of the 
equations (32), and then, exactly as on p. 13571 sq., we can determine a system of 
equations which admits Qif,..., Q r f, which contains exactly s independent equa- 
tions, which is solvable both with respect toxi, . . . ,x s and with respect toji, . . . ,y s , 
and lastly, which embraces the equations (32). Obviously, the obtained system of 
equations represents a transformation which transfers X\f, . . .,X r f to Y\f, . . .,Y r f, 
respectively. 

Thus, we have the following Theorem. 

Theorem 66. If, in the variables x\,...,x s , p infinitesimal transformations 
X\f, ...,X p f are presented and if in the variables y\,...,y s , p infinitesimal 
transformations Y\f ',. . . ,Y p f are also presented, then one can always decide, by 
means of differentiations and of eliminations, whether there is a transformation 
yt = &i(xi, . . .,x s ) which transfers X\f ', . . . ,X r f to Y\f,.. .,Y r f, respectively; if there 
is such a transformation, then one can determine the most general transformation 
which accomplishes the concerned transfer, as soon as one has integrated certain 
complete systems^ 



t LIE, Archiv for Math, og Naturv., Vol. 3, p. 125, Christiania 1878. 



Chapter 20 

Groups, the Transformations of Which 

Are Interchangeable With All Transformations 

of a Given Group 



Thanks to the developments of the §§ 89, 90, 91, pp. 13391 up to 13631 we are in 
the position to determine all transformations which leave invariant a given r-term 
group: 

Xkf=Y, 6u(*l>- 3- (k=l-r). 

Amongst all transformations of this nature, we now want yet to pick out those which 
in addition possess the property of leaving invariant every individual transformation 
of the group X\f, . . .,X r f, and we want to occupy ourselves somehow more closely 
with these transformations. 

When a transformation T leaves invariant every individual transformation S of 
the group X\f, . . . ,X r f, then according to p. I267L it stands with respect to S in the 
relationship: 

T~ l ST = S, 
or, what is the same, in the relationship: 

ST = TS, 

hence it is interchangeable with T. Thus, we can also characterize the transfor- 
mations just defined in the following way: they are the transformations which are 
interchangeable with all transformations of the group X\f,... ,X r f. 

§ 95. 

According to Chap. [HI p. I264L the expression e\ X\f H V e r X r f can be regarded 

as the general symbol of a transformation of the group X\f,.. .,X r f. Consequently, 
a transformation x\ = 4>;(jci , . . . ,x s ) will leave invariant every individual transforma- 
tion of the group X\f, . . . ,X r f when, for arbitrary choice of the e, it leaves invariant 

the expression e\ X\f H h e r X r f, hence when the expression e\Xif-\ h e r X r f 

takes the form: e\ X[f H h e r X' r f after the introduction of the new variables x\ = 

<Pi(x), where: 
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s 




Here, for this to hold, it is necessary and sufficient that the r infinitesimal transfor- 
mations: X\f,... ,X r f receive the form X[f, . . . ,X' r f, respectively, after the intro- 
duction of the new variables x\. 

It is clear that there are transformations x\ = &i(x) having the constitution de- 
manded; indeed, the identity transformation x\ = x\ is such a transformation; be- 
sides, this results from the Proposition 2 of the preceding chapter (p. 13631) . because 
this proposition shows that there are transformations which transfer X\f, . . .,X r f to 
X[f, . . . ,X' r f, respectively. In addition, it follows from the developments achieved 
at that time that the most general transformation of the demanded constitution is 
represented by the most general system of equations: 



which admits the r-term group: X\f + X[f, X r f + X' r f in the 2s variables 



If one executes, one after the other, two transformations which leave invariant 
every individual transformation of the group: Xif, . . . ,X r f, then obviously, one al- 
ways obtains a transformation which does the same; consequently, the totality of 
all transformations of this constitution forms a group G. This group can be dis- 
continuous, and it can even reduce to the identity transformation; it can consist of 
several discrete families of which each one contains only a finite number of ar- 
bitrary parameters, it can be infinite; but its transformations are always ordered as 
inverses by pairs, since if a transformation leaves invariant all transformations of the 
group: X\f, . . .,X r f, then the associated inverse transformation naturally possesses 
the same property. 

If the just defined group G contains only a finite number of arbitrary parameters, then it belongs 
to the category of groups which was discussed in Chap. [18] and according to Theorem 56, p. 13241 
it certainly comprises a finite continuous subgroups generated by infinitesimal transformations. On 
the other hand, if the group G is infinite, then thanks to considerations similar to those of Chap. [18] 
it can be proved that it comprises one-term groups, and in fact, infinitely many such groups that are 
generated by infinitely many independent infinitesimal transformations. 

At present, we take up directly the problem of determining all one-term groups 
which are contained in the group G. 

According to Chap.[[5l p. 1267 1 and „ the r expressions X\f, . . . ,X r f remain invari- 
ant by all transformations of the one-term group Zf when the r relations: 



are identically satisfied, hence when the infinitesimal transformation Zf is in- 
terchangeable with all transformations of the group X\f, . . . ,X r f. Thus, the 
determination of all one-term groups having the constitution defined a short while 



x\ = $i (xi,...,*,), X s = & s (xi, . . . ,X S ) 



X\ , . . . ,X S , , . . . , x s . 



[X k ,Z]=X k (Z(f))-Z(X k (f))=0 



(*=l~r) 
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ago amounts to the determination of the most general infinitesimal transformation 
Zf which is interchangeable with all X k f. 

If one has two infinitesimal transformations Z\f and Z 2 f which are interchange- 
able with all Xkf, then all expressions [Zi,A^] and \Z 2 ,X k \ vanish identically, 
whence the Jacobi identity: 

[[Z u Z 2 ],X k ] + [[Z 2 , X k ], Zj + [[X k , Z X \Z 2 \ = 

reduces to: 

[[Z 1 ,Z 2 ],X yt ] eeO. 

Thus, the following holds: 

Proposition 1. If the two infinitesimal transformations Z\f and Z 2 f are inter- 
changeable with all infinitesimal transformations of the r-term group X\f,... ,X r f, 
then the transformation [Z\ , Z 2 ] also is so. 

On the other hand, every infinitesimal transformation aZ\f + bZ 2 f is at the 
same time interchangeable with X\f,...,X r f, whichever values the constants 
a and b may have. Hence if by chance there is only a finite number, say q, of 
independent infinitesimal transformations Z\f,... ,Z q f which are interchangeable 
with Xif,...,X r f, then the most general infinitesimal transformation having the 

same constitution has the form: X\Z\f -\ h X q Z q f, where it is understood that 

X\, . . . , X q are arbitrary parameters. Then because of Proposition 1, there must exist 
relations of the form: 

q 

[Zi,Zk] = £ c'iko Z ofi 
a=\ 

so that Zi/, . . . ,Z q f generate a q-term group. 

At present, we seek to determine directly the most general infinitesimal transfor- 
mation: 

z f= L Q(xi,---,x s )^- 
i=\ aXl 

which is interchangeable with all infinitesimal transformations of the group 
Xl/,...,X r /. 

The r condition-equations [Bedingungsgleichungen]: 

[X h Z}=0, [X n Z}=0 
decompose immediately in the following rs equations: 

XkCi = Z^fa' (k=l-r; t=l-j), 

or, if written in more length: 

(1) £&vttf^=E V^Cv (*=l.~r;i=l.~,). 

v=1 ox v v _j ox v 
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The question is to determine the most general solutions £1 , . . . , to these differen- 
tial equations. 
Let: 

(2) Q = (Oi(x\,...,X s ) (i=l-n) 

be any system of solutions of (1), whence all the expressions: 

v=l ox v 

vanish identically after the substitution: £i = ©i (x), . . . , = G) s (x) ; in other words: 
the system of equations (2) in the 2s variables xi,...,x s , £i,...,£s admits the r 
infinitesimal transformations: 

Conversely, if a system of equations of the form (2) admits the infinitesimal transfor- 
mations Wif, . . . , W r f, then ©i (x) , . . . , G) s (x) are obviously solutions of the differ- 
ential equations (1). Consequently, the integration of the differential equations (1) 
is equivalent to the determination of the most general system of equations (2) which 
admits the infinitesimal transformations Wif, . . . , W r f. 

Every system of equations which admits Wif, . . . , W r f also allows the infinitesi- 
mal transformation W k (Wj(f)) - Wj(W k (f)) = [W k , Wj]; we compute it. 

We have: 



1-s 



d^kv d^jj d^ jv d% ki \ df 



V 

and here, the right-hand side can be written: 

1-5 



dx^i dx v dx^i dx v J ^ 



[ h j] h^h r v ^ " ^ r M *5" 



i, jii M v=l 
But now, there are relations of the form: 



<J=1 

from which it follows: 
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and therefore, we get simply: 

[W k ,Wj}= £ CkjoWof. 

From this, we see that W\f, . . . , W r f generate an r-term group in the 2s variables 
X\ , . . . , x s , £i, . . . , Cs', but this was closely presumed. 

There can be n, amongst the infinitesimal transformations X\f,...,X r f, say 
Xif, . . . ,X n f that are linked together by no linear relation of the form: 

Xi(x h ... ,x s )Xif+- ■■+Xn(x h ... ,x s )X n f = 0, 
while X n+ \f, . . .,X r f can be expressed in the following way: 

n 

(3) X n+k f=Y,<Pkv(xi,...,X s )X v f (k=l-r-n). 

V=l 

Under these assumptions, the differential equations (1) can also be written as: 
X v y —Zg V i = (v = l--n; i=l—i) 

n 

£ (p k v(x)X v £i-Z£ n+kji = {k=\-r-n;i=\-s). 
v=l 

Hence if the expressions Xi C,\ , . . . ,X n Q are took away, we obtain between Ci » • • ■ » Cs 
the finite equations: 

(4) ~j I y f ! dx K J 

(fe=l--r — )i; i = l— s). 

It stands to reason that every system of equations of the form (2) which admits 
the group Wif, . . . , W r f must comprise the equations (4). 

The equations (4) are linear and homogeneous in £i, . . . , £ s ; so if amongst them, 
one finds exactly s that are mutually independent, then £i = 0, . . . , £ s = is the 
only system of solutions which satisfies the equations. In this case, there is only one 
system of equations of the form (2) which admits the group W\f, . . . , W r f, namely 
the system of equations: £i = 0, . . . , £ s = 0, hence there is no infinitesimal transfor- 
mation Zf which is interchangeable with all X k f. 

Differently, assume that the equations (4) reduce to less than s, say to m < s 
independent equations. We will see that in this case, aside from the useless system 
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£i = 0, . . . , = 0, there are yet also other systems of the form (2) which admit the 
group Wif,...,W r f. 

Above all, we observe that the system of equations (4) admits the group 

Wlf,...,W r f. 

In order to prove this, we write down the matrix which is associated to the in- 
finitesimal transformations W\f, . . . , W r f: 



(5) 



V=l d: 



-V=l dx v 



We will show that (4) belongs to the system of equations that one obtains by setting 
equal to zero all (n + 1) x (n + 1) determinants of this matrix. As a result, according 
to Chap. [14l Theorem 39, p. I236L it will be proved that (4) admits the the group 

Wif,...,W r f. 

Amongst the (n+1) x (n + 1) determinants of the matrix (5), there are those of 
the form: 



D 



>liti 



zinkt 



v=l "d^TSv 



hnk n L v =l Ih^^v 
hn+j,k n L v =l dx v ^ v 



If we use the identities following from (3): 

n 

Zn+j,X = E <P/v(*)£v 



(«=l-j; j = l- 



v=l 



then we can obviously write D as: 



E 

v=l 



dx v 



E <P;- 



TfJ 



Now, under the assumptions made, not all determinants of the form: 

E ^ ^1*1 ' ' ' %nk n 

vanish identically; so if we set equal to zero all determinants of the form D, we 
obtain either relations between the x\,...,x s alone, or we obtain the system of 
equations (4). But as it is easy to see, this system of equations actually brings to 
zero all (n + 1) x (n + 1) determinants of the matrix (5), hence it admits the group 

Wif,...,W r f. 
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The determination of the most general system of equations (2) which admits the 
group W\f, . . . , W r f and which comprises the equations (4) can now be executed on 
the basis of Chap. EES p. [242]up to p. [2441 

The system of equations (4) brings to zero all (n+ 1) x (n+1) determinants 
of the matrix (5), but not all n x n determinants; likewise, a system of equations 
of the form (2) cannot make zero all n x n determinants of the matrix (5). Thus, 
we proceed in the following way: We solve the equations (4) with respect to m of 
the quantities £ 1? . . . , £$, say with respect to £i, . . . , £,„, afterwards, following the 
introduction of the cited developments, we form the reduced infinitesimal transfor- 
mations Wif, . . . , W r f in the 2 s — m variables xi , . . . ,x s , Cm+l, ■ ■ ■ j Cs> and lastly, we 
determine Is — m — n arbitrary independent solutions of the n-term complete system 
which is formed by the n equations: W\f = 0, . . . , W n f = 0. 

The n equations W\f = 0, . . . , W n f = are solvable with respect to n of the 
differential quotients dfj dx\ , . . . , dfj dx s , hence its 2 s — m — n independent so- 
lutions are mutually independent relatively to s — n of the x and to the variables 
Cm+ij • • • , Cs (cf- Chap. [121 Theorem 12, p. 1 1021) . Now, amongst the solutions of the 
complete system W\f = 0, there are exactly s — n independent ones which satisfy 
at the same time the rc-term complete system: Xif = 0, . . . , X n f = 0, and hence 
depend only upon the x, and they can be called: 

ui(xi,...,x s ), u s - n (xi,...,x s ). 

So, if: 

®1 (Cm+l > • • • » C*) -^1 > • • • >^s) j • • • ) -^s— m(d>n+l) • • • ) Csj -^l; • • • j^s) 

are 5 — m arbitrary mutually independent, and independent of the u, solutions of the 
complete system = 0, then necessarily, these solutions are mutually indepen- 
dent relatively to £ m+ i , . . . , £ s . 

At present, we obtain the most general system of equations (2) which admits 
the group W\f, . ..,W r f by adding to the equations (4), in the most general way, 
s — m mutually independent relations between ui , . . . , u s - n , 53 1 , • • • , %$s-m that are 
solvable with respect to £ m +i , . . . , £$. It is clear that these relations must be solvable 
with respect to 03 1 , . . . , 03 5 _ m , so that they can be brought to the form: 

(6) 03 M (Cm+b- Xi,...,X s ) =Q fl (ui(x), ...,U s -„(x)) (n = l-s-m). 

Here, the are subject to no restriction at all, and they are absolutely arbitrary 
functions of their arguments. 

Thus, if we add the equations (6) to (4) and if we solve, what is always possible, 
all of them with respect to £i , . . . , C, s , then we obtain the most general system of 
equations (2) which admits the group W\f, . . - ,W r f and as a result also, the most 
general system of solutions to the differential equations (1). Visibly, this most gen- 
eral system of solutions contains s — m arbitrary functions of Ui , . . . , U s - n . 
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But now, the differential equations (1) are linear and homogeneous in the un- 
knowns £i , . . . , £ s ; thus, it can be concluded that its most general system of solutions 
£i , . . . , £y can be deduced from s — m particular systems of solutions: 

Cfilix),...,Cfu(x) (ji = l-s-m) 

in the following way: 

Ci = Zl(Ul, • • • , Us-n) ClH 1" Z.v-m(ui , ■ • • , U s _„) Ci-m,i 

(*■=! •••*)> 

where the % are completely arbitrary functions of the u; naturally, the particular 
system of solutions in question must be constituted in such a way that there are no 
s — m functions y/i(ui,. . . ,u s _ n ), . . . , y/^_ m (ui , . . . ,u s _„) which satisfy identically 
the s equations: 

Vl(u) • ' ' + V«-m(u) &- m ,j = (i= 1 ■••*). 

It can even be proved that actually, there are no s — m functions *f"i (xi , . . . , x s ) , 
*F s - m (xi, . . .,x s ) which satisfy identically the s — m equations: 

^1 (X) Cli + ■ ■ ■ + Cs-m,i = (i= 1 -s-m). 

Indeed, the s — m equations: 

s—m 

Cm+a= J! X^i( u )^,m+a (ff = l-s-m) 

fi=l 

are obviously equivalent to the equations (6), hence they must be solvable with 
respect to %\ , . . . , Xs-m and the determinant: 

y, i ^l 5 m-|-l • • • £,s—m,m+s—m 

should not vanish identically. 

According to these preparations, we can finally determine the form that the 

most general infinitesimal transformation Zf interchangeable with X\f, ...,X r f 
possesses. The concerned transformation reads: 

s—m 

Zf=Y, Xli( U h---,Us-m)Znf, 
(1=1 

where the s — m infinitesimal transformations: 

s df 

Z fif= H Cfli(xi,---,Xs) 3— {n = l-s-m) 

i=l dX i 

are linked together by no linear relation of the form: 
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W\ (xi , . . . ,x s ) Z\f H h %-m (xi,...,x s ) Z s - m f = 0. 

In addition, since according to Proposition 1, p. I377L every infinitesimal transfor- 
mation [Z^, Z v ] is also interchangeable with X\f, . . . ,X r f, there are relations of the 
specific form: 

s—m 

[Z tl ,Z v ]= (Oy.vx(ui,...,U s - m )Z 7l f (n,v = l-s-m). 

We thus see: There always exists a transformation which is interchangeable with 
X\f, . . . ,X r f when and only when the number m defined on p. 13791 is smaller than 
the number s of the variables x. If m < s and if at the same time, n < s, then the 
group X\f,.. .,X r f is intransitive, so the most general infinitesimal transformation 
Zf interchangeable with X\f,... ,X r f depends upon arbitrary functions. If by con- 
trast n = s, then the group X\f, . . . ,X r f is transitive, so the most general transfor- 
mation Zf interchangeable with X\f, . . .,X r f can be linearly deduced from s — m 
independent infinitesimal transformations: Z\f,...,Z s - m f; according to a remark 
made earlier on (p. 13771) . the concerned infinitesimal transformations then generate 
an (s — m)-term group. — 

We know that an infinitesimal transformation interchangeable with X\f,... ,X r f 
exists only when the equations (4) reduce to less than s independent equations. We 
can give a somewhat more lucid interpretation of this condition by remembering the 
identities (3), or the equivalent identities: 

n 

£n+k,i-Y< ( Pkv(x)^vi = {k=l-r-n;i=l-s), 
v=l 

that define the functions <j(>£ V . Indeed, if we differentiate with respect to xj the iden- 
tities just written, we obtain the following identities: 

dx i v =i \ kV dx i Vl dx i J ~ 

(k= 1 • •• r — n ; ( = 1 , j ■ ■■ s) , 
by virtue of which the equations (4) can be replaced by the equivalent equations: 

vtl ytl dx J 

But since not all determinants of the form £ ± ^ ■ ■ • £k n vanish identically, then in 
turn, the latter equations are equivalent to: 

(4') 10^=0 (*=l...r-»;v = l..-). 

7=i ax i 
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Thus, there is a transformation Zf interchangeable with X\f, . . . ,X r f only when 
the linear equations (4') in the £y reduce to less than s independent equations. 

The equations (4') are more clearly arranged than the equations (4), and they 
have in addition a simple meaning, for they express that each one of the n(r — n) 
functions <Pk v ( x lj • • -i x s) admits all the infinitesimal transformations Zf. 

If, amongst the equations (4), there are exactly m that are mutually independent, 
then naturally, amongst the equations (4'), there are also exactly m that are mutually 
independent, and therefore, m is nothing but the number of independent functions 
amongst the n(r — n) functions cp^y (x). 

We recapitulate the gained result: 

Theorem 67. If amongst the r infinitesimal transformations: 

s d f 

X kf=Y,£ki( Xl >---i Xs )a~ (^=1 -'•), 

(=1 ax i 

of an r-term group, X\f,...,X n f, say, are linked together by no linear relation, 
while X n+ \f, . . . ,X r f can be expressed linearly in terms ofX\f, . . . ,X n f: 

n 

X n+jf= 9jv(xi,...,X s )X v f C/ = l-r-n), 

v=l 

and if amongst the n(r — n) functions <Pk V , there exist exactly s that are mutually 
independent, then there is no infinitesimal transformation which is interchangeable 
with all Xkf; by contrast, if amongst the functions (p^v there exist less than s, say 
only m, that are mutually independent, then there are infinitesimal transformations 
which are interchangeable with X\f, . . . ,X r f, and to be precise, the most general 
infinitesimal transformation Zf of this nature possesses the form: 

Zf = \jfi (ui, . . . , u s - n ) Z\f H h \jf s - m (ui ,..-,u s 

—n) Zs—mfi 

where Ui, . . . ,U s - n denote independent solutions of the n-term complete system: 
X\f = 0, . . . , X n f = 0, where furthermore \\f s - m mean arbitrary functions 

of their arguments, and lastly, where the infinitesimal transformations: 

Z fif= Y Cfii( x l,'--,X S ) — {fi=l-s-m) 
i=l dXi 

interchangeable with Xif,... ,X r f and linked together by no linear relation stand 
pairwise in relationships oftheforn% 

s—m 

[Z jU ,Z v ]= ^ (OfivK ( u l )•••) u s—m) Zjzf- 
TZ=\ 



' LIE suggested this general theorem in the Math. Ann. Vol. XXV. 
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Besides, a part of the result stated in this proposition follows immediately from the develop- 
ments of the previous chapter. Indeed, if the number of independent functions amongst the functions 
(Pkv(x\, . . . ,x s ) is exactly equal to s, then according to p. 13531 the equations: 

(p kv (x[,...,x' s ) = f kv (xi,...,X s ) (*=l-r-n; V=l-n) 

represent the most general transformation which transfers X\f, . . . ,X r f to X[f, ...,X' r f, respectively. 
By contrast, if amongst the ^ v , there are less than s that are mutually independent, then according 
to Theorem 65, p. I36U there is a continuous amount [Menge] of transformations which leaves 
invariant every X^f; we remarked already on p. 13761 that the totality of all such transformations 
forms a group, about which it can be directly seen that it comprises one-term groups. 

It seems to be adequate to yet state expressly the following proposition: 

Proposition 2. If there actually exists an infinitesimal transformation which is 
interchangeable with all infinitesimal transformations X\f, ...,X r f of an r-term 
group of the space x\, . . . ,x s , then the most general infinitesimal transformation in- 
terchangeable with Xif, . . . ,X r f contains arbitrary functions, as soon as the group 
Xif,.. .,X r f is intransitive, but by contrast, it contains only arbitrary parameters, 
as soon as the group is transitive. 

§ 96. 

Of outstanding significance is the case where the group X^f is simply transitive, 
thus the case s = r = n. 

If one would desire, in this case, to know the most general transformation x\ = 
<Pi(xi,...,x n ) by virtue of which every X k f takes the form X' k f, then one would only 
have to seek n independent solutions £2\, . . . , Q n of the n-term complete system: 

X k f + Xtf = (k=l-n) 

and to set these solutions equal to arbitrary constants a\ , . . . , a n . The equations: 

Qk(xi, . . . ,x n , Xi, . . . ,x? n ) =ak (k=l—n) 

are then solvable both with respect to the x and with respect to the x', and they 
represent the transformation demanded. 

From the beginning, we know that the totality of all transformations = a% 
forms a group. At present, we see that this group is n-term and simply transitive; 
this results immediately from the form in which the group is presented, resolved 
with respect to its n parameters. 

The group: 

Q\{x,x') = ai, Q n (x,x') = a n 

contains the identity transformation and n independent infinitesimal transforma- 
tions: 

Z kf=Y, Od(xi,...,Xn)-~- (k=l-n), 
i=l ax i 
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and this results from the developments of the preceding paragraph; but this is also 
clear in itself, since the transformations of the group are ordered as inverses by 
pairs, and hence the Theorem 56 in Chap.[T8l p. 13241 finds an application. Besides, 
it follows from the transitivity of the group Z\f,..., Z n f that Z\f,..., Z n f are linked 
together by no linear relation of the form £ %i{x\, . . . ,x s ) Zjf = 0. 

Between the two simply transitive groups X k f and Z;/, there is a full relationship 
of reciprocity [Reciprocitatsverhaltniss]. If the X k f are given, then the general 
infinitesimal transformation Zf = £ e ; Z,/ is completely defined by the n equations: 

X k (Z(f))-Z(X k (f))=0 (k=i-n); 

on the other hand, if the Z,/ are given then the n equations: 

X(Zi(f))-Zi(X(f))=0 (,■=!...„) 

determine in the same way the general infinitesimal transformation: 

Xf = Y,e k X k f. 

But with that, the peculiar relationship in which the two groups stand is not yet 
written down exhaustively. Indeed, as we will now show, the two groups are also 
yet equally composed; since both are simply transitive, it then follows immediately 
that they are similar to each other (cf. Chap. QjE Theorem 64, p. 13491) . 

In the infinitesimal transformations X k f and Z;/, we imagine that the !~ kv and the 
£iv are expanded in powers of x\ , . . . ,x n , and we assume at the same time that x\ = 0, 
. . . , x n = is a point in general position. According to Chap. \\3\ p. 12251 since the 
group X k f is simply transitive, it contains exactly n infinitesimal transformations of 
zeroth order in x\, . . . ,x n out of which no infinitesimal transformation of first order, 
or of higher order, can be linearly deduced. 

We can therefore imagine that X\f,... ,X n f arc replaced by n other independent 
infinitesimal transformations X\f, . . . , X n f which have the form: 

Xkf= d7 + L "kfivXp -5— + • • • 
ox k v ox v 

(k=l-n), 

after leaving out the terms of second order and of higher order. In the same way, 
we can replace Zi/, . . . ,Z„/ by n independent infinitesimal transformations of the 
form: 

OXi „ y OXy 
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After these preparations, we form the equations [Xjt, 3i] = ; the same equation 
takes the form: 

(hkv + hkiv)^ !-••■ = 0, 

v=l ax v 

from which it follows: 

hkv = hkiv ■ 

Computations of the same sort yield: 

[Xjfc, Xj] = ( h jkv - hjv) h — 

and: 

[5k, 5j] = J! ( — Ijkv+hjv) -5 — I — 
v=l 

= L ( h kjv-hjkv)if + --- ■ 
v=l 



On the other hand, we have: 

« n 

[%h %j] = 52 c kjv%vf, [5k, 3i] = 52 4jv3v/; 

v=l v=l 

here, we insert the expressions just found for: X v f, 5vf, [%h [5k, 5j] and 
afterwards, we make the substitution: x\ = 0, . . . , x n = 0; it then comes: 

Cfc/v = ^yjtv — hk jv = c kjv ■ 

Thus, our two groups are effectively equally composed, and in consequence of 
that, as already remarked above, they are similar to each other. As a result, the 
following holds: 

Theorem 68. If Xif, ... ,X n f are independent infinitesimal transformations of a 
simply transitive group in the variables x\, . . . ,x n , then the n equations [X^, Z] = 
define the general infinitesimal transformation Zf of a second simply transitive 
group Zi/, . . . ,Znf which has the same composition as the group X\f, . . . ,X n f and 
which is at the same time similar to it. The relationship between these two simply 
transitive groups is a reciprocal relationship: each one of the two groups consists 
of the totality of all one-term groups whose transformations are interchangeable 
with all transformations of the other group^ 

It is convenient to call the groups X^f and Z,/ as reciprocal [reciproke] transfor- 
mation groups, or always, the one as the reciprocal group of the other. 



T LIE communicated the Theorem 68 in the Gesellschaft der Wissenschaften zu Christiania in Nov. 1882 and in May 
1883; cf. also the Math. Ann. Vol. XXV, p. 107 sq. 
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If we remember from Chap. [T6J p. 12841 that the excellent infinitesimal transfor- 
mations e\X\f -\ h e r X r f of the group X\f,... 7 X„f are defined by the n equa- 
tions [Xfc, Y] = 0, then we can yet state the following proposition: 

Proposition 3. The common infinitesimal transformations of two reciprocal simply 
transitive groups are at the same time the excellent infinitesimal transformations of 
both groups. 

Let the two n-term groups X\f, ...,X„f and Z\f ',. . . ,Z n f in the n variables 
x\,...,x n be simply transitive and reciprocal to each other. Then, if after the 
introduction of new variables x\, . . . ,x' n , the X^f are transferred to X[f and the 
Zfc/ to Z' k f, the two simply transitive groups X[f,...,X' n f and Z[f, . . . ,Z' n f 
are also reciprocal to each other; this follows immediately from the relations: 

K z 'j] = l x k, Zj] = o. 

From this, it follows in particular the 

Proposition 4. If an n-term simply transitive group in n variables remains invariant 
by a transformation, then at the same time, its reciprocal simply transitive group 
remains invariant. 

From this proposition it lastly follows the next one: 

Proposition 5. The largest group of the space x\, . . . ,x n in which an n-term simply 
transitive group of this space is contained as an invariant subgroup coincides with 
the largest subgroup in which the reciprocal group of this simply transitive group is 
contained as an invariant subgroup. 



We want to give a couple of simple examples to the preceding general develop- 
ments about simply transitive groups. 
The group: 

dx ' dx dy 

of the place x, y is simply transitive. The finite equations of the reciprocal group are 
obtained by integration of the complete system: 

^1 + ^1 = x *l + *f +ji ,df + ,df =0 
dx dx' dx dy dx' dy' 



under the following form: 



x' — x y 

= a, — = b, 



y y 

hence solved with respect to x' and /: 



x' = x + ay, y = by. 
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The infinitesimal transformations of the reciprocal group are therefore: 

y— y — 

dx ' dy 

An interesting example is provided by the six-term projective group of a nonde- 
generate surface of second order in ordinary space. Indeed, this group contains two 
three-term simply transitive and reciprocal to each other groups, of which the first 
group leaves fixed all generatrices of the one family, while the other group leaves 
fixed all generatrices of the other family. 

If z — xy = is the equation of the surface, then: 

y , df df df df 

ox az dx az 

X 3 f = x - 5 - + {xy-z)^-+xz^- 
ox ay az 



is one of the two simply transitive groups and: 



7 f df df 7 f df df 
Zi/=3-+x — , Z 2 f = y — + 

oy az ay az 

„ . ^df 2 df df 
Z3f=( X y-z) Tx +y - o ~+yz Tz 

is the other. 

The two reciprocal groups are naturally similar to each other; but it is to be ob- 
served that they are similar through a projective transformation, namely through 
every projective transformation which interchanges the two families of generatrices 
of the surface. 

97. 

We proceed to the general studies about reciprocal simply transitive groups. 

Let X\f, . . . ,X n f and Z\f, . . . ,Z n f be two simply transitive and reciprocal groups 
in the variables x\ , . . . ,x n . 

If n would be equal to 1, then the two groups would be identical to each other, 
as one easily convinces oneself; we therefore want to assume that n is larger than 1. 
Then the group Z\f, . . .,Z n f certainly contains subgroups. If Zi/, . . .,Z m f (m < n) 
is such a subgroup, then the m equations: 

Zi/ = 0, Z m f = 

form an /n-term complete system which, as it results from the identities: 



[X/,Zi]=0, [Xi,Z m ]=0 



(;=!•••«), 
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admits the group X\f, . . . ,X n f (cf. Chap.[8l Theorem 20, p. 1 1 5 1 b . Consequently, the 
group X\f,... ,X n f is imprimitive. 

If u\, . . .,u n - m are independent solutions of the complete system Z\f = 0, . . . , 
Zmf = 0, then according to Chap. [H Proposition 1, 11491 there are relations of the 
form: 

XjU v = (Oi V (ui, . . . ,u n - m ) (i=l— n; v = l — n-m), 

and hence (cf. p. 1 1 531) the oo"~ m m-times extended manifolds: 

wi = const., u n - m = const. 

are mutually permuted by the group X\f, . . . ,X r f. 
We therefore have the: 

Proposition 6. Every simply transitive group: X\f, ...,X n f in n > 1 variables: 
x\,...,x n is imprimitive; if ' Z\j ', . . .,Z n f is the associated reciprocal group and if 
Z\f,.. .,Z m f is an arbitrary subgroup of it with the invariants u\, ... , u n - m > then 
the m-term complete system Z\f = 0, . . . , Z m f = admits the group X\f,... ,X n f 
and the °°"~' n m-times extended manifolds: u\ = const., w„_ m = const, are 
mutually permuted by this group. 

The preceding proposition shows that every m-term subgroup of the group 
Z\f,...,Z n f provides a completely determined decomposition of the space 
xi, . . . ,x n in oo" _m m-times extended manifolds invariant by the group Xif 1 . . . ,X n f. 
Hence, if we imagine that all subgroups of the group Zt/, . . . ,Z n f are determined, 
and that all the associated invariants are computed, then we obtain infinitely 
many decompositions of the space invariant by the group X\f,... ,X n f. It can be 
proved that all existing invariant decompositions are found in this way, so that the 
Proposition 6 can be reversed. 

Indeed, let Y\f = 0, . . . , Y m f = be any m-term complete system which admits 
the group X\f, . . .,X n f, and let u\,. . .,u n - m be independent solutions of this com- 
plete system, so that the family of the oo"~ m m-times extended manifolds: 

= const., u n - m = const. 

represent a decomposition of the space x\ , . . . ,x n invariant by the group X\f,... ,X n f. 
We claim that the group Z\f, ...,Z n f contains a completely determined m-term 
subgroup which leaves individually invariant each one of these oo n ~ m manifolds; 
this is just the reversion of the Proposition 6. 

At first, we introduce the functions mi, ... , u n - m and m arbitrary mutually inde- 
pendent functions: vi, . . . , v m of the x that are also independent of u\ , . . . , u n - m as 
variables in our reciprocal groups, and we get: 

n-m m ^ y 

v=i du v * dv^ 
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and: 

n—m ^ j- m 

z kf= y z k u v ^ — h y z k v^^ — (*=i-n), 

where the X^v^, Z^m v an d Z^v^ are certain functions of the u and the v. Our claim 
now obviously amounts to the fact that m independent infinitesimal transforma- 
tions should be linearly deducible from Z\f, . . .,Z n f which should absolutely not 
transform u\,. . . , u n - m , hence in which the coefficients of dfj du\, . . . , dfj du n - m 
should all be zero. 

In order to be able to prove this, we must compute the coefficients of dfj du\, 

dfj du n -m in the general infinitesimal transformation Zf = e\ Z\f-\ h e n Z n f of 

the group Zif, ... ,Z n f. 

The infinitesimal transformation Zf is completely determined by the relations: 

Z 1 (Z(/))-Z(X 1 (/))=0, X n (Z(f))-Z(X n (f)) = 0. 

If we replace / in these equations by u v , we obtain the relations: 

X\(Zu v ) — Zcoiv = 0, . . . , X n (Zu v ) — Z(O nV = (v=l-n-m). 

Consequently, the functions Zui,.. .,Zu n - m are solutions of the differential equa- 
tions: 

ddhy 

(7) X kPv-L^ Pm=° (*=l~»;v=l~n-m), 

in which pi,... ,p n -m are to be seen as the unknown functions. 

If: 
(8) 

pi = \jf\(ui,. . .,u n - m , vi, . . . ,v m ), . . . , p„- m = yf n - m (u\, . . .,U n - m , Vl, . . . , v m ) 

is an arbitrary system of solutions to the differential equations (7), then all the n[n — 
m) expressions: 

vanish identically after the substitution: pi = \ff\, . . . , p n - m = y n -m- Hence if we 
interpret the equations (8) as a system of equations in the n + n — m variables: 
u\ , . . . , u n - m , vi, . . . , v m , Pi , . . . , pn-m, we realize immediately that this system of 
equations admits the n infinitesimal transformations: 

(9) U k f = X k f + n f {if If (*=i~.»). 

v fi I ~i ^ J dpv 

The converse is also clear: if one known an arbitrary system of equations of the 
form (8) which admits the infinitesimal transformations U\f,..., U n f, then one also 
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knows a system of solutions of the differential equations (7), since the functions 
y/i , . . . , \ir n - m are such a system. 

From this, it results that the determination of the most general system of solutions 
to the differential equations (7) amounts to determining, in the 2n — m variables u, 
v, p, the most general system of equations (8) that admits the infinitesimal transfor- 
mations U\f,..., U n f. 

Every system of equations which admits U\f,...,U n f also allows all the 
infinitesimal transformations [Uj, U k ]. By a calculation, we find: 



l-n-m / d 2 w d 2 \ df 

[U t ,U k ] = [Xi,X k ]+ £ (cOinj-^-CDknj-^- } Pn^~ 
fi^Tt V du^dUn du^dUn) dp v 

, '"f " / dOjy d(O k7t d(O kv d(Oi„ \ df 



or else, if written differently: 



du^ du v du^ du v J dp % 



l-n-m ^ 

[Ui,U k ] = [Xi,X k ]+ £ ^—(X,(o kv -X k (o lV )p^^-. 

jx.v dUfx op v 

Now, since X\f,... ,X n f generate a group, there exist relations of the form: 
[Xi,X k ] =Xi(X k (f)) -X k (Xi(f)) = £ c ika X a f, 

C7=l 

hence in particular, we have: 

Xi {X k Uy)—X k (Xi u v ) = Xi a kv — X k (Oi V 

n 

= £ c ika ®crv ? 
a=l 



and it comes: 



[Ui,u k }= £ c ika u a f. 

(J=l 



Consequently, the infinitesimal transformations U\f, . . . , U n f generate an n-term 
group in the 2n - m variables u\, ... , u n - m , v\, . . . , v m , pi,..., p n -m- 

Thus, the question at present is to determine the most general system of equa- 
tions of the form (8) that admits the group U\f,..., U n f. Since X\f, . . . ,X n f are 
linked together by no linear relation, not all n x n determinants of the matrix which 
is associated to U\f,..., U n f vanish, and likewise also, not all these determinants 
vanish by virtue of a system of equations of the form (8). It follows therefore from 
Chap.CQ] Theorem 42, p. 1243 1 that every system of equations of the form (8) which 
admits the group U\f,..., U n f is represented by relations between the solutions of 
the n-term complete system U\f = 0, . . . , U n f = 0. Now, this complete system pos- 
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sesses exactly n — m independent solutions, say: 

Wn(u\,. ..,U n - m , Vi,...,V m , pi,...,p n _ m ) (k=l-n-m) 

and to be precise, W\ , . . . , are mutually independent relatively to pi , . . . , p n -m, 
because the complete system is solvable with respect to the differential quotients 
df/du\, df/du n - m , df/dvi, df/dv m (cf. Chap. [51 Theorem 12, p. 11021) . 
From this, we conclude that the most general system of equations (8) that admits 
the group U\f,..., U n f can be given the form: 

*l C\ , . . . , x>j — m C n — m . 

where C\ , . . . , C n - m denote arbitrary constants. 

If we solve the system of equations just found with respect to pi , ... , p n -m, which 
is always possible, then we obtain the most general system of solutions to the differ- 
ential equations (7), hence we see that this most general system of solutions contains 
exactly n — m arbitrary, essential constants. Now, since the differential equations (7) 
are linear and homogeneous in the unknowns pi, . . . ,p n -m, the said most general 
system of solutions must receive the form: 

(10) p, = c[ rf } +c^ 2) + • • • +c' n _ m wt m) 

(H = l-n-m), 
where the n — m systems of functions: 

W\ ) ¥2 > •••) Wn-m (V = l-n-m) 

represent the same number n — m of linearly independent systems of solutions to 
the differential equations (7) that are free of arbitrary constants, and where the C' 
are arbitrary constants. Of course, the determinant of the y does not vanish, for the 
equations (10) must be solvable with respect to Cj, . . . ,C' n _ m . 

The functions: Zu\,. . .,Zu n - m are, according to p. 139 1 L solutions of the differen- 
tial equations (7), hence they have the form: 

Zw M = Ci V^ 1} + • • • + C„_ m (M = l -n-m). 

Here, the C v are constants about which we temporarily do not know anything more 
precise; it could still be thinkable that they are linked together by linear relations. 

From the values of the Zu^, it follows that the general infinitesimal transforma- 
tion Zf of the group: Z\f, . . .,Z n f can be given the following representation: 



l— n—m 



zf= £ c.vT^+Lz 



M,v ""v M= i 



Now, since the n — m expressions: 
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v=l du v 

represent independent infinitesimal transformations, then from Zif, ...,Z n f, one 
can obviously deduce linearly at least m, hence say exactly m + £, independent 
infinitesimal transformations in which the coefficients of df/du\, . . . , df/du n - m 
are equal to zero. These m + e infinitesimal transformations naturally generate an 
(m + e)-term subgroup of the group: Z\f , . . .,Z n f, and in fact, a subgroup which 
leaves fixed each one of the oo"~" 7 m-times extended manifolds u\ = const., . . . , 
Un-m = const. But this is only possible when the entire number e is equal to zero, 
since if £ would be > 0, the group Zif,.. .,Z n f could not be simply transitive. 

As a result, the claim made on p. 13901 is proved and we can therefore state the 
following proposition: 

Proposition 7. IfX\f, . . . ,X n f and Zif,..., Z n f are two reciprocal simply transitive 
groups in the n variables x\ , . . . ,x n , and if: 

u\ (x\, ... ,x„) = const., u n - m (xi, ... ,x n ) = const. 

is an arbitrary decomposition of the space xi,...,x n in oo n ~ m m-times extended 
manifolds that is invariant by the group X\f,... ,X n f, then the group Z\f ,. .. ,Z n f 
always contains an m-term subgroup which leaves individually fixed each one of 
these oo n ~ m manifolds. 

By combining this proposition with the Proposition 6, p. 13901 we obtain the: 

Theorem 69. If the n-term group X\f,..., X n f in the n variables xi,...,x n is simply 
transitive, then one finds all m-term complete systems that this groups admits, or, 
what is the same, all invariant decompositions of the space xi,...,x n in oo' 3 ~ m m- 
times extended manifolds, in the following way: One determines at first the simply 
transitive group: Z\f ,.. . ,Z n f which is reciprocal to X\f,.. . ,X n f and one sets up 
all m-term subgroups of the former; if, say: 

Z M / = g M iZi/H YgyLnZnf (jl = l-m) 

is one of the found subgroups, then the equations Z\f = Q, . . . , Z m f = repre- 
sent one of the sought complete systems and they determine a decomposition of the 
space x\,...,x n in oo n ~ m m-times extended manifolds that is invariant by the group 
Xif, . . . ,X n f; if, for each one of the found subgroups, one forms the m-term com- 
plete system which the subgroup provides, then one obtains all m-term complete 
systems that the group X\f, . . . ,X n f admits. If one undertakes the indicated study 
for each one of the numbers m = 1, 2, . . . ,n — 1, then one actually obtains all com- 
plete systems that the group X\f,... ,X n f admits, and therefore at the same time, all 
decompositions of the space xi,...,x n that are invariant by this group. 

The above theorem contains a solution to the problem of determining all possible 
ways in which a given simply transitive group can be imprimitive. 
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At present, let the equations: 

u\ = const., . . . , u n - m = const. 



again represent an arbitrary decomposition of the space x\,. . . ,x n in oo"~ m m-times 
extended manifolds invariant by the group Xif,...,X n f, so that hence, when 
«i, ... , u n - m , together with appropriate functions vi, . . . ,v m , are introduced as new 
variables, X\f, . . . ,X n f receive the form: 



n—m g y m 

%kf = 52 0) kv(ui : ...,U n - m )-^ h ^ %ku.( u li---i u n-miVl,... 

v=l M= i 

Here, not all [n — m) x (n — m) determinants of the matrix: 



3/ 



7 •'my -> 



«n1 



can vanish identically, since otherwise, X\f, . . . ,X n f would be linked together by 
a linear relation, which is contrary to the assumption. So, if by Wj, . . . , u®_ m , we 
understand a general system of values, then according to Chap. [T3l p. 12301 the group 
Xif,...,X n f contains exactly oo m_1 different infinitesimal transformations which 
leave invariant the system of equations: 



Un- 



naturally, these infinitesimal transformations then generate an /M-term subgroup, the 
most general subgroup of the group X\f,... ,X n f which leaves fixed the /n-times 
extended manifold u\ = «?, . . . , u n - m = «„_ m , or shortly M. 

On the other hand, the said m-times extended manifold M now admits also m 
independent infinitesimal transformations of the reciprocal group Z\f ',. .. ,Z n f, for 
according to Proposition 7, p. 13941 this group contains an /n-term subgroup which 
leaves individually fixed each one of the oo"~ ra manifolds: 



Mi = const., u n - m = const. 



In addition, it is clear that M cannot admit a larger subgroup of the group 
Zi/, . . . , Z n f, for «j, . . . , m°_„, is supposed to be a general system of values. 

From this, we see that M allows exactly m infinitesimal transformations both 
from the two reciprocal groups X\f,...,X n f and Zif, . . . ,Z n f, hence from each 
one, a completely determined m-term subgroup. 

We can make these two m-term subgroups visible by choosing an arbitrary system 
of values: Vj, . . . , in general position and by expanding the infinitesimal trans- 
formations of our two reciprocal groups in powers of: 

vi — Vj, . . . , v m — v® n . Indeed, if we disregard the terms of first order and of higher 
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order, then similarly as on p. 13861 we can replace the infinitesimal transformations: 
Xif, . . .,X n f by n transformations of the form: 

_ df df 
OU\ OUn-m 

_ df _ df 

X n — m +\f — l~ ' ' ' j • • • j X-nf — H " " " j 

OVi <JV m 

and we can also replace Zt/, . . .,Z n f by n transformations of the form: 

% f- df i 
a U\ ou n - m 

Dn—m+U -v ~r *'")••• ) JrcJ -> T ' " ' ■ 

<7V] <7V m 

Here, X n - m +if,...,Xnf are obviously independent infinitesimal transforma- 
tions which leave invariant the manifold: „_™, and 
3»-m+l/j • • • ;3n/ are independent infinitesimal transformations which do the 
same; thus, X n - m+ if,...,X n f and 3n-m+l/> • • • >3n/ are the two m-term sub- 
groups about which we have spoken just now. 

From this representation of the two subgroup, one can yet derive a few noticeable 
conclusions. 

Between X\f, . . . , X n f, there are relations of the form: 

/? 

[Xi, Xfc] = ^ CikyXyf, 

v=l 

and according to p. !386l sq.. between 3i/, ■ • • ,3; 3 /, there are the same relations: 

n 

[3i, 3d = 52 c *v3v/, 

v=l 

with the same constants C/jtv From this, it comes that the two subgroups: 
Xn-m+if, . . . , X n / and 3«-m+i/, • • • , 3n/ are equally composed. But it even comes 
more. Indeed, since the two groups: X\f, ...,X n f and: Z\f, ...,Z n f are related 
to each other in a holoedrically isomorphic way, when to every infinitesimal 
transformation: e\ X\f + ■ ■ ■ + e r X r f is associated the infinitesimal transfor- 
mation: e\ 3i/ + • • • + e r ~5 r f, and since through this association, the subgroup: 
X n - m +\f, . . . , X r f obviously corresponds to the subgroup: 3n-m+i/, • • • , 3r/> then 
it becomes evident that the two reciprocal groups can be related to each other in 
a holoedrically isomorphic way so that the two m-term subgroups which leave M 
invariant correspond to each other. 

If we summarize the results of the pp. 13951 sq.. we then have the: 

Proposition 8. If an m-times extended manifold of the space xi,...,x n admits 
exactly m independent infinitesimal transformations, and hence an m-term sub- 
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group, of a simply transitive group X\f,...,X n f of this space, then it admits at 
the same time exactly m independent infinitesimal transformations, and hence an 
m-term subgroup, of the simply transitive group: Z\f,.. ..Znf which is reciprocal 
to Xif 7 . . . ,X n f. The two m-term subgroups defined in this way are equally com- 
posed and it is possible to relate the two simply transitive reciprocal groups in a 
holoedrically isomorphic way so that these m-term subgroups correspond to each 
other. 

§ 98. 

The largest portion of the results of the preceding paragraph can be derived by 
means of simple conceptual considerations. We shall now undertake this, and at the 
same time, we shall yet gain a few further results. 

As up to now, let X\f,.. .,X n f and Z\f,.. .,Z n f be two reciprocal simply tran- 
sitive groups in the variables x\,...,x n ; moreover, let Z\f,... ,Z m f be again an ar- 
bitrary m-term subgroup of the group Z\f,.. .,Z n f and let ui, . . . , u n - m be its in- 
variants. Let the letter S be the general symbol of a transformation of the group 
Z\f,.. .,Z m f, and lastly, let T be an arbitrarily chosen transformation of the group 

X\f, ■ ••iXnf- 

Now, if P is any point of the space x\,...,x„, then: 

(P') = (P)S 

is the general symbol of a point on the manifold: 

u\ = const., . . . , u n - m = const. 

which passes through the point P. Furthermore, since the transformations S and T 
are mutually interchangeable, we have: 

(P')T = (P)ST = (P)TS, 

hence, if we denote by J7 the point (P) T, we have: 

(ii) (p')T = (n)s. 

Here, (IT) S is the general symbol of a point on the manifold: u v = const, passing 
though n. Consequently, our symbolic equation (11) says that the transformation T, 
hence actually every transformation of the group X\f,... ,X n f, permutes the oo n ~ m 
manifolds: u\ = const., . . . , u n - m = const., by transferring each one of these mani- 
folds to a manifold of the same family. 

As a result, the Proposition 6, p. 13901 is derived. 

But we can also prove the converse of this proposition by means of such concep- 
tual considerations. 

Let us imagine that an arbitrary decomposition of the space x\, . . . , x n in oo"~ m m- 
times extended manifolds invariant by the group X\f,... ,X n f is given, and let us as- 
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sume that M is one of these oo"~ m manifolds. By P and P', let us understand two ar- 
bitrary points of M, and by T, an arbitrary transformation of the group Xif, . . . ,X n f. 
By the execution of T, let the point P be transferred to 77, so we have: 

(n) = (P)T; 

on the other hand, there always is in the reciprocal group Z\f , . . . ,Z n f one, and also 
only one, transformation which transfers P to P': 

(P') = (P)S. 

Because of: 

(P)ST=(P)TS, 

we also have: 

(12) (P')T = (n)S. 

We must attempt to interpret this equation. 

To begin with, we assume that the point 77 also belongs to the manifold M. In 
this case, the transformation T has the property of leaving M invariant. Indeed, T 
permutes the mentioned oo' 1 m manifolds, but on the other hand, T transfers a point 
of M, namely P, to a point of M, namely the point 77; thus, T must transfer all 
points of M to points of M, hence it must leave M invariant. Now, since P' lies on 
M, then the point (P') T also belongs to the manifold M, and because of (12), the 
point (77) S too; but by appropriate choice of T, 77 can be an arbitrary point of M, 
hence the transformation S also transfers every point of M to a point of M, so that it 
also leaves invariant the manifold M. 

On the other hand, we can suppose that 77 is any point of an arbitrary other 
manifold amongst the oo n ~ m in question; if we make this assumption, then we im- 
mediately realize from (12) that S leaves at rest the concerned manifold. 

With these words, it is proved that the group Z\f,..., Z n f contains a transforma- 
tion, namely the transformation S, which leaves individually fixed each one of our 
oo" - '" manifolds. But there are evidently °o OT different such transformations, since af- 
ter fixing P, the point P' can yet be chosen inside M in oo'" different ways. However, 
there are no more than oo" 7 transformations of this sort in the group Z\f , . . . ,Z n f, be- 
cause this group is simply transitive; consequently, the oo" 7 existing transformations 
generate an m-term subgroup of the group Z\f, . . . , Z n f. 

As a result, the Proposition 7, p. 13941 is proved. 

Obviously, the manifold M admits, aside from the oo" ! transformations of the 
group Zif, . . . ,Z n f, also yet oo" ! transformations of the group X\f, . . .,X n f, which 
in turn form an m-term subgroup of this group. This is a result which is stated in 
Proposition 8, p. 13961 
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Something essentially new arises when the number m in the developments just 
conducted is chosen equal to n. Up to now, this case did not come into consideration, 
because to it, there corresponds no decomposition of the space x\, . . . ,x n . 

If m is equal to n, then the manifold M coincides with the space x\, . . . ,x n itself; 
hence P and P' are arbitrary points of the space, and by appropriate choice of P and 
P', S can be any transformation of the reciprocal group Zif, . . .,Z n f. 

If we choose P and P' fixed, the transformation S is completely determined; next, 
if T is an arbitrary transformation of the group X\f, . . . ,X n f, we have: 

(P)ST=(P)TS, 

or, because (P') = (P) S: 

(13) (P')T = (P)TS. 

Here, by an appropriate choice of the transformation T, the point (P) T can be 
brought to coincidence with any arbitrary point of the space x\,...,x n ; the same 
holds for the point (P r ) T. Consequently, thanks to the equation (13), we are in a 
position to indicate, for every point of the space, the new position that it 
gets by the transformation S; we need only to determine the transformation T of 
the group Xif, . . .,X n f which transfers P to ^3, hence which satisfies the symbolic 
equation: 

Then we have: 

whence: 

m=(p')j. 

Now, if we let the point *}3 take all possible positions, or, what is the same, if we 
set for T one after the other all transformations of the group X\f,... ,X n f, then we 
obtain that, to every point of the space x\,...,x„ is associated a completely deter- 
mined other point, hence we obtain a transformation of the space x\,...,x n , namely 
the transformation S. Lastly, if we yet choose the points P and P' in all possible 
ways, then we obviously obtain all transformations of the group Z\f, . . .,Z n f. 

Thus, we can say: 

If two points P and P' of the space x\,...,x n are transformed in cogredient way 
[in cogredienter Weise] by means of each one of the °° n transformations of a simply 
transitive group Xif,.. .,X n f, then the transformation which transfers each one of 
the °° n positions taken by P to the corresponding position of the point P' belongs 
to the group Zif, . . . ,Z n f reciprocal to the group X\f, . . . ,X n f. If one chooses the 
points P and P' in all possible ways, then one obtains all transformations of the 
group Zif,..., Z n f. 
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It goes without saying that here, the points P and P' are always to be understood 
as points in general position, or said more precisely, points which lie on no manifold 
invariant by the group X\f,... ,X n f. 

If one knows the finite equations of the group X\f, . . . ,X n f, then one can use the 
construction just found for the transformations of the group Z\f, . . . , Z n f in order to 
set up the finite equations of this group. 

Let: 

x 'i = fi{ x li ■ ■ ■ i x n, «b ■ • • )«n) (i=l-n) 

be the finite equations of the group X\f, ...,X n f. If one calls the coordinates of 
the point say x}, . . . ,x„, and those of the point P' say Wj, . . . , u®, then by the °o" 
transformations of the group X\f, . . .,X n f, P receives the oo" different positions: 

yi = fi( x i, ■ ■ ■ a x ,.. . ,a n ) {i=\-n) 

and P' receives the oo" positions: 

y'i = //(«!,..., M||,«i,...,a„) (i=l -n). 

Every system of values of the a provides positions for P and P' which correspond to 
each other; hence if we eliminate from the equations yi = fi(x , a) and y\ = a) 
the parameters a, we obtain the equations: 

(14) y. = fo(yi,...,y w ,x ( j ) ,...,x°, it}, ■■•,»!) (i=l-n) 

of a transformation of the group Z\f, . . . ,Z n f, namely the transformation which 
transfers the point P to P' . Lastly, if we let x\ , . . . ,x® and , . . . , m„ take all possible 
values, we obtain all transformations of the group Z\f, . . . , Z n f. 

In the equations (14) of the group Zi/, ...,Z n / just found, there appear 2n 
arbitrary parameters; however, this is only fictitious, only n of these parameters 
are essential. Indeed, one can obtain every individual transformation of the group 
Z\f, . . . , Z n f in oo" different ways, since one can always choose arbitrarily the point 
P, whereas the point P' is determined by the concerned transformation after the 
fixed choice of P. 

From this, it follows that one can also derive in this way all transformations of the 
group Zi/, . . . ,Z n f, by choosing the point P fixed once for all, and only by letting 
the point P' take all possible positions; that is to say, one can insert determined 
numbers for the quantities jq, . . . ,x„ and one only needs to interpret w}, . . . ; as 
arbitrary parameters. 

Thus, the following holds: 

Proposition 9. If the finite equations: 

x 'i = fi( x li- ■ -i x n, ax,.. .,a n ) (i=l-n) 

of a simply transitive n-term group of the space x\,. .. ,x n are presented, then one 
finds the equations of the reciprocal simply transitive group in the following way: 
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In the equations: 

Ji = /}(■*?> ■■■,x„,a 1 ,...,a n ) (i=i -n), 

one confers a fixed value to the x° and afterwards, one eliminates the n quantities 
fll, . . . , a n from these equations and from the equations: 

y'i = //("?,• •■,«?> a u ... 7 a n ) (i=i-n); 
z7ie resulting equations: 

y'i = $i(yiT--,yn,Xi,---,Xni »?>•••>»!!) (i=l-») 

vvzYn n arbitrary parameters are the equations of the reciprocal group. The as- 
sumption is that the x® are chosen so that the point %j, . . . /zes on no manifold 
which remains invariant by the group: x! i = f(x,a). 

§ 99. 

The Proposition 7, p. 13941 is a special case of a general proposition that also holds 
true for certain groups which are not simply transitive. We now want to derive this 
general proposition; on the occasion, we obtain at the same time a new proof for the 
Proposition 7. 

Let Xif, . . . ,X n f be an n-term group in the variables x\, . . . ,x n and let the number 
n be not larger than s. In addition, we make the assumption that X\f, . . . ,X n f are 
linked together by no linear relation of the form: 

Xi(x u ...,x s )X l f+--- + Xn(xi,...,x s )X n f = 0. 

The proposition to be proved amounts to the following: if one knows an arbitrary 
m-term complete system: 2)i/ = 0, . . . , 2) m / = that the group X\f, . . . ,X n f ad- 
mits, then one can always bring the complete system to a form: Y\f = 0, . . . , Y m f = 
such that the infinitesimal transformations Y\f,..., Y m f are all interchangeable with 
X\f, . . .,X n f, and that in the relations: 

m 

\ Y u Y k] = £ r ikv (x l ,...,x s )Y v f 

v=l 

which hold between Yif, . . .,Y m f, the T^ v are all solutions of the n-term complete 
system: X 1 f = 0,..., X n f = 0. 

In the special case s = n, where the group X\f, . . .,X n f is simply transitive, the 
infinitesimal transformations Y\f, . . . , Y m f obviously belong to the simply transitive 
group Zi/, . . . ,Z„/ reciprocal to X\f, . . . ,X n f; moreover, since the n-term complete 
system X\f = 0, . . . , X n f = possesses in this case no other solutions than / = 
const., the functions T^v are then plain constants so that Yif, . . .,Y m f generate an 
m-term subgroup of the group Z\f, . . . ,Z n f. We therefore have the Proposition 7, 

p.[39S 
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However, we deal at present with the general case. 
We therefore imagine that an m-term complete system: 

2)i/ = 0, 2J m / = 

is presented which admits the group X\f, . . . ,X n f, so that the Xf and 2)/ are linked 
together by relations of the form: 

m 

(15) [%)p,Xk] = E a Hkv(xu..-,X s )Z) v f (t=l-n; /i=l-») 

v=l 

(cf. Chap. [131 p. 12291). 

To begin with, we now attempt to determine m functions p\,...,p m of the x so 
that the infinitesimal transformation: 

m 

is interchangeable with all the n infinitesimal transformations X^f. We therefore 
have to satisfy the n equations: 

m m 

[x k , r] = £ x*p m %/+ £ PAi [x,, 2j M ] 
/i=i /i=i 

= L \ X kPfi~ L °WPv ^?) M /=0, 
/x=l L v=l J 

or, because 2Ji/, . . . , 2) m / cannot be linked together by linear relations, the follow- 
ing mn relations: 

in 

(16) X k p^- £ a vk ^p v = (k=l-n; M=l-m). 

v=l 

These are differential equations by means of which the p are to be determined. 
If: 

(17) pi =Pi(xi,...,x 5 ), p m = F m (xi,...,x i ) 

is a system of solutions of the differential equations (16), then the equations: 

in 

XkPpi- £ OCyk^pv = 

v=l 

are satisfied identically after the substitution: p\ = P\, . . . , p m = P m . Expressed 
differently: the system of equations (17) in the s + m variables x\ , . . . , x s , pi, . . . , p m 
admits the infinitesimal transformations: 
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m ( m 



Ukf = X k f+Y { V ^kfiPv]-^- (k=l-n). 
M =i I v =i J d Pn 

Conversely, if a system of equations of the form (17) admits the infinitesimal trans- 
formations ill/, • • • ,tt n f, then the functions P\,...,P m are obviously solutions of 
the differential equations (16). 

From this, we see that the integration of the differential equations (16) amounts to 
determining, in the s + m variables x, p, the most general system of equations (17), 
which admits the infinitesimal transformations iX\f, . . . 

The system of equations to be determined also admits the infinitesimal transfor- 
mations: [if/, life]. 

By calculation, we find: 

l-m 

[Hi, ii*] = [X t , X k ] + £ {Xj a vkll -X k avip } p v 



df 



+ £ { 



H,V,Tt °PV 

Here, in order to simplify the right-hand side, we form the Jacobi identity (cf. 
Chap. 151 p. [1051): 

[2) v , [X u X k ]] + [X h [X k , 2) v ] +] [X k , [2) v , Xi]] = 0, 

which, using (15), can be written as: 

m 

[2) v , [Xi,X k ]] = £ {[XJ, Oy^fQfJ] - [X k f, « V!M 2)m/]}, 

or: 

m 

[2) v , [X,-,**]] = £ {^a vfeM -X*a V!j[i }%/ 

1-/77 

II, K 

But now, X\f, . . . ,X n f generate an n-term group, whence: 

n 

[Xi,X k ] = £ CikoXof, 
a=l 

from which it follows: 

m ( n \ 

[2) v , [Xi,X k ]] = £ £ c ito a vaM 2) M /. 

jU=l ^CT=1 J 
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If we still take into account that 2)i/, . . . ,2) m / are linked together by no linear 
relations, we obtain: 

m 

%=\ 
n 

= ^ c ika QW/i- 

C7=l 

By inserting these values in the expression found above for [it;, ilfc], it comes: 

n 

= £ c ika iiaf, 

CT=1 

so ill/, ... , itn/ generate an n-term group in the s + m variables x, p . 

At present, the question is to determine the most general system of equations (17) 
which admits the n-term group Hi/, . . . ,it w /- 

Since X\f, . . .,X n f are linked together by no linear relation, not all n x n deter- 
minants vanish identically in the matrix associated to ill/, . . . ,il n /; but obviously, 
these n x n determinants cannot all be equal to zero, even by virtue of a system of 
equations of the form (17). Consequently, every system of equations of the form (17) 
which admits the group ill/, . . . ,it„/ is represented by relations between the solu- 
tions of the n-term complete system: ill/ = 0, . . . , il„/ = (cf. Chap. [TH Theo- 
rem 42, p. [243]). 

The n-term complete system ii\f = 0, . . . , il n f = possesses s + m — n indepen- 
dent solutions; s — n of these solutions can be chosen in such a way that they are 
free of the p and depend only upon the x, they are the independent solutions of the 
n-term complete system: X\f = 0, . . . , X n f = 0, and we can call them: 

t>i(xi,...,x s ), t> s - n (xi,...,x s ). 

Furthermore, let: 

Qi(ph---,Pm,xi,...,x s ), Q m (pi,...,p m , X\ , . . . , x s ) 

be m arbitrary mutually independent solutions of the complete system: ill/ = 0, 
. . . , ii n f = that are also independent of the o. 

Since the equations: il\f = 0, . . . , it,,/ = are solvable with respect to n of the 
differential quotients df/dx\, df/dx s , the s — n + m functions t)i, . . . , V s - n , 
^2l,...,^2 m must be mutually independent relatively to s — n of the variables 
x\ , . . . ,x s , and relatively to pi,...,p m . Consequently, Q\ , . . . , Q m are mutually 
independent relatively to pi, . . . , p m . 

k After these preparations, we can identify the most general system of equations 
which admits the group ill/, . . . ,il„/ and which can be given the form (17). 
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The concerned system of equations consists of m relations between Oi , . . . , t) s - n , 
Q\, . . .,Q m and is solvable with respect to pi,...,p m ; consequently, it is solvable 
with respect to Qi , . . . , Q m and has the form: 

(18) r2 M (pl,...,p m ,Xl,...,X )S ) =%(t>l(x), t> s - n (x)) (M = l -»»)> 

where the W are absolutely arbitrary functions of their arguments. If we solve this 
system of equations with respect to pi,.. .,p m , then for pi,.. . ,p m , we receive ex- 
pressions that represent the most general system of solutions to the differential equa- 
tions (16). 

Thus, the most general system of solutions (16) contains m arbitrary functions 
of t>i, .. . , X> s - n . Now, since the equations (16) in the unknowns pi,... ,p m are lin- 
ear and homogeneous, one can conclude that the most general system of solutions 
pi , . . . , p m to it can be deduced from m particular systems of solutions: 

P^\xi,...,X s ), P^\xi,...,X s ) (H = l-m) 

in the following way: 

(19 ) Pv = • • • , + • • • +Zm(t> i, . . . , D,_„)4' n) 

= l-m), 

where it is understood that the % are arbitrary functions of their arguments. Natu- 
rally, the m particular systems of solutions must be constituted in such a way that it 
is not possible to determine m functions y/i , . . . , yf m of Di, . . . , X) s -n sucn mat me m 
equations: 

m 

£ V^(tJi,...,D,_ n )P^ ; =0 (v=l-m) 
H=l 

are satisfied simultaneously. 

Lastly, it is still to be observed that the equations (19) are solvable with respect 

to %i,... ,X m , so that the determinant of the P^ does not vanish identically. In- 
deed, according to what precedes, one must be able to bring the equations (19) to 

the form (18), and this is obviously impossible when the determinant of the P^ 
vanishes. 

At present, we can write down the most general transformation: 

Yf= £ P M %/ 

which is interchangeable with Xif, . . . ,X n f (cf. above, p. 14021) . Its form is: 

m m 

Yf= £ ZvO>i,...,t>,-„) £ P [ ;\xi,...,x s )^^f, 

V=l \l=\ 



406 20 Transformations Which Are Interchangeable With All Transformations of a Group 

or: 

m 

Yf= £ Xv(t>h---,0s-n)Y v f, 
v=l 

if we set: 

m 

£ < ) 2) / x/ = y v/ (v=l-.m). 

Here obviously, Fi/, . . . , Y m f are all interchangeable with X\f,... ,X„f; further- 
more, the equations: Y\f = 0, . . . , Y m f = are equivalent to the equations: 2) if = 0, 
. . . , 2} m / = 0, and hence they in turn form an m-term complete system that admits 
the group X x f,...,X n f. 

As a consequence of that, between Y\f, . . . , y„,/, there are relations of the form: 

m 

[Y/ii Y v ] = £ Tfivx( x li ■ ■ ■ i x s) Y%f ■ 

7t=\ 

But from the Jacobi identity: 

[x k , [y M , y v ]] + [y MJ [f v , x*]] + [y v> r M ]] = o, 

in which the last two terms are identically zero, it results immediately: 

[x k , [r M ,y v ]]=o. 

We must therefore have: 

m 

£ Xfc Tj| V ;r Ft/ = 0, 

or, because Y\f, . . . , F OT / are linked together by no linear relation: 

XjtV» = ° (*=1-Ji), 

that is to say: the x^ V7l are all solutions of the complete system: X\f = 0, . . . , X n f = 
0, they are functions of t>i, . . . , t> s -n alone. 

The complete system: Y\f = 0, . . . , Y m f = possesses all the properties indicated 
on p 1401 1 we can therefore enunciate the statement: 

Theorem 70. If an m-term complete system: 2)i/ = 0, . . . , 2) m / = in the s vari- 
ables xi,..., x s admits the n-term group X\f,..., X n f and if this group is constituted 
in such a way that between X\f, . . . ,X n f, there is no linear relation of the form: 

Xl(xi,... ,x s )Xif+- ■■+Xn(xh--- ,x s )Xnf = 0, 

then it is possible to determine m 2 functions P„ (x\,...,x s ) with not identically 
vanishing determinant such that the m infinitesimal transformations: 
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m 

Y V f= £ < j (*!,..., X. v )2)m/ (v = l-m) 

are all interchangeable with X\f, ...,X n f. In turn, the equations: 2)i/ = 0, 
2)m/ = equivalent to Y\f = 0, . . . , Y m f = Oform an m-term complete system that 
admits the group X\f,.. .,X n f. Lastly, between Y\f,..., Y m f, there are relations of 
the specific form: 

m 
Tt=\ 

where t>i, . . . , bs-n are independent solutions of the n-term complete system: X\f = 

o,...,x n f = oB 



t During the summer semester 1887, in a lecture about the general theory of integration of the differential equations 
that admit a finite continuous group, LIE developed the Theorem 70 which comprises the Theorem 69 as a special 
case. 



Chapter 21 

The Group of Parameters 



If one executes three transformations of the space x\, . . . ,x n subsequently, say the 
following ones: 

{x'i = fi{x\,...,x n ) (i=l-n) 
x" = giix'i, ■ ■ ■ ,x' n ) (i=l-n) 
III 1 I II ll\ ,. , \ 

Xi =h i (x ll ... 1 X n ) (i = l-n), 

the one gets a new transformation: 

x" = (Oi(xi,...,x n ) (i=l-n) 

of the space x\, . . . ,jc„. 

The equations of the new transformation are obtained when the In variables: 
x' 1 , . . . ,xf n , xf{, . . . ix'l are eliminated from the 3n equations (1). Clearly, one can ex- 
ecute this elimination in two different ways, since one can begin either by taking 
away the x', or by taking away the x" . In the first case, one obtains firstly between 
the x and the x" the relations: 



x 



i=gi{Mx),...,f n (x)) (i=l-n) 



and afterwards, one has to insert these values of x'[, . . . in the equations: 



/// 7 I II ll\ ,. , , 

Xj =hj(x u ...,x n ) (i=l-n). 



In the second case, one obtains firstly between the x' and the x'" the relations: 

x" = hi{g\(x), ...,g n (x')) (i=l •..«), 

and then one has yet to replace the x' by their values: 

x?i = fi(x\,...,x n ) (i=l-n). 

The obvious observation that in both ways indicated above, one obtains in the two 
cases the same transformation as a final result receives a content [Inhalt] when one 
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interprets the transformation as an operation and when one applies the symbolism 
of substitution theory. 

For the three substitutions (1), we want to introduce the symbols: S, T, U one 
after the other, so that the transformation: 

x" = gi{fl(x), ...,/„(*)) (i=l-n) 
receives the symbol: ST, the transformation: 

x'/' = h l (g l (x'),...,g n (x')) (i=l-n), 

the symbol: TU and lastly, the transformation: x'(' = (Qi{x\, . . . ,x n ), the sym- 
bol: STU. We can then express the two ways of forming the transformation: 
x'!' = (Qi(xi, . . . ,x n ) discussed above by saying that this transformation is obtained 
both when one executes at first the transformation: ST and next the transformation 
U, and when one executes at first the transformation S, and next the transformation 
TU. 

Symbolically, these facts can be expressed by the equations: 
(2) (ST)U = S(TU)=STU, 

and its known that they say that the operations S, T, U satisfy the so-called associa- 
tive rule [associative Gesetz]. 
We can therefore say: 

The transformations of an n-tim.es extended space are operations for which the 
law of associativity holds true. 

At present, let us consider the specific case where S, T, U are arbitrary transfor- 
mations of an r-term group: 

*i = /K*l>-">*n, ai,...,a r ) (;=i ••■«). 

In this case, the transformations ST, TU and STU naturally belong also to the 
group in question. We now want to see what can be concluded from the validity of 
the associative law. 

§ 100. 

Let the transformations S, T, U of our group be: 

x i = fi( x l -i ■ ■ ■ i x m a \ -i ■ ■ ■ -i a r) 

T: x , ; = f{x\,...,x' n ,b l ,...,b r ) 
U '■ x'l' = fi(x{, . . . ,x n , ci, . . . ,c r ). 

For the transformation ST, there result from this in the known way equations of 
the form: 

x" = f{xi,...,x n , <Pi(a,6), q> r (a,b)), 
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where the functions (pi(a,b), . . . , <p r (a,b) are, according to Chap.0 p. [5(1 mutually 
independent both relatively to a\ , . . . , a r and relatively to b\ , . . . , b r . 
Furthermore, the equations of the transformation (ST) U are: 

(4) xf ' = fi(x\,...,Xn, q>i(<p(a,b),c), q>r(<p(a,b),c)). 
On the other hand, we have for the transformation T U the equations: 

X T = fi (4 > • • • > *k <Pi (b, c), . . . , (p r (b, c)) , 
hence for S (T U) the following ones: 

(4') x'(' = fi(x h ...,x n , (pi(a,(p(b,c)) } (p r (a,(p(b,c))). 

Now, it holds: (ST)U = S(TU), whence the two transformations (4) and (4') 
must be identical to each other; by comparison of the two parameters in the two 
transformations, we therefore obtain the following relations: 

<p k ((pi(a,b), (p r (a,b),ci,...,c r ) = (p k (ai, . . .,a n (pi(b,c), <p r (b,c)) 

(*=l-r), 

or more shortly: 

(5) (p k ((p(a,b),c) =(p k (a,(p(b,c)) (fe=l-r). 

Thus, the functions (f>\ , . . . , <p r must identically satisfy these relations for all values 
of the a, b, c. 

The equations (5) express the law of associativity for three arbitrary transfor- 
mations of the group x\ = fi(x,a). But they can yet be interpreted in another way; 
namely, they say that the equations: 

(6) a' k = (p k (a u ...,a r ,b l ,...,b r ) {k=l-r) 

in the variables a\,...,a r represent a group, and to be precise, a group with the r 
parameters b\ .... ,b r . 

Indeed, if we execute two transformations (6), say: 

a' k = (p k (ai,...,a r ,b h ...,b r ) 

and: 

a k = 9k(a'i,---,a' r ,c\,...,c r ) 
one after the other, we obtain the transformation: 

fljfc = <Pk{(Pi(a,b), (p r (a,b), ci,...,c r ) 
which, by virtue of (5), takes the shape: 
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a'l = (pk(ai,...,a r , q>i(b,c), <p r (b,c)), 

and hence belongs likewise to the transformations (6). As a result, our assertion is 
proved. 

We want to call the group: 
(6) a' k = (p k (ai,...,a r ,bi,...,b r ) {k=i-r) 

the parameter group [Parametergruppe] of the group x\ = f(x\ ,x n , a\, . . . , a r ). 

According to the already cited page [501 the equations a' h = (p k (a,b) are solvable 
with respect to the r parameters bi,...,b r : 

b k = \if k (a h ...,a r , a[,...,a' r ) (*=i-r). 

From this, we conclude that the parameter group is r-term, is transitive, and in fact, 
simply transitive. In addition, the equations (5) show that the parameter group is its 
own parameter group. 

We can therefore say in summary: 

Theorem 71. If the functions fi{x\, . . . ,x n , a\, . . . ,a r ) in the equations y! i = f(x,a) 
of an r-term group satisfy the functional equations: 

fi(f\{x,a), f n (x,a),bi,...,b r ) = f(x u . . . ,x n , <{>i(a,b), <p r (a,b)) 

('' = !•••«), 

then the r relations: 

a'j = q)i(ai,...,a r , b h ...,b r ) (i=l-r) 

determine an r-term group between the 2r variables a and a': the parameter group 
of the original group. This parameter group is simply transitive and is its own pa- 
rameter group. 

§ 101. 

If the r-term group: x\ = f(x\ , . . . ,x n , a\, . . . ,a r ) is generated by the r independent 
infinitesimal transformations: 

X kf=Y, %ki(.Xh ■ ■ ■ ,X n ) -r— (t=l.»r), 

/■=1 dxi 

then according to Chap. [9l p. 1 1 691 its transformations are ordered together as in- 
verses by pairs. Evidently, the transformations of the associated parameter group: 
a' k = (pk(a,b) are then also ordered together as inverses by pairs, whence accord- 
ing to Chap. [9l p. 11791 above, the parameter group contains exactly r independent 
infinitesimal transformations and is generated by them. 



§ 101. 
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We can also establish this important property of the parameter group in the fol- 
lowing way, where we find at the same time the infinitesimal transformations of this 
group. 

In the equations: x' i = fi(x\ , . . . ,x n , a\ , . . . , a r ), if the x\ are considered as functions 
of the x and of the a, then according to Theorem 3, p. [371 there are differential 
equations of the form: 



dx' - 

(7) ^ = £ ¥kj(ai , • • ■ , a r ) ^(x'j ,...,*£) 



(i=l-n:k=l-r) 



and they can also be written: 

r 

(V) %ji{x[ , . . . ,x' n ) = £ 0Cjk(ai ,---,a r 



k=l 



dx[ 
dak 



C/=l — r; ! = l-n). 



Here, according to the Chap. [31 Proposition I3.4[ p. [521 the and the GCjk are 
determined by the equations: 



%ji{ x li ■ ■ ■ i x n. 



dx'; 



dbi 



j J b=b° 



dak 



b=b° 



whose meaning has been explained in the place indicated. 

For the group a' k = (pk(a,b), one naturally obtains analogous differential equa- 
tions: 

da'- r 

^ = £ Wki{bu...,b r )Vji{a\,...,d r ) (i,k=l-r) 



in which the iffy have the same signification as in (7), while the 1/7 y ( -(a) are deter- 
mined by: 

dai 



dbj 



b=b° 



In consequence of that, the \j7 are the same functions of their arguments as the 
OCji; in correspondence to the formulas (7) and (7'), we therefore obtain the two 
following ones: 



(8) 

and: 
(8') 



da' 



L = E Vkj{b\ , • ■ ■ , b r ) (Zji(a[ ,...,<) 



db k j=1 



(i,k=l-r) 



a 



: ji (a' l ,...,a' r ) = £ a jk (bi, . . . ,b r 



k=l 



db k 



(y,/=i-r). 



Now, the group: x\ = f(x\, . . . ,x n , a\,...,a r ) contains the identity transformation 
and in fact, we can always suppose that the parameters a®,. . . ,a® of the identity 
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transformation lie in the region ((a)) defined on p. [2U According to p. [3^R the 
determinant: 

is then certainly different from zero. 

On the other hand, it is clear that, also in the family of the transformations: a' k = 
(p k (a,b), the identity transformation: a\ = a\, . . . , a' r = a r appears, and even, that 
the transformation: 

4= <Pk(Ph---,<h, a?,...,a°) {k=l-r) 

is the identity transformation. Thus, if we take into account the existence of the dif- 
ferential equations (8) and if we apply the Theorem 9, p. [801 we realize immediately 
that the family of the «/ transformations: a' k — (Pk(a, b) coincides with the family of 
the oo' _1 one-term groups: 

k=\ tl da i 

Consequently, the group: a' k = (p k (a,b) is generated by the r infinitesimal trans- 
formations: 

A kf = £ °fej( fl l»"-»«r)^— (k=l-r) 

Naturally, these infinitesimal transformations are independent of each other, since 
there exists between them absolutely no relation of the form: 

%\{a\, . . . ,a r )Ai/H h^ r («i,- • -,a r )A r f = 0, 

as we have already realized in Chap. [3l Theorem 3, p. [37} on the other hand, it can 
also be concluded from this that the parameter group is simply transitive (Theo- 
rem 71). 

In what precedes, we have not only proved that the group: a', = (p k (a,b) is gen- 
erated by infinitesimal transformations, but we have also found these infinitesimal 
transformations themselves. From this, we can immediately deduce a new important 
property of the group: a' k = (p k (a,b). 

The r infinitesimal transformations: X\f, . . .,X r f of the group: = fi(x,a) are 
linked together by relations of the form: 

r 

[Xh Xk] = J! c iksX s f, 

and according to Theorem 21, p. 11601 there are, between A\f, . . . ,A r f, relations of 
the same form: 



According to the footnote, this determinant is equal to (— l) r . 
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[A u A k ] = £ c iks A s f, 

s=l 

with the same constants c,-^- By applying the way of expressing introduced in 
Chap.Q/71 p.„and p. 1301 L we can hence state the following theorem: 

Theorem 72. Every r-term group: 

x 'i = fi(x\,...,x n , ai,...,a r ) {i=\-n) 

is equally composed with its parameter group: 

a'k = (Pk(ai,---,a r , h,...,b r ) (k=i-r), 

or, what is the same, it is holoedrically isomorphic to it. If the infinitesimal trans- 
formations of the group: x > i = f(x,a) satisfy the relations: 

ZjiiAi ■ ■ ■ :*n) = L a jk( a h---i a r)^- L (i=l-n; j=l-r), 

k=l da k 

then the r expressions: 

Ajf = £ a jk (a h ...,a r )-^- (j=i-r) 
k=i * 

represent r independent infinitesimal transformations of the parameter group^ 

§102. 
As usual, let: 

" df 
Xkf= 2l ^ki(xi,---,X n )^- (k=l-r) 



be independent infinitesimal transformations of an r-term group in the variables 

Xlf ■ ■ ■ fX n . 

Under the guidance of Chap.[9l p. II 67! and p. 1 1 681 one determines r independent 
infinitesimal transformations: 

- r df 

A k f= y a kj (a h ...,a r )^— (k=i-r) 

pi da j 
which are linked together by no linear relation of the form: 

%\{au ■ ■ .,a r )Aif-\ h^r(«l,- • -,a r )A r f = 0, 

but which stand pairwise in the relationships: 



t LIE, Gesellschaft d. W. zu Christiania 1884, no. 15. 
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[Ai,A k ] = £ c iks A s f; 

s=l 

in other words, one determines r independent infinitesimal transformations of 
any simply transitive r-term group which has the same composition as the group 
Xi/,...,Z r /. 

Afterwards, one selects any system of values: a\,...,a r in the neighbourhood 
of which the ce^-(ai, . . .,a r ) behave regularly and for which the determinant 
£ ± ceii ■ ■ • ceVr does not vanish, and then, relatively to this system of values, one 
determines the general solutions of the r-term complete system: 




= XU+A k f = 



(k=l-r) 

in the n + r variables: x[ , . . . , x! n , a\ , . . . , a r . 

Now, if F\ [x\ , . . . ,xf n , a\ , . . . , a r ), F n (xf, a) are the general solutions in ques- 
tion, one sets: 

Xi —Fi(x[,...,x n , ai,...,a r ) (i=i ■•■«); 

by resolution with respect to x 1 ^ . . . ,x! n , one obtains equations of the form: 

A = fi(xi, ■ . . ,x„, a\,...,a r ) (i=i-n) 

which, according to Theorem 23, p. 1 1 651 represent the finite transformations of an 
r-term group, namely of the group: X\f, . . .,X r f itself. 

In the mentioned theorem, we already observed that the equations: x\ = fi{x,a) 
can be brought to the form: 

A = Xi+ e kX k Xi + Y Y~2 XkX J Xi + " ' (i=l-n) 
k=l k, j 

after the introduction of new parameters, so that these equations represent the finite 
equations of the r-term group which is generated by the infinitesimal transforma- 
tions: Xif, ... ,X r f. _ _ 

It has no influence whether we choose the group A\f, . . . ,A r f or any other group 
amongst the infinitely many simply transitive groups which have the same compo- 
sition as the group X\f, . . . ,X r f, and it is completely indifferent whether we choose 
the system of values 5i, . . . ,a r or any other system of values: in the way indicated, 
we always obtain an analytic representation for the finite transformations of the 
group: Xif,...,X r f. 

We also made this remark already in Chap.O though naturally not with the same 
words. But at present, we have reached a point where we can see directly why one 
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always obtains the equations of the same group for various choices of the group: 
A\f, . . . ,A r f and of the systems of values: a\, . . . ,a r . 

Indeed, let: 

r df 
%kf = £ Ay(ai,...,Or)^- (k=l-r) 
j=l aa J 

be any other simply transitive group equally composed with the group: X\f, . . . ,X r f 
for which the relations: 

[%,Qi k ] = f^c iks %f 
s=l 

are identically satisfied, and moreover, let: cij, . . . , a° be any system of values in the 
neighbourhood of which all j3jy(a) behave regularly and for which the determinant 
£ ±/3n ■ ■ ■ /3, T does not vanish. 

Because the two groups: A\f, . . . ,A r f and 2li/, . . . ,2t r / are equally composed 
and are both simply transitive, then (Theorem 64, p. 13491 ) there are °° r different 
transformations: 

a k = A fc (ai,...,a,-, Ci,...,C r ) {k=\-r) 

which transfer 2ti/, . . . , to: A\f, . . . ,A r f, respectively. The equations of these 
transformations are solvable with respect to the arbitrary parameters: Ci, . . .,C r , so 
in particular, one can choose C\ , . . . , C r in such a way that the equations: 

ak = Aj k (o 1 ,...,o r ,Ci,...,C r ) (k=i-r) 

are satisfied. 

If: Cj , . . . , are the values of Ci , . . . , C r obtained in this way, and if one sets: 
Afc(ai,...,a r , cf,...,C r ) = ^(oi,...,a r ) (*=!•••'■), 
then the equations: 

(10) ajfc = ?Tjfc(ai,...,a r ) (*=i-r) 

represent a transformation which transfers . . . to: Ai/, . . . ,A r f, respec- 
tively, and which in addition transfers the system of values: Oj , . . . , to the system 
of values: a\, . . . ,a r . 

From this, it results that we obtain the general solutions of the complete system: 

(9') X k 'f+% k f = (*=l...r) 

relatively to: oi = a^, . . . , a r = a° when we make the substitution: a\ = 7Ti(a), . . . , 
a r = 7T, (a) in the general solutions: 

Fi(x[,...,x' n , a\,...,a r ) (i=l-n) 
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of the complete system (9). Therefore, if we had used, instead of the simply tran- 
sitive group: A\f, . . . ,A r f, the group: Qli/, . . . , Ql r f, and if we had used, instead of 
the system of values: a\, . . . ,a r , the system of values: aj, . . . , a^?, then instead of the 
equations: x! i = fi(xi, . . . ,x n , ai, . . . , a r ), we would have received the equations: 

A = fi(xi,...,Xn, Wl(tt), ...,7C r (a)) (t=l-n). 

But evidently, these equations are transferred to the former ones when the 
new parameters ai,...,a r are introduced in place of oi,...,a r by virtue of the 
equations (10). 

As in the paragraphs 100 and 101, p. 14101 sq., we want again to start with a 
determined form: 

xfi = fi(xi,...,x n , a h ...,a r ) (;=i-«) 

of the group: X\f, . . . ,X r f, and as before, we let a\, ... , cP r denote the parameters 
attached to the identity transformation: x\ = Xi. 

Then it is easy to identify the complete system, the integration of which conducts 
precisely to the equations: x\ = fi(x,a). 

The complete system in question has simply the form: 

X' k +A k f = (k=l-r), 

where, in the infinitesimal transformations: 

A kf = T. ctkMh ■■■,a r ) 3— (*=i ..•#•), 

the functions CCkj(a) are the same as in the differential equations (V). If: 

Fi(x[,...,x' n ,ai,...,a r ) (i=i-n) 

denote the general solutions to the complete system: X' k f +A k f = relatively to: 
a\ = a\, . . . , a r — a% then by resolution with respect to jcj, . . . ,x' n , the equations: 

xi = Fi{x\ , . . . ,x! n , ai, . . . ,a r ) (/= 1 -n) 

give the equations: x\ = fi(x,a) exactly. All of this follows from the developments 
of the Chaps. Sand rE 

We now apply these considerations to the parameter group associated to the 
group: x\ = fi(x,a), whose equations, according to p. 14 1 1 L have the form: 

a k = (p k (ai,...,a r , b\,...,b r ) (*=i-r) 
and whose identity transformation possesses the parameters: b\=a\, b r = cP r . 
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The complete system, through the introduction of which the equations: a' k = 
(pk(a, b) of the parameter group can be found, visibly reads: 

£ a kj {a' l ,...,a r )-j- r + £ a kj {b h ...,b r )-^j- = (k=i-r). 
i=\ aa j j= i db i 

If we determine the general solutions: 

Hj{a\,...,d r , bu...,b r ) C/=l-r) 

of this complete system relatively to: b k = a® and if we solve afterwards the equa- 
tions: 

aj=Hj(a' u ...,a' r , b 1 ,...,b r ) (j=l •••»•) 

with respect to a\, . . . , a' r , we obtain: a' k = (pt(a, b). 
Thus, the following holds: 

Theorem 73. If one knows the infinitesimal transformations: 

Akf= L a kj{ai,---,a r )— (k=i-r) 

of the parameter group of an r-term group and if one knows that the identity trans- 
formation of this group possesses the parameters: a®,..., a®, whence the identity 
transformation of the parameter group also possesses the parameters: a\,...,aj., 
then one finds the finite equations of the parameter group in the following way: One 
determines the general solutions of the complete system: 

7=1 j 7=1 J 

relatively to: b\ = a\, . . . ,b r = a r ; if: 

H j (a' i ,... J a' rJ bi,..., b r ) C/=i •••*•) 

are these general solutions, then one obtains the sought equations of the parameter 
group by solving the r equations: 

aj = Hj(a[,...,a' r , bi,...,b r ) (j=i -r) 

with respect to a[,..., a' r . 

If, in an r-term group x\ = f(x,a), one introduces new parameters a k in place 
of the a, then group receives a new form to which a new parameter group is also 
naturally associated. 

The connection between the new and the old parameter groups is very simple. 
Indeed, if the new parameters are determined by the equations: 
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«/ = A/(ai,...,a r ) u=i-r), 
then the new form of the group: x / j = fi(x,a) is the following one: 

xf t = fi(xi,...,x n , Ai(a), A r (a)) (i=i-»), 
and the new parameter group reads: 

A*(ai,...,e£) = <Pfc(Ai(a), A r (a), Ai(b), A r (b)) 

(fc=l-r) 

while the old one was a', = (pk(a,b). Consequently, the new one comes from the old 
one when by executing the substitution aj = Ay (a) both on the a and on the b, that 
is to say, by inserting, for the a', a, b, the following values: 

a'j = Ay(o'), a/ = A 7 (a), bj = Xj(b) (7=1 ■••!•) 

in the equations: = <Pk(a,b). 

§ 103. 

According to Theorem 72, p. |415[ every r-term group has the same composition 
as its parameter group, and consequently, the r-term group which have the same 
parameter group are equally composed with each other. 

Now, we claim that conversely, two equally composed r-term groups can always 
be brought, after the introduction of new parameters, to a form such that they two 
have the same parameter group. 

In order to prove this claim, we imagine that the infinitesimal transformations of 
the two groups are given; let the ones of the first group be: 

n 

X kf=Y, %ki(xh 
;=1 

and the ones of the other group be: 

m 

Y kf= £ %i(>i, 
M=l 

Since the two groups are equally composed, we can assume that the X^f and the 
Ykf are already chosen in such a way that, simultaneously with the relations: 

r 

[Xh Xk] = J! c iksX s f, 
s=\ 

the relations: 

[YuY k ] = j^c iks Y s f 

s=l 



df 

,X n )— (k=l-r), 



dxi 



(k=l-r). 
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hold. 

Lastly, we yet imagine that r independent infinitesimal transformations: 

A k f = V a kJ (ai,. ..,a r ) 3— (*=i~r) 
7=1 7 

are given which generate a simply transitive r-term group equally composed with 
these groups and which stand pairwise in the relationships: 

r 

[AuA k ] = £ c iks AJ. 

.5=1 

At present, we form the complete system: 

X' k f+A k f = ( k =l-r) 

and we determine its general solutions: 

Fi(x' u ...,x n ,au...,a r ) (i=l-«) 

relatively to an arbitrary system of values: a\ = a\, . . . , a r = cP r ; furthermore, we 
form the complete system: 

Ylf+A k f = (k=l-r) 

and we determine its general solutions: 

$n(yi,---,y'mi ai,...,a r ) (i=l-n) 

relatively to the same system of values: a k = a®. 

In addition, we yet solve the n equations: Xj = F^x'.a) with respect to x' v . . . ,x' n : 

(11) x*i = fi(xi,...,x n ,ai,...,a r ) (i=i ••■«), 

and likewise, the m equations: = ^(y', a) with respect to y[, . . . ,y' m : 

(11') = f M (yi,...,y m ,ai,...,a r ) (m=i-«). 

In whichever form the finite equations of the group: X\f,...,X r f are present, 
then obviously, they can be brought to the form (1 1) by introducing new parameters, 
and likewise, in whichever form the finite equations of the group: Yif,... ,Y r f are 
present, they can always be given the form (11') by introducing new parameters. 

But the Theorem 73 p. 14191 can be applied to the two groups (11) and (11'). In- 
deed, in the two groups, the identity transformation has the parameters: #1 , . . . , Cly 
and for the two groups, the associated parameter groups contain the r indepen- 
dent infinitesimal transformations: Aif, . . . ,A r f, and consequently, according to the 
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mentioned theorem, one can indicate for each one of the two groups the associated 
parameter group, and these parameter groups are the same for both of them. 
As a result, the claim stated above is proved. — 

Thus, it is at present established that two groups which have the same parameter 
group are equally composed, and on the other hand, that two groups that which are 
equally composed, can be brought, by introducing new parameters, to a form in 
which they two have the same parameter group. Thus, we can say: 

Theorem 74. Two r-term groups: 

x\ = fi(xi , . . . ,x n , fli, . . . , a r ) (i= l -n) 

and: 

y'n = gn(yi,---,ym, ai,...,Or) (ji = l-m) 

are equally composed if and only if it is possible to represent the parameters: 
Oi, . . . ,a r as independent functions of the a: 

*k = Xk(ai,.--,a r ) (k=i-r) 

in such a way that the parameter group of the group: 

coincides with the parameter group of the group: x\ = fj(x, a). 

It is particularly noticeable that our two equally composed groups: X\f, . . . ,X r f 
and: Yif,..., Y r f then have the same parameter group when one writes their finite 
equations under the canonical form: 

(12) x\ = Xi+j^ e k X kXi + £ j^X k XjXi + ■■■ (i=l-n) 

k=l kj 



and, respectively: 

r l-r 



(12') 3/ M =7m+ E I 77^ + - (H=l-m). 

k=\ k,j 

In fact, from the developments in Chap. HI Sect. 14.51 it follows that the equa- 
tions (11) receive the form (12) after the substitution: 



l-r 

a v = a° v +Y, e k [A k a v ] a=a() + 
v 1 - 5 ) k=l k,j 

(V = l-r) 



e k e ' 

v = «v + E^ [ A k a v] a=a o + £ [A k Aja v ] a=aQ + ■■■ 



and that the equations (11') are transferred to (12') by the same substitution. 
Now, since the equations (13) represent a transformation between the parameters: 
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a i , . . . , a r and e \ , . . . , e r and since the two groups (11) and (11') have their parameter 
group in common, it follows that one and the same parameter group is associated 
to the two groups (12) and (12'). 
Thus, the following holds: 

Proposition 1. If the r independent infinitesimal transformations: 

Xkf=2l^i(xi,---,x n )^- (k=l-r) 
i=l dXi 

stand pairwise in the relationships: 

[X u X k ] = j^c lks X s f 
and if on the other hand, the r independent infinitesimal transformations: 

Ykf= £ rj k p(y h ...,y m )-2— (k=i-r) 
stand pairwise in the same relationships: 

[Y i ,Y k ] = J £c lks Y s f, 
then the two equally composed groups: 

x i =*i+L e k X k*i + L ~Tl XkXjXi + " ' (*=l-») 
k=l kj 

and: 

y'pi =y^ + Y, e k y kyfi+ £ Y72 YkYjytl + '" (m=i-»o 

k=\ k, j 

possess one and the same parameter group. 

At present, we imagine that two arbitrary equally composed r-term groups: 
x'i = f(xu...,x n ,au...,a r ) (;=i-«) 

and: 

y'fi =ffi(yu--^ym,ai,...,a r ) (ji=i- m ) 

are presented which already have a form such that the parameter group for both is 
the same. 

Let the infinitesimal transformations of the parameter group in question be: 
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A kf = £ a kj(ai,...,Or)-^— (k=l-r) 
j=\ aa j 

and let them be linked together by the relations: 

r 

[A u A k ] = £ c iks A s f. 

s=\ 

According to p. 14131 x\, . . . ,x' n , when considered as functions of x\,...,x n , 
a\, . . . ,a r , satisfy certain differential equations of the form: 

r dxf- 
k=\ k 

Here, the ^//(V) are completely determined functions, because by resolution of the 
equations: x\ = fi(x,a), we get, say: X[ = Fj(x',a), whence it holds identically: 



k=\ 



dfi(x,a) 
da k 



. x=F(x' ,a) 



so that we can therefore find the £,ji{x!) without difficulty, when we want. 
According to Theorem 21, p. 11601 the r expressions: 

X*/=£ ^ki(xi,...,x n )^- (k=l-r) 
j=l ax i 

are independent infinitesimal transformations and they are linked together by the 
relations: 

;• 

[Xij-Xjfc] = ^ c iks%sf', 
s=\ 

naturally, they generate the group: x\ = f(x, a). 

For the group: y'^ = f^(y,a), there are in a corresponding way differential equa- 
tions of the form: 

' dy\ 

TljM, ■ ■ ■ M = L 0Cjk(ai,---,a r )-^- C/=l-r; fi = l-m), 

where the r\j^{y') are completely determined functions. The r expressions: 

m 3 r 

Y kf= £ nkn(yi, ■■■,y m ) 3— (k=i- r ) 

are independent infinitesimal transformations and they are linked together by the 
relations: 
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[Yi,Y k ] = j^c lks Y s f; 



s=l 



naturally, they generate the group: y'^ = f^(y,a). 

At present, exactly as on p. I422L we recognize that, after the substitution: 



a v = a° v + £ e k [ A ka v ] a = a o + --- (v=l-r), 
k=l 

the groups: x\ = fi(x, a) and: y'^ = f^iy, a) receive the forms: 

r 

A = x i + Y< e k X k*i H (»'= 1 -«) 

k=\ 

and, respectively: 

r 

y'n=yn + Y* e k Y ky^i + --- (m=i ■■■»*)• 

Therefore, we get the 

Proposition 2. If the two r-term groups: 

A = fi(x\, . . . ,x n , ai, . . . ,a r ) (i=l-n) 

and: 

y'n = fti(yi,--->ym,ai,...,a r ) (^=i-m) 

have the same parameter group, then it is possible to introduce, in place of the a, 
new parameters: e\ , . . . , e r so that the two groups receive the forms: 

r 

A = x i + Y< e k X k x i H ('=1 -«) 

k=\ 

and, respectively: 

r 

y'n=yn + Y, e k Y ky^i^ Qi = l-m); 

k=l 

here, X\f,.. .,X r f and Y\f,..., Y r f are independent infinitesimal transformations 
of the two groups such that, simultaneously with the relations: 

r 

[Xi, X k ] = ^ c jks X s f 

,v=l 

there hold the relations: 
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[Yi,Y k ] = Y,c iks Y s f, 

s=l 

so that the two groups are related to each other in a holoedrically isomorphic way 

when the infinitesimal transformation e\Y\f -\ \-e r Y,f is associated to every 

infinitesimal transformation: e\ X\f H V e r X, f. 

Now, about the two groups: x\ = f{x,a) and: y'^ = f^{y,a), we make the same 
assumptions as in Proposition 2; in addition, we want to assume yet that: a' k = 
<Pk(a, b) are the finite equations of their common parameter group. 

Under this assumption, the following obviously holds true of each one of the two 
groups: If two transformations of the group which have the parameters: a\,. ..,a r 
and: b\,...,b r , respectively, are executed one after the other, then the resulting 
transformation belongs to the group and it possesses the parameters: (p\(a,b), 
(p r (a,b). 

We can express this fact somehow differently if we mutually associate the trans- 
formations of the two groups in a way so that every transformation of the one group 
corresponds to the transformation of the other group which has the same parame- 
ters. Indeed, we can then say: if S is a transformation of the one group and if & is 
the corresponding transformation of the other group, and moreover, if T is a sec- 
ond transformation of the one group and if X the corresponding transformation of 
the other group, then the transformation ST of the one group corresponds to the 
transformation & X in the other group. 

Such a mutual association of the transformations of both groups is then, according 
to Theorem 74, p. 14221 always possible when and only when the two groups are 
equally composed. So we have the: 

Theorem 75. Two r-term groups are equally composed if and only if it is possible to 
relate the transformations of the one group to the transformations of the other group 
in a univalent invertible way so that the following holds true: If in the one group, 
one executes two transformations one after the other and if in the other group, one 
executes one after the other and in the same order the corresponding transforma- 
tions, then the transformation that one obtains in the one group corresponds to the 
transformation that one obtains in the other group^\ 

The above considerations provide a new important result when they are applied to 
the Proposition 1 , p. |423[ In order to be able to state this result under the most simple 
form, we remember two different things: firstly, that the two groups: X\f, . . . ,X r f 
and: Y\f, . . . , Y r f are related to each other in a holoedrically isomorphic way when to 
every infinitesimal transformation: e\X\f 'H \-e r X r f is associated the infinitesi- 
mal transformation: e\ Y\f-\ \-e r Y r f, and secondly, that the expression: e\X\f-\- 

Ye r X r f can also be interpreted as the symbol of a finite transformation of the 



t Cf. LIE, Archiv for Mathematik og Naturvidenskab 1876; Math. Ann. Vol. XXV, p. 77; G. d. W. zu Christiania, 
1884, no. 15. 
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group: Xif, ...,X r f (cf. Chap. [13 p. |30l]and Chap. dH p. (264]). By taking this into 
account, we can say: 

Proposition 3. Let the two equally composed r-term groups: 

X kf = £ &(xi,...,X n )-jr- (k=l-r) 
(=1 1 

and: 

Y kf= £ r] kfl (y h ...,y m ) 3— (*=i~r) 

be related to each other in a holoedrically isomorphic way when one associates to 
every infinitesimal transformation: e\X\f -\ \-e r X r f the infinitesimal transfor- 
mation: e\ Y\f-\ h e r Y r f so that, simultaneously with the relations: 

[X h X k ] = j^c lks X s f 

s=\ 

there hold the relations: 

[Yi,Y k ] = £c lks Y s f, 

.5=1 

Then, if one interprets the expressions: £ e k X k f and £ e k Y k f as the general sym- 
bols of the finite transformations of the two groups: X\f,... ,X r f and Y\f,..., Y r f, 
the following holds true: If the two transformations: Y, e kX k f and £ e' k X k f of the 
group: Xif, ...,X r f give, when executed one after the other, the transformation: 
£ e k X k f, then the two transformations: £ e k Y k f and £ e' k Y k f give the transforma- 
tion: £ e' k Y k f when executed one after the other. 

Thus, if one has related two equally composed r-term groups in a holoedrically 
isomorphic way in the sense of Chap. [FT} p. 13011 then at the same time thanks 
to this, one has established a univalent invertible relationship between the finite 
transformations of the two groups, as is written down in Theorem 75. 

But the converse also holds true: If one has produced a univalent invertible rela- 
tionship between the transformations of two r-term equally composed groups which 
has property written down in Theorem 75, then at the same time thanks to this, the 
two groups are related to each other in a holoedrically isomorphic way. 

In fact, let: x\ = f{x\, . . . ,x n , a\, . . . ,a r ) be the one group and let: y'^ = 
ffi(yi : ...,ym: ai,...,a r ) be the transformation of the other group that corre- 
sponds to the transformation: x J i = f(x,a). Then the two groups: x J i = fi(x,a) 
and y'^ = f^ l (y 1 a) obviously have one and the same parameter group and hence, 
according to Proposition 2, p. 14251 by introducing appropriate new parameters: 
e\,...,e r , they can be given the following forms: 

r 

A = x i + £ e k X k Xi + ■■■ (;'= 1 -n) 

k=l 
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and: 

r 

y'ii=yn + Y* e k y kyn + --- oi=i-m). 

k=\ 

From this, it results that the said univalent invertible relationship between the trans- 
formations of the two groups amounts to the fact that, to every finite transforma- 
tion: e\X\f -\ \-e r X r f of the one group is associated the finite transformation: 

e\Y\f -\ + e r Y r f of the other group. Therefore at the same time, to every in- 
finitesimal transformation: £ e^X^f is associated the infinitesimal transformation: 
H^kYkf, and as a result, according to Proposition 2, a holoedrically isomorphic 
relationship between the two groups is effectively established. 

In the theory of substitutions, one defines the holoedric isomorphism of two 
groups and the holoedrically isomorphic relationship between two groups dif- 
ferently than what we have done in Chap. [F7J There, one says that two groups 
with the same number of substitutions are "equally composed" or "holoedrically 
isomorphic" when one can produce, between the transformations of the two 
groups, a univalent invertible relationship which has the property written in the 
Theorem 75, p. 14261 if such a relationship between two holoedrically isomorphic 
groups is really established, then one says that the two groups are "related to each 
other in a holoedrically isomorphic way". 

But already on p. 1301 L we observed that materially [materiell], our definition 
of the concept in question corresponds precisely to the one which is usual in the 
theory of substitutions, as far as such a correspondence may in any case be possi- 
ble between domains so different as the theory of substitutions and the theory of 
transformation groups. 

Our last developments show that the claim made on p. 1301 l is correct. From Theo- 
rem 75, p. 14261 it results that two r-term groups which are holoedrically isomorphic 
in the sense of Chap. [FT} p. l301l must also be called holoedrically isomorphic in the 
sense of the theory of substitutions, and conversely. From Proposition 3, p. 14271 and 
from the remarks following, it is evident that two r-term groups which are related 
to each other in a holoedrically isomorphic way in the sense of Chap. \TJ\ p. 1301 L 
are also holoedrically isomorphic in the sense of substitution theory. 

It still remains to prove that our definition of the meroedric isomorphism (cf. Chap. [17] p. 130 1 1 ) 
also corresponds to the definition of meroedric isomorphism that is given by the theory of substitu- 
tions. 

Let X\f,... ,X r -qf, . . . ,X r f and Y\f, . . . , Y r - q f be two meroedrically isomorphic groups and let 
Xr-q+if, ■ ■ ■ ,X,-f be precisely the invariant subgroup of the r-term group which corresponds to the 
identity transformation of the (r — g)-term group. Lastly, let A\f, . . . ,A r /be a simply transitive group 
in the variables Q,\ j . . . , Q r which has the same composition as X\f, . . . ,X r f. Here, we want to assume 
that a i,... ,a r - c/ are solutions of the complete system: 

Ar- q +if - 0, ... , A r f = 0. 

After this choice of the variables, A if, . . . ,A r - q f possess the form: 
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r ~ ( i d f r d f 

Akf =Y, a ki(ai,...,a r - g )-= — h Pkj(ai,...,a r )-^— 

i=\ " a > j=r-q+l " a i 



(k=l-r-q), 

while A r _ q+ \f, . . . ,A r f have the form: 

- <5 f 

A kf = E Pkj(au---,a r )— (k=l-r-q+l). 

}=r-q+\ J 

At the same time, it is clear that the reduced infinitesimal transformations: 

A kf = Y. &ki {a \,...,a r - q ) 3— (k=l-r-q) 

generate a simply transitive group equally composed with the (r — g)-term group Yif, . . . ,Y r - q f. 

If one denotes by B^f, B^f the infinitesimal transformations A^f, A^f written down in the vari- 
ables b instead of the variables a, then according to earlier discussions, one finds the parameter group 
of the (r — g)-term group Y\f, ... , Y r - q f by integrating the complete system: 

A k f + B k f = (k=l-r-q), 

and also the parameter group of the r-term group X\f, . . . ,X r f by integrating the complete system: 

A k f + B k f = (k=l-r). 

If the equations of the parameter group associated with the (r — g)-term group obtained in this 
way are, say: 

a 'k = <Pk(ai,- ■ -,a r -q, b\,.. .,b r - q ) (k=i-r- q ), 

then it is clear that the parameter group associated with the r-term group is representable by equations 
of the form: 

a 'k = <Pk{a\, ■ ■ ■ ,a r -q,bi, . . . ,b r _ q ) (k=l-r-q) 
a t = \ifi(ai,...,a r ,bi,...,b r ) (W- 9 +i-r). 

From this, it follows that the groups X\f, . . . ,X r f and Y\f, . . . ,Y r - q f are meroedrically isomorphic 
in the sense of substitution theory. 

At present, we want to derive the result obtained just now yet in another way. However, we do not 
consider it to be necessary to conduct in details this second, in itself noticeable, method, because it 
presents great analogies with the preceding developments. 

We imagine that the transformation equations: 

x'i =fi(xi,...,x n ,ai,.. .,a r ) (i= 1 ■•■«) 

are presented, but we leave undecided whether the a are essential parameters or not. Now, if the fj 
satisfy differential equations of the form: 

d fi r 

= L Wkj{au ■ ■ -,a r ) %ji(fi , ■ ■ ■ ,fn) 

which can be resolved with respect to the £«: 
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g f. 

Zjiif) = L a Jk( a h- ■ -,a r ) 3- 1 , 
k=\ * 

then we realize easily (cf. Chap. @] Sect. 14.61 ) that every transformation: x\ = fi(x,a) whose param- 
eters a lie in a certain neighbourhood of a\,...,a r can be obtained by executing firstly the transfor- 
mation: Xi = fi(x, a), and then a certain transformation: 

x'j =Wi(xi,...,x„,Xi,.. . ,A,-) 

of a one-term group: 

Al Xif + ■ ■ ■ + X r X r f = £ A, £ §U to |^ ■ 

A-=l (=1 

In addition, we find that the concerned values of the parameters A only depend upon the form of the 
functions (Xj k (a), and on the two systems of values a k and a k as well. 
Under the assumptions made, when one sets: 

ia jk{ a)§t=A k f, |>to)g=4/, 

one now obtains (compare with the pages [T57l sq.) that relations of the form: 

r 

l x u x k\ = E ' & iks(x'i,---,x' n ,a h ...,a r )X' s f 

s=l 
r 

[Ai,A k ] = £ $ik s (x'i,---,x'„,a u ...,a r )A s f 

s=l 

hold, in which the are even independent of the x'. However, contrary to the earlier analogous 
developments, it cannot be proved now that in the two latter equations, the # can be set equal to 
absolute constants. But when we consider only the equations: 

it is clear that by particularizing the a, they provide relations of the form: 

[xix' k ] = j^c, k Xf 

1=1 

in which the Cj ks denote constants. Hence it is also sure under our present assumptions that all finite 

transformations A] X\f + h X r X r f form a group which possesses the same number of essential 

parameters as the family x\ = ft(x,a). 

On the other hand, let X[f, . . . ,X' r f denote r infinitesimal transformation that are not necessarily 
independent and which stand in the relationships: 

[Xl,X k ] = ic iks X^f; 

furthermore, let: 

' df 
A k f =Y<X ki (a u ...,a r )^- (k=l-r) 
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be r independent infinitesimal transformations of a simply transitive group whose composition is 
given by the equations: 

r 

[Ai,A k ] = £ c iks AJ. 

s=\ 

At present, we form the r-term complete system: 

X[f + A k f = (k=l-r), 

we compute its general solutions F\,...,F n relatively to a suitable system of values a\ = a®, . . ., 
a r = cP r and we set: x\ = F\ x n = F„. Afterwards, the equations resulting by resolution: 

x k = fk( x i,- ■ ■ , x n, a\, . . .,a r ) 

determine a family of at most °° r transformations which obviously comprises the identity transfor- 
mation x' k =x/ c . 

Now, by proceeding exactly as on p. 11631 we obtain at first the system of equations: 
and then from it, by resolution: 

dx 1 r 
aa^ j =1 

From this, we conclude: firstly, that the family x\ = fi(x,a) consists of the transformations of 
all one-term groups £ X^X^f, secondly, that all these transformations form a group with at most r 
essential parameters, and lastly thirdly that from the two transformations: 

A =fi(x,a), x'- =fj(x',b), 

a third transformation xf- = fi (x, c) comes into existence whose parameters: c\ = q>\ (a,b), . . . , c r = 
(p r (a,b) are determined by these two systems of values a k , bj and by the form of the functions a^(a). 

But with this, the result obtained earlier on is derived in a new manner, without that we need to 
enter further details. 

If a given r-term group X\f,... 1 X r - q f,...,X r f contains a known invariant subgroup, say 
Xr-q+if, ■ ■ ■ ,X r f, then at present, we can easily indicate a meroedrically isomorphic (r — g)-term 
group, the identity transformation of which corresponds to the said invariant subgroup (cf. p. 131 II 
footnote). In fact, one forms a simply transitive group Aif,...,A r - q f,...,A r f in the variables 
which is equally composed with the r-term group X\f , . . . ,X r f. At the same time, we can 
assume as earlier on that a\,... ,a r - 9 are invariants of the g-term group A r _ q+ \f, . . . ,A r f. Then if 
we again set: 

r—q -t r r -t r 

(k=\-r-q), 

then the reduced infinitesimal transformations: 

- rq d f 

Akf= V a ki (a u ...,a r - q )— (k=\-r-q) 

obviously generate an (r — ^)-term group having the constitution demanded. 
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In addition, it results from these developments that every proposition about the composition of 
(r — q)-term groups produces without effort a proposition about the composition of r-term groups 
with a q-term invariant subgroup. This general principle which has its analogue in the theory of 
substitutions will be exploited in the third volumeQ 

§ 104. 

In Chap. [T9l Proposition 3, p. I366L we gave a remarkable form to the criterion for 
the similarity of equally composed groups; namely, we showed that two equally 
composed groups in the same number of variables are similar to each other if and 
only if they can be related to each other in a holoedrically isomorphic, completely 
specific way. 

Already at that time, we announced that the criterion in question could yet be 
simplified in an essential way as soon as two concerned groups are transitive; we 
announced that the following theorem holds: 

Theorem 76. Two equally composed transitive groups: 

Xkf= £ 5b'(*l»---»*n)^— (*=1 •••!■) 

!=1 " Xi 

and: 

in the same number of variables are similar to each other if and only if the fol- 
lowing condition is satisfied: If one chooses a determined point Xj, . . . which 
lies on no manifold invariant by the group: Xif,... ,X r f, then it must be possible 
to relate the two groups one to another in a holoedrically isomorphic way so that 
the largest subgroup contained in the group: X\f, . . .,X r f which leaves invariant 
the point: x®, . . . ,jc„ corresponds to the largest subgroup of the group: Z\f,.. .,Z r f 
which leaves at rest a certain point: y\, . . . ,y^J3 

From Proposition 3, p. 13661 it is clear that this condition for the similarity of the 
two groups is necessary; hence we need only to prove that it is also sufficient. 

So, we imagine that the assumptions of the theorem are satisfied, namely we 
imagine that in the group: Zif, . . . ,Z r f, independent infinitesimal transforma- 
tions: Y\f, . . . , Y r f are chosen so that our two groups are related to each other in the 
holoedrically isomorphic way described in Theorem 76, when to every infinitesimal 

transformation: e\X\f -\ Ye r X r f is associated the infinitesimal transformation: 

e x Y x f+--- + e r Y r f. 

According to the developments of the preceding paragraph, by means of the con- 
cerned holoedrically isomorphic relationship, a univalent invertible relationship be- 
tween the finite transformations of the two groups is also produced. We can de- 

t Cf. LIE, Math. Ann. Vol. XXV, p. 137. 

t Cf. LIE, Archiv for Math, og Naturv. Christiania 1885, p. 388 and p. 389. 
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scribe the latter relationship simply by interpreting, in the known way, £ e^X^f and 
L ekYkf as symbols of the finite transformations of our groups and in addition, by 
denoting for convenience the finite transformation £ e^X^f shortly by: Ti e \, and as 
well, the transformation: £ e^Y^f shortly by: T( e ). 

Indeed, under these assumptions, the holoedrically isomorphic relationship be- 
tween our two groups associates the transformation %/ e \ to the transformation 7^, 
and conversely, and this association is constituted in such a way that the two trans- 
formations: Tr e \Tt e /\ and X( e )T( e /) are related to each other, where e\,...,e r and 
e'j, . . . , e' r denote completely arbitrary systems of values. 

The point: ;q,...,x„ remains invariant by exactly r — n independent infinitesi- 
mal transformations of the group X\f,... ,X r f, and consequently, it admits exactly 
oo r ~" different finite transformations of this group, transformations which form, as 
is known, an [r — n)-term subgroup. For the most general transformation Tu\ which 
leaves at rest the point: jcj, . . . ,jc„, we want to introduce the symbol: St ay a r - n )> or 
shortly: Sr a y, here, by a\,. . . ,a r - n we understand arbitrary parameters. 

We denote by &( ai Or-„)> or shortly by ©( a ), the transformations Zr e \ of the 
group: Zj/, . . . ,Z r f which are associated to the transformations S( a ) of the group: 
Xif, . . - ,X r f; under the assumptions made, the oo r ~ n transformations &r a \ then form 
the largest subgroup contained in the group: Z\f, . . .,Z r f which leaves invariant the 
point: y\,... , v^. This is the reason why the point: y\, . . . belongs to no manifold 
which remains invariant by the group: Z\j ', . . . ,Z r f. 

After these preparations, we conduct the following reflections. 

By execution of the transformation Ti e \ the point is transferred to the point: 
(pq) Tt e \, whose position naturally depends on the values of the parameters e\,...,e r . 
According to Chap.[[4l Proposition 1, p. 12341 this new point in turn admits exactly 
°° r ~ n transformations of the group: X\f,... ,X r f, namely all transformations of the 
form: 

with the r — n arbitrary parameters: a\ , . . . , a r - n . 

On the other hand, the point y® is transferred by the transformation %i e \ to the 
point: (v9)T( e ) which, naturally, admits exactly oo r ~" transformations of the group: 
Z\f, . . .,Z r f, namely all transformations of the form: 

S^) 6 ■ 

Now, this is visibly the transformations of the group: Z\f, . . .,Z r f which is as- 
sociated to the transformation: of the group: X\f, . . . ,X r f; so, we see 
that, by means of our holoedrically isomorphic relationship, exactly the same holds 
true for the points: (xf) Ti e \ and (y^)X( e ) as for the points: and y^; namely, to 
the largest subgroup contained in the group X\f,... ,X r f which leaves invariant the 
point: (x?) there corresponds the largest subgroup of the group: Z\f, . . .,Z r f by 
which the point: (y9) %>x remains fixed. 
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Now, we give to the parameters e\,...,e r in the transformations Tt e \ and T( e ) 
all possible values, gradually. Then because of the transitivity of the group: 
X\f,.. .,X r f, the point: (jc?) Ti e \ is transferred gradually to all points of the space 
x\,. ..,x n that lie on no invariant manifold, hence to all points in general position. 
At the same time, the point: (y?) 1( e ) is transferred to all points in general position 
in the space yi, ... ,y n . 

With these words, it is proved that the holoedrically isomorphic relationship be- 
tween our two groups possesses the properties put together in Proposition 3, p. 13661; 
consequently, according to that proposition, the group: X\f, . . .,X r f is similar to the 
group: Zt/, . . . ,Z r / and the correctness of the Theorem 76, p. |432| is established. 

Besides, for the proof of the Theorem 76, one does absolutely not need to go 
further back to the cited proposition. Rather, it can be directly concluded from the 
developments above that a transformation exists which transfers the infinitesimal 
transformations: X\f,.. .,X r f to Y\f, . . . , Y r f, respectively. 

We have seen that through our holoedrically isomorphic relationship, the point: 
(y°)T( e ) of the space yi,...,y« is associated to the point: (x^)T^ of the space 
x\,...,x n , and to be precise, in this way, a univalent invertible relationship is 
produced between the points of the two spaces in general position, inside a certain 
region. Now, if we interpret the X[ and the y, as point coordinates of one and the 
same n-times extended space: R n , and both with respect to the same system of 
coordinates, then there is a completely determined transformation T of the space 
R n which always transfers the points with the coordinates: (x®) Tr e \ to the point with 

the coordinates: (y| ) )T( e ). We will prove that this transformation T transfers the 
infinitesimal transformations: X\f, . . .,X r f to: Yif, . . . , Y r f, respectively, so that our 
two r-term groups are similar to each other precisely thanks to the transformation 
T. 

The transformation T satisfies all the infinitely many symbolic equations: 
(14) (^)r (e , ) T=(yO)T (e , ) , 

with the r arbitrary parameters e[ , . . . , e' n and it is even defined by these equations. 
From this, it results that T satisfies at the same time the symbolic equations: 

T (e>) T (e) T = (yi ) £(e') %)) 

whichever values the parameters e and e' may have. 

If we compare these equations with the equations (14) which we can obviously 
also write as: 

(*°)7V) = (y°)V) T ^ 

then we obtain: 

(yO)% ) T- 1 r (e) T=(yO)V ) T (e) , 

or, what is the same: 
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(15) (y®) T _1 7( e ) T X^j = (y®) 1( e /) . 

By appropriate choice of e[, . . . , the point: (y?) can be brought in coin- 
cidence with every point in general position in the R m , hence the equations (15) 
express that every transformation: 

(16) T-'^TT-j 

leaves fixed all points in general position in the R n . But obviously, this is possible 
only when all transformations (16) coincide with the identity transformation. 
With these words, it is proved that the following °° r symbolic equations hold: 

(IV) T-%)T = X (e) , 

hence that the transformation T transfers every transformation Tt e \ of the group: 
X\f, . . . ,X r f to the corresponding transformation %r e \ of the group: Z\f, . . .,Z r f. 

In other words, the expression: e\X\f -\ V e r X r f converts into the expression: 

e\ Y\f-\ \-e r Y r f after the execution of the transformation T, or, what is the same, 

the r infinitesimal transformations: X\f,... ,X r f are transferred, by the execution of 
T, to Yif, . . . , Y r f, respectively. 

Consequently, the two groups: X\f, . . . ,X r f and Z\f, . . .,Z r f are similar to each 
other and the Theorem 76, p. 14321 is at present proved, independently of the Propo- 
sition 3, p. 13661 

§ 105. 

In § 100, we saw that the same equations defined there: a', = <Pk(a, b) represented a 
group, and in fact, we realized that between the r functions <Pk(a,b), the r identities: 

(5) (pk((pi(a,b), <p r (a,b), a,...,c r ) = <p k (ai,. . . ,a r , q>\(b,c), . ..,<p r (b,c)) 

held true. 

Now, one convinces oneself in the same way that the equations: 

(18) a' k = (p k {b u ...,b r , a 1 ,...,a r ) (k=i-r) 

in the variables a also represent a group with the parameters b and to be precise, a 
simply transitive r-term group. 

At present, a few remarks about this new group. 

This group possesses the remarkable property that each one of its transformations 
is interchangeable with every transformation of the parameter group: a', = <p k (a,b). 
Indeed, if one executes at first the transformation (18) and then any transformation: 

a'k = !Pt(«'l)-> fl H ci,...,c r ) (k=l-r) 
of the parameter group: a' k = (pk(a, b), then one obtains the transformation: 
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a'l = (Pk{<Pi(b,a), ...,(p r (b,a), ci,...,c r 



) 



(k=l-r) 



which, because of the identities (5), can be brought to the form: 



a k = ( Pk{bi,...,b n q>i(a,c), qh(a,c)) 



(k=l-r). 



But this transformation can be obtained by executing at first the transformation: 



of the group (18). 

Thus, the group (18) is nothing else than the reciprocal simply transitive group 



associated to the parameter groupj; according to Theorem 68, p. 13871 it is equally 
composed with the parameter group, and even similar to it; besides, it is naturally 
also equally composed with the group: x' t = fi(x,a) itself. 



t The observation that the two groups (6) and (18) discussed in the text stand in a relationship such that the transfor- 
mations of the one are interchangeable with the transformations of the other, is due to ENGEL. 



a 'k= <P/t(«l,---,«r,Cl,...,C,- 



of the parameter group and then the transformation: 



a'k = ( Pk{b\,...,b n a' l ,...,a' r ) 



Chapter 22 

The Determination of All r-term Groups 



Already in Chap. [F71 p. I304L we have emphasized that every system of constants 
Ciks which satisfies the relations: 



(1) 



Ciks + C k is = 

r 

y. [pikv Cvjs J fC/ c j v C V i s + C jiy C vks) = 
v=l 

(i, k, j, s=l-r). 



represents a possible composition of r-term group and that there always are r-term 
groups whose composition is determined just by this system of c^ v . As we remarked 
at that time, the proof for this will be first provided in full generality in the sec- 
ond volume; there, we will imagine that an arbitrary system of having the said 
constitution is presented and we will prove that in order to find the infinitesimal 
transformations of an r-term group having the composition c,^, only the integration 
of simultaneous systems of ordinary differential equations is required in any case. 
The finite equations of this group can likewise be obtained by integrating ordinary 
differential equations, according to Chaps. 0] and [9j 

Now in the present chapter, we show two kinds of things: 

Firstly, we imagine that the finite equations: 

x 'i — fi{ x \i ■ ■ ■ i x ni a\,...,a r ) (i=l-») 

of an r-term group are presented and we show that by integrating simultaneous 
systems of ordinary differential equations, one can in every case find all r-term 
transitive groups which are equally composed with the group: x\ = fj(x,a). 

Secondly, we show that one can determine all intransitive r-term groups without 
integration as soon as one knows all transitive groups with r or less parameters. 

If we combine these results with what was said above and if we yet add that 
according to Theorem 53, p. 13071 the determination of all possible compositions of 
groups with given number of parameters requires only algebraic operations, then 
we immediately realize what follows: 
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If the number r is given, then, aside from executable operations, the determination 
of all r-term groups requires at most the integration of simultaneous systems of 
ordinary differential equations. 

Naturally, the question whether the integration of the appearing differential equa- 
tions is executable or not is of great importance. However, we can enter this ques- 
tion neither in this chapter, nor in the concerned place of the second volume, since 
the answer to this question presupposes the theory of integration which cannot be 
developed wholly in a work about transformation groups, and which would rather 
demand a separate treatment. 



In this paragraph, we put together various method for the determination of simply 
transitive groups, partly because these method will find applications in the sequel, 
partly because they are noticeable in themselves. 
At first, let the equations: 



of an r-term group be presented. We seek the finite equations of a simply transitive 
group which is equally composed with the presented group. 

According to Chap. |2H p. 14121 the parameter group of the group (2) is simply 
transitive and is equally composed with the group (2). Now, the finite equations: 



of this group can be found by means of executable operations, namely by resolving 
finite equations. Thus, we can set up the finite equations of one simply transitive 
group having the constitution demanded, namely just the said parameter group. 
We therefore have the: 

Theorem 77. If the finite equations of an r-term group are presented, then one can 
find the equations of an equally composed simply transitive group by means of exe- 
cutable operations. 

Obviously, together with this one simply transitive group, all other simply transi- 
tive groups which are equally composed with the group: x l i = f{x, a) are also given, 
for as a consequence of Theorem 64, p. I349L all these groups are similar to each 
other. 

On the other hand, we assume that not the finite equations, but instead only the 
infinitesimal transformations: 



§ 106. 



(2) 



Xj — fi{x\, . . . ,x n , a\, . . . ,a r ) 



a k = (p k (ai,...,a r ,bi,...,b r ) 



(k=l-r) 



X kf = %ki(.Xl,---,Xn) 



n 




(k=l-r) 



of an r-term group are presented, and we seek to determine the infinitesimal trans- 
formations of an equally composed simply transitive group. 
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Visibly, we have already solved this problem in Chap.[9l p. |167| and |168[ though 
it was interpreted differently there, because at that time, we did not have yet the 
concepts of simply transitive group and of being equally composed [Gleichzusam- 
mengesetztseins] . At present, we can state as follows our previous solution to the 
problem: 

Proposition 1. If the infinitesimal transformations: 

n df 

Xkf= ^ki(.Xl,...,X n ) (k=l-r) 

of an r-term group are presented, then one finds the infinitesimal transformations of 
an equally composed simply transitive group in the following way: One sets: 



X k -L$ki{Xl ,---,X n )—J^ (k=l-r) 
;=1 dX i 

(M = l,2-r-l), 

one forms the r infinitesimal transformations: 

W k f = X k f + X^f+- ■ • (*= 1 -r) 

and one determines rn — r arbitrary independent solutions: u\ , . . . , u nr - r of the r- 
term complete system: 

W = 0, W r f = 0; 

then one introduces u\ , . . . , u nr - r together with r appropriate functions: y\, . . . ,y r of 

the n r variables x- as new independent variables and in this way, one obtains the 
infinitesimal transformations: 

W k f = V T] k j(yi,...,y n U h ...,Unr~r)^— (k=\-r), 

Px dyj 

and if in addition one understands numerical constants by u®,... , w„ r _ r , then the r 
independent infinitesimal transformations: 

generate a simply transitive group equally composed with the group: X\f,... ,X r f. 
If: Xif, . . . ,X r f are linked together by the relations: 



[Xi, Xk] = J! c iksX s f, 



then the same relations hold between QUi/, . . . , 2U r /: 
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[m,m] = Y i c aa Wsf. 

5=1 

The process which is described in the above proposition requires the integration 
of ordinary differential equations, and naturally, this integration is not always exe- 
cutable. Theoretically, this is completely indifferent, since in the present chapter, we 
do not manage without integration. Nevertheless, in the developments of the next 
paragraph where the question is to really set up simply transitive groups, we will 
nowhere make use of the described process, and we will apply it only in one place, 
where it holds, in order to prove the existence of one simply transitive group with 
certain properties. 

Lastly, we still want to take up the standpoint where we imagine only that a 
composition of an r-term group is given, hence a system of cn s which satisfies the 
equations (1). We will show that it is at least in very many cases possible, by means 
of executable operations, to set up the finite equations of a simply transitive group 
of the composition c^ s . 

For this, we use the Theorem 52, p. 13041 According to it, the r infinitesimal 
transformations: 

l-r 

k, j 

stand pairwise in the relationships: 

;• 

[ E i, E k] = £ CnaE s f, 

.5=1 

hence they generate a linear homogeneous group in the variables: e\ , . . . , e r . This 
group is in particular r-term when not all r x r determinants vanish whose horizontal 
rows possess the form: 

\ c jlk c j2k ■■■ c jrk\ U,k= l-r) 

and it has then evidently the composition c^. 

Now, the finite equations of the group: E\f, . . .,E r f can be set up by means of 
executable operations (cf. p. 1282k hence when these r x r determinants are not all 
equal to zero, we can indicate the finite equations of an r-term group having the 
composition c^. But from this, it immediately follows (Theorem 77, p. 14381) that 
we can also indicate the finite equations of a simply transitive group having the 
composition c,^. 

With these words, we have gained the proposition standing next: 

Proposition 2. If a system of constants is presented which satisfies the equa- 
tions: 
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Ciks *T Cfci, 







(i) 



QjfcV C V /s + Ck jv c Vis + C j/v c Vifcs) — 



v=l 



V 



(i, k,j,s=\ — r) 



and which is constituted in such a way that not all rx r determinants vanish whose 
horizontal rows have the form: 



then by means of executable operations, one can always find the finite equations of 
a simply transitive group having the composition c^. 

Besides, the same can also be proved in a completely analogous way for other 
systems of c^ s , but we do not want to go further in that direction. Only a few more 
observations. 

If r infinitesimal transformations: X\f, . . . ,X r f are presented which generate an 
r-term group, then the system of which is associated to the group in question 
is given at the same time. Now, if this system of c,x v is constituted in such a way 
that not all determinants considered in Proposition 2 vanish, then visibly, the group: 
X\f, . . . ,X r f contains no excellent infinitesimal transformation (cf. p. 12841 ), hence 
we realize that the following holds: 

If r independent infinitesimal transformations: X\f,... ,X r f are presented which 
generate an r-term group, then when this group contains no excellent infinitesimal 
transformation, one can set up in every case, by means of executable operations, 
the finite equations of a simply transitive group which is equally composed with the 
group: Xif,...,X r f. 



At present, we tackle the first one of the two problems the solution of which we 
have promised in the introduction of the chapter. 

So, we imagine that the finite equations: 



of an r-term group are presented and we take up the problem of determining all 
transitive r-term groups which are equally composed with the presented group. 

When an r-term group F of any arbitrary space is transitive and has the same 
composition as the group: x J i = f(x,a), the same two properties evidently hold true 
for all groups of the same space that are similar to r. Hence, we classify the sought 
groups in classes by reckoning as belonging to one and the same class all groups of 
the demanded constitution which contain an equal number of parameter and which 
in addition are similar to each other. We call the totality of all groups which belong 
to such a class a type of transitive group of given composition. 



c jlk c j2k ■■■ C j r k 



U, *=1 -r), 
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(2) 



Xj — fi (x\ , . . . , Xfi) (X\ , . . . , Clf 
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This classification of the sought groups has the advantage that it is not necessary 
for us to really write down all the sought groups. Indeed, if one group of the consti- 
tution demanded is known, then at the same time, all groups similar to it are known, 
hence all groups which belong to the same type. Consequently, it suffices com- 
pletely that we enumerate how many different types there are of the sought groups 
and that we indicate for every individual type a representative, hence a group which 
belongs to the concerned type. 

In order to settle our problem, we take the following route: 

At first, we indicate a process which provides the transitive groups equally com- 
posed with the group: x / j = fi(x, a). Afterwards, we conduct the proof that, by means 
of this process, one can obtain every group having the concerned constitution, so 
that notably, one finds at least one representative for every type of such groups. 
Lastly, we give criteria to decide whether two different groups obtained by our pro- 
cess are similar to each other, or not, hence to decide whether they belong to the 
same type, or not. Thanks to this, we then become in a position to have a view of the 
existing mutually distinct types and at the same time, for each one of these types, to 
have a representative. 

This is the program that will be carried out in the sequel. 

Let: 

r fit 
Ykf=2L^kj(yh---,yr)^ L (*=l-r) 

be independent infinitesimal transformations of a simply transitive group which is 
equally composed with the group: x[ = fi(x, a). Moreover, let: 

be independent infinitesimal transformations of the associated reciprocal group 
which, according to Theorem 68, p. 13871 is simply transitive as well, and is equally 
composed with the group: x\ = f{x, a). 

Evidently, all these assumptions can be satisfied. For instance, two simply transi- 
tive groups having the constitution indicated are the parameter group of the group: 
x\ = fi(x, a) defined in the previous chapter: 

a' k = <p k (ai,...,a r ,bi,...,b r ) (*=i-r) 

and its reciprocal group: 

a' k = (p k (bi,...,b r , ai,...,a r ) (k=i-r) 

and the finite equations of both may even be set up by means of executable opera- 
tions. 
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After these preparations, we turn to the explanation of the process announced 
above which produces transitive groups that are equally composed with the group: 

x[ = fi(x,a). 

In Chap. [FTl p. I312[ we showed how every decomposition of the space invariant 
by a group can be used in order to set up an isomorphic group. We want to apply 
this to the group: Y\f, . . . , Y r f. 

On the basis of Theorem 69, p. I3941 we seek an arbitrary decomposition of the 
space yi,...,y r invariant by the group Y\f, . . . , Y r f. By means of algebraic opera- 
tions, we determine and m-term subgroup of the group: Zif, . . . ,Z r f. If: 

(3) Z M / = e Ml Z 1 /+--- + e Mr Z r / ( M =i-m) 

are independent infinitesimal transformations of this subgroup, we form the m-term 
complete system: 

Zi/ = 0, Z m f = 
and we compute, by integrating it, r — m arbitrary invariants: 

»i(yi>---»yr), ur-m(yi, ■ • • ,y r ) 

of the group: Z\f,..., Z m f. Then the equations: 

(4) ui (yi,..., y r ) = const., u r - m (yi,...,y r ) = const. 

determine a decomposition of the space y\, . . . ,y r in oo''~ m m-times extended mani- 
folds invariant by the group: Y\f, . . . , Y r f. 

Now, we introduce ui(y), . . . ,u r - m (y) together with m other appropriate func- 
tions: vi , . . . , v m of the y as new variables in Y\f, . . . , Y r f and we obtain: 

vf V W n ( \ d f m V ( \ d f 

*kJ = ]_ 0)kv{Ui,...,U r - m )^ h > Wkn(Ui,...,U r - m , Vi,...,V m J3 — 

v=i M fi 

(fc=l-r). 

From this, we lastly form the reduced infinitesimal transformations: 

r-m j- 
Ukf= Y. ®kv{ui,...,Ur- m )-= (k=\-r). 

According to Chap.[l7l Proposition 4, p. l314l they generate a group in the variables: 
u\ , . . . , u r - m which is isomorphic with the group: Yif, . . . , Y r f. 

If we had chosen, instead of m(y),. . . ,u r - m (y), any other independent invari- 
ants: u[(y),...,u' r _ m (y) of the group: Zi/, ...,Z m f, then in place of the group: 
U\f,..., U r f, we would have obtained another group in the variables u[ , . . . , u' r _ m , 
but this group would visibly be similar to the group: U\f, . . . ,U r f, because 
u[ (y) , . . . , u' r _ m (y) are independent functions of: u\ (y), . . . , u r - m (y) . If we would 
replace u\(y), . . . , u r - m (y) by the most general system of r — m independent invari- 
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ants of the group: Zif,..., Z m f, then we would obtain the most general group in 
r — m variables which is similar to the group: Uif,..., U r f. 

From the fact that the group: Yif, . . . ,Y r f is simply transitive, it follows, as we 
have observed already in Chap.[20l p. |395[ that not all (r — m) x (r — m) determinants 
of the matrix: 



vanish identically; expressed differently: it results that the group: U\f, . . . ,U r - m f 
in the r — m variables u is transitive. 

We therefore have a method for setting up transitive groups which are isomor- 
phic with the group: Yif, . . .,Y r f. However, this does not suffices, for we demand 
transitive groups that are equally composed with the group: Yif, . . . , Y r f, hence are 
holoedrically isomorphic to it. Thus, the group: Uif, . . . , U r f is useful for us only 
when it is r-term. Under which conditions is it so? 

Since the group: U\f, . . . ,U r f is transitive, it contains at least r — m essential 
parameters, hence it will in general contain exactly r — l essential parameters, where 
^ / ^ m. Then according to p. 13141 in the group: Y\f, . . . , Y r f, there are exactly / 
independent infinitesimal transformations which leave individually fixed each one 
of the oo r -' n manifolds (4), and these infinitesimal transformations generate an /- 
term invariant subgroup of the group: Y\f, . . . , Y r f. For reasons of brevity, we want 
to denote the concerned subgroup by g. 

If M is an arbitrary manifold amongst the generally located manifolds (4), then 

M admits exactly m independent infinitesimal transformations: e\ Y\f -\ Ye r Y r f 

which generate an m-term subgroup y of the group: Y\f, Y r f (cf. page !395l) . Nat- 
urally, the invariant subgroup g is contained in this group y. On the other hand, M 
admits exactly m independent infinitesimal transformations of the reciprocal group: 
Zi/, . . . ,Z,/, namely: Zr/, . . . , Z m f, which also generate an /n-term group. There- 
fore, according to Chap.|20l p. 13971 one can relate the two simply transitive groups: 
Y\f, . . . , Y r f and Zi/, . . . , Z r f to each other in a holoedrically isomorphic way so that 
the subgroup y corresponds to the subgroup: Zi/, . . . , Z m f. On the occasion, to the 
invariant subgroup g, there visibly corresponds an /-term invariant subgroup g' of 
the group: Zi/, . . . , Z r f, and in fact, g' is contained in the subgroup: Zi/, . . . , Z m f. 

We therefore see: when the group: Uif,..., U r f is exactly (r — /)-term, then the 
group: Zi/, . . . , Z m f contains an /-term subgroup g' which is invariant in the group: 



©11 (u) ■ 





z lf = hx\ Zi/+ • • • + h Xm Z m f 



(A=l-fj 



which is invariant in the group: Z\f, . . . ,Z r f, then the group: Uif, . . . , U r f can at 
most be (r — /)-term. 
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Indeed, under the assumptions just made, the / mutually independent equations: 

(5) Af = o, z;/ = o 

form an /-term complete system with r — l independent solutions: 

\]/i(y u ...,y r ), \ir r _i(yi,...,y r ). 
Furthermore, there are relations of the form: 

[Zk, Z' x ]=h kXl Z'j+--- + h m Z' l f 

(k=l-r; A = l-/) 

which express that the complete system (5) admits the group: Z\f, . . . ,Z r f. Conse- 
quently, the equations: 

(6) y/i(yi,...,y r ) = const., ^_/(yi,...,)/ r ) = const. 

represent a decomposition of the space y\ , . . . , y r invariant by the group Z\f,..., Z r f, 
and to be precise, a decomposition in °° r ~ l /-times extended manifolds. 

These °o r ~ l manifolds stand in a very simple relationship with respect to the oo r ~ m 
manifolds: 

(4) u\ (yi,..., y r ) = const., u r - m (y\, ... ,y r ) = const., 

namely each one of the manifolds (4) consists of oo m ~ l different manifolds (6). 
This follows without effort from the fact that . . . , u r - m (y), as solutions of the 
complete system: 

Z l f = 0, z m / = o, 

satisfy simultaneously the complete system (5), and can therefore be represented as 
functions of: Xf/i (y) , . . . , \y r _i (y) . 

Now, according to Chap. [2Ql p. I3941 the reciprocal group: Y\f, . . . , Y r f contains 
exactly / independent infinitesimal transformations which leave individually fixed 
each one of the °° r ~' manifolds (6), hence it obviously contains at least / indepen- 
dent infinitesimal transformations which leave individually fixed each one of the 
oo r -' n manifolds (4); but from this, it immediately follows that, under the assump- 
tion made, the group: U\f,..., U r f can be at most (r — l) -term, as we claimed above. 

Thanks to the preceding developments, it is proved that the group: U\f,..., U r f 
is (r — /)-term if and only if the group: Zi/, . . . , Z m f contains an /-term subgroup 
invariant in the group: Z\f, . . .,Z r f, but no larger subgroup of the same nature. In 
particular, the group: Uif,..., U r f is r-term if and only if the group: Zi/, . . . , Z m f 
contains, aside from the identity transformation, no subgroup invariant in the group 
Z\f,...,Z r f. Here, the word 'subgroup' is to be understood in its widest sense, 
so that one then also has to consider the group: Zi/, . . . , Z m f itself as a subgroup 
contained in it. 
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By summarizing the gained result, we can at present say: 

Theorem 78. If the two r-term groups: 

r 

7=1 

and: 

r 

z kf= Y, Ckj(yu 

are simply transitive and reciprocal to each other, if moreover: 

Z M / = e Ml Zi/+ • ■ ■ + e^Zrf (n =l-m) 

is an m-term subgroup of the group: Zif,.. ., Z r f, and if: 

u\{y\,...,y r ), u r - m (y h . . . ,y r ) 

are independent invariants of this subgroup, then the r infinitesimal transforma- 
tions: 

r—m ^ j- r—m ^ y 

Y Y k u v ^ — = V (D kv (u\,...,U r - m )^. — = U k f 
v=l ° u v v=l du v 

(k=l-r) 

in the r — m variables: u i , . . . , u r ~ m generate a transitive group, isomorphic with 
the group: Yif, . . . ,Y r f. This group is (r — I) -term when there is in the group: 
Z\f,...,Z m f an l-term subgroup, but no larger subgroup, which is invariant in 
the group: Z\f,.. .,Z r f. In particular, it is r-term and equally composed with the 
group: Yif, . . . , Y r f if and only if the group: Zr/, . . . , Z m f neither is invariant itself 
in the group: Z\f, ...,Z r f, nor contains, aside from the identity transformation, 
another subgroup invariant in the group: Z\f,..., Z r f. 

If one replaces u\(y), . . . ,u r - m (y) by the most general system: u[(y), . . . , u' r _ m {y) 
of r — m independent invariants of the group: Z\f, . . . , Z m f, then in place of the 
group: U\f,..., U r f, one obtains the most general group in r — m variables similar 
to it. In particular, if the group: U\f,..., U r f is r-term, then one obtains in this way 
the most general transitive group equally composed with the group: Y\f,.. .,Y r f 
that belongs to the same type as the group: Uif,..., U r f. 

In addition, from the developments used for the proof of this theorem, it yet 
results the following 

Proposition 3. lfY\f, . . . , Y r f and Zif,..., Z r f are two reciprocal simply transitive 
groups and if: Z\j ', . . .,Z[f is an invariant l-term subgroup of the second group, 
then the invariants of this l-term group can also be defined as the invariants of 
a certain l-term group which is contained as an invariant subgroup in the r-term 
group: Yif,...,Y r f. 



dyj 



(k=l-r) 



21 

d yj 



(*=!» -r) 
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Thanks to the Theorem 78, the first part of the program stated on p. I442I is set- 
tled, and we are in possession of a process which provides transitive groups equally 
composed with the group: x\ = fi(x, a) . We now come to the second part, namely to 
the proof that every group of this sort can be found thanks to our process. 

In r — m variables, let an arbitrary transitive group be presented which is equally 
composed with the group: = fi(x,a); let its infinitesimal transformations be: 

r-m £ y 

X k f = Tkvi.Zl,...,Z r -m)-K— (*=l~r) 
v=l ° z v 

At first, we prove that amongst the simply transitive groups of the same compo- 
sition, there is in any case one which can be obtained from the group: X\f, . . . , X r f 
in a way completely analogous to the way in which the group: U\f,..., U r f was 
obtained from the simply transitive group: Y\f, . . . , Y r f. 

To this end, under the guidance of Proposition 1 , p. 14391 we form, in the r(r — ni) 
variables: z, z^ l \ ■ ■ ■ , z^ r ^ l \ the r infinitesimal transformations: 

W k f = X k f + 4 1) f+---+4 r - 1) f (k=l-r). 

Now, if (pi , . . . , are [r — m)r — r = R independent solutions of the r-term complete 
system: 

(7) W l f = 0, W r f = 0, 

then we introduce them, together with z\ , ■ ■ ■ , z r - m an d yet together with m functions 
Zi,-..,Z m of the z, z^ l \ z^ -1 ^, as new variables. This is possible, since the 
equations (7) are solvable with respect to df/dzi, . . . , df/dz r - m because of the 
transitivity of the group: X\f, . . . , X r f, whence zi, ■ ■ ■ ,Z r - m are independent of the 
functions: <pi, . . . , <Pr. In the new variables, W\f, . . . , W r f receive the form: 



W k f = X k f + Y Wkn(zi,...,Z r -m,Zh...,Zm, <Pl, • • • » <Pr) 3= 



dz^. 



(*=l-r), 

and here, when we confer to the <p suitable fixed values <pj\ . . . , <pj^ and when we set: 

Wk(zi,..., Zr-m, Zl , ■ ■ ■ ,Z m , <Pl > • • • > <Pr) = w k( z l » ■ • • > z r-m, Zl,.--,Z m ), 

then: 

%Bkf = X k f+ Y w0 k LL(zi,---,Zr-m,Zl,...,Z m )^z- (k=l-r) 
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are independent infinitesimal transformations of a simply transitive group which is 
equally composed with the group: X\f, ...,X r f and therefore, also equally com- 
posed with the group: x\ = fi(x,a). 

With this, we have found a simply transitive group having the constitution indi- 
cated earlier on. 

Indeed, the equations: 

z\ = const., . . . , Zr-m = const. 

obviously determine a decomposition of the space: zi,...,z r _ m , zi,...,Zm m 
oo r ~ m m-times extended manifolds invariant by the group: QUr/, . . . ,QU r /. The 
group: X\f,..., X r f indicates in which way these co r ~ m manifolds are permuted 
by the group: QUi/, . . . ,2H r /. So, between the two groups: X\f,...,X r f and 
20i/, . . . ,QU,/, there is a relationship completely analogous to the one above 
between the two groups: U\f,..., U r f and Y\f, . . . , Y r f. 

At present, there is no difficulty to prove that the group: X\f, . . . , X r f is similar 
to one of the groups that we obtain when we apply the process described in Theo- 
rem 78, p. 14461 to two determined simply transitive reciprocal groups: Y\f, . . . , Y r f 
and Z\f, . . . , Z r f having the concerned composition. 

Let: Bi/, . . . , B r f be the simply transitive group reciprocal to: 2Ui/, . . . , %B r f. 
Naturally, this group is equally composed with the group: Z\f, . . .,Z r f and hence, 
also similar to it (cf. Chap.[l9l Theorem 64, p. 13491) . 

We want to assume that the transformation: 

™ (Zl =Zl(yi,...,y r ), Zr-m=Zr-m(yi,---,yr) 

\zi =zi(y\,...,y r ), z m = zm(yu---,y r ) 

transfers the group: Z\f,...,Z r f to the group: Bi/, . . . , B,-/. Then according to 
Chap. [201 P- 13881 through the same transformation, the group: Y\f,...,Y r f is 
transferred at the same time to the group: 2Ui/, . . . ,2U r /, hence by virtue of (8), 
there are relations of the form: 

Y k f=£l)kjV0jf (*=l...r), 

where the determinant of the constants fj£; does not vanish. But from these relations, 
the following relations immediately follow: 

r—m ~\ r r 

(9) £ ^Z v -^- = £ h^/ (*=!...,), 

V=l dZv ;=1 

and likewise, they hold identically by virtue of (8). 
This is the reason why the equations: 



ziiyi, . . . ,y r ) = const, z r _ m (yi, ... ,y r ) = const. 
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represent a decomposition of the space yi , . . . ,y r invariant by the group: Y\f, . . . , Y r f, 
or, what amount to the same, the reason why zi(y), ■ . . ,z r -m(y) are independent 
invariants of a completely determined m-term subgroup q of the group Zi/, . . . , Z r f. 
Consequently, we obtain the group: Xi/, . . . , X r f thanks to the process described in 
Theorem 78, p. !446l when we arrange ourselves as follows: As group: Zr/, . . . , Z m f, 
we choose the m-term subgroup g of the group: Z\f, . . .,Z r f just defined, and as 
functions: u\(y), . . . ,u r - m (y), we choose the just said invariants: zi(y), ■ ■ ■ ,z r _ OT (y) 
of the group g. Indeed, under these assumptions, the relations (9) hold true, in 
which the right-hand side expressions are independent infinitesimal transformations 
of the group: X\f, X r f. 

As a result, it is proved that, thanks to the process which is described in The- 
orem 78, p. I446I one can find every transitive group isomorphic with the group: 
x 'i = fi( x i a )- We can therefore enunciate the following theorem: 

Theorem 79. If the finite equations: 

x 'i — //( x l) • • • i x ni ai,---,d r ) (i=l— n) 

of an r-term group are presented, then one finds in the following way all transitive 
groups that are equally composed with this group: 

To begin with, one determines, which requires only executable operations, two 
r-term simply transitive groups: 

Y k f=Y< 1 lkj(yiT--,y r )^- (k=i~r) 

Px dyj 

and: 

;tl 

that are reciprocal to each other and are equally composed with the group pre- 
sented. Afterwards, by means of algebraic operations, one sets up all subgroups of 
the group: Zif,..., Z r f which neither are invariant in this group, nor contain, aside 
from the identity transformation, a subgroup invariant in the group: Zif,.. .,Z r f. 
Under the guidance of Theorem 78, each one of the found subgroups produces all 
transitive groups equally composed with the group: x\ = fi(x,a) that belong to a 
certain type. If one determines these groups for each one of the found subgroups, 
then one obtains all transitive groups that are equally composed with the group: 

x? = /;■(*, a)fl 

The second part of our program is now carried out, and we are in the position to 
identify all types of transitive groups equally composed with the group: x\ = fi(x, a) . 
Every subgroup of the group: Z\f, . . . ,Z r f which has the property mentioned in 



t LIE, Archiv for Math., Vol. 10, Christiania 1885, and Verh. der Gesellsch. d. W. zu Chr. a. 1884; Berichte der Kgl. 
Sachs. G. d. W., 1888. 



450 



22 The Determination of All r-term Groups 



the Theorem 79 provides us with such a type. It yet remains to decide when two 
different subgroups of the group: Z\f, . . .,Z r f produce different types, and when 
they produce the same type. 

Let the m independent infinitesimal transformations: 

r 

~L\if = H e ^iAf (H = l-m) 

k=l 

generate an m-term group which neither is invariant in the group: Z\f,.. .,Z r f, nor 
contains, aside from the identity transformation, another subgroup invariant in the 
group: Zif,...,Z r f. 
Let the functions: 

"lCvlv-OV), U r -m(yi, ■ • • tfr) 

be independent invariants of the group: Z\f,...,Z m f. Under these assumptions, 
according to Theorem 79, the group: 

r—m j- r—m ^ j- 

Ukf= Y. Y k u v ^ — = V CQkv (mi,..., u r - m ) 3 — (k=l-r) 
v=l du v v=l du v 

in the r — m variables: u\, . . . ,u r - m has the same composition as the group: x' t = 
fi(x, a) , and is in addition transitive, hence it is a representative of the type of groups 
which corresponds to the subgroup: Zi/, . . . , Z m f. 

If another subgroup of the group: Z\f, . . .,Z r f is supposed to provide the same 
type of group, then this subgroup must evidently be m-term, for it is only in this case 
that it can provide transitive groups in r — m variables that are equally composed 
with the group: x\ = fj(x,a). 

So, we assume that: 

3/x/ = t liAf (M = l-m) 

k=\ 

is another m-term subgroup of the group: Z\j ', . . . ,Z r f, and that this subgroup too 
neither is invariant in the group: Z\f, . . .,Z r f, nor contains, aside from the identity 
transformation, another subgroup invariant in the group: Z\f, . . . ,Z r f. Let indepen- 
dent invariants of the group: 3i/, • • • , 3m/ be: 

ui(yi,.--»yr), tir-m(yu---,yr)- 

Under these assumptions, the group: 

r—m ^ r r—m ^ r 

Ukf= Y. Y k U v ^—= y kv (Ui,...,U r - m )^— (k=l-r) 
v=l du v v=l du v 
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in the r — m variables: Ui , . . . , u r - m is transitive and has the same composition as the 
group: x! i = fi(x, a). 

The question whether the two subgroups: Zi/, . . . , Z m f and 3i/, • • ■ ,3m/ of the 
group: Zi/, ...,Z r / provide the same type of group, or not, can now obviously 
be expressed also as follows: Are the two groups: Uif, . . . , U r f and: Hi/, . . . ,il r / 
similar to each other, or not? 

The two groups about which it is at present question are transitive; the question 
whether they are similar, or not similar, can be decided on the basis of Theorem 76, 
p.132 

From this theorem, we see that the groups: U\f : . . . , U r f and: ill/, . . . ,il r / are 
similar to each other if and only if it is possible to relate them to each other in a 
holoedrically isomorphic way so that the following condition is satisfied: The most 
general subgroup of the group: U\f, . . . , U r f which leaves invariant an arbitrarily 
chosen, but determined, system of values: u\ = u\, . . . , u r - m = u®_ m in general 
position must correspond to the most general subgroup of the group: ilif, . . - ,!& r f 
which leaves invariant a certain system of values: ui = Uj, . . . , U r _ w = u®_ m in 
general position. 

Now, the groups: U\f, . . . , U r f and: Hi/, . . . ,il r / are, because of their derivation, 
both related to the group: Y\f, . . . , Y r f in a holoedrically isomorphic way, hence we 
can express the necessary and sufficient criterion for their similarity also obviously 
as follows: Similarity happens to hold when and only when it is possible to relate 
the group: Y\f,..., Y r f to itself in a holoedrically isomorphic way so that its largest 
subgroup G which fixes the manifold: 

(10) Mi(yi,...,)v) = !*}, u r - m (yi,...,y r ) = A-m 
corresponds to its largest subgroup 25 which fixes the manifold: 

(11) ui(yi,...,y r )=u5, u r - m (yi,...,y r ) = u° r _ m . 

The criterion found with these words can be brought to another remarkable form. 
In fact, we consider the group: Z\f, . . . ,Z r f reciprocal to the group: Y\f, . . . ,Y r f. 
In it, Zi/, . . . , Z m f is the largest subgroup which leaves invariant the manifold (10), 
and 3i/, • • ■ ,3m/ is the largest subgroup which leaves invariant the manifold (11). 
According to Chap. [2(3 Proposition 8, p. 13961 one can then relate the two groups: 
Y\f, . . .,Y r f and: Z\f, . . . ,Z r f in a holoedrically isomorphic way so that the sub- 
group G corresponds to the subgroup: Zi/, . . . , Z m /; but one can also related them 
together in a holoedrically isomorphic way so that the subgroup & corresponds to 
the subgroup: 3 1 /,•••, 3 m /- 

From this, it results that the group: Y\f,...,Y r f can be related to itself in a 
holoedrically isomorphic way as described just above if and only if it is possible to 
relate the group: Z\f \ . . . ,Z r f to itself in a holoedrically isomorphic way so that the 
subgroup: Zi/, . . . , Z m f corresponds to the subgroup: 3i/, ■ • -,3m/- 

We therefore have the: 
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Theorem 80. If the two r-term groups: 



r df 

and: 

7=1 ^ 
are simply transitive and reciprocal to each other, if moreover: 

r 

~Z-\if = Y £[ik Z kf (n = l-m) 

k=l 

and: 

r 

3/x/ = C fik Z kf (H = l-m) 

k=l 

are two m-term subgroups of the group: Z\f, ...,Z r f which both neither are 
invariant in this group, nor contain, aside from the identity transformation, 
another subgroup invariant in this group, and lastly, if: u\ (y), . . . ,u r - m (y) and: 
U\(y), . . . ,u r - m (y) are independent invariants of these two m-term subgroups, 
respectively, then the two transitive, both equally composed with the group 
Y\f,...,Y r f, groups: 

r—m ^ j- r—m ^ j- 
Ukf= T Y k U v - = Y Q^ v (Ml,...,M r _ m ) 3 (k=l-r) 

v=i du v ^ du v 

and: 

r—m ^ r r—m ^ r 

Ukf= y Y k U v ^—= y kv (Ui,...,U r - m )^— (k=l-r) 
v=l du v ~ du v 

are similar to each other if and only if it is possible to relate the group: Z\f,..., Z r f 
to itself in a holoedrically isomorphic way so that the subgroup: Zr/, . . . , Z m f cor- 
responds to the subgroup: 3i/, • • • , 3m/- 

Thanks to this theorem, the last part of the program stated on p. 14421 is now also 
settled. At present, we can decide whether two different subgroups of the group: 
Z\f, . . .,Z r f provide, or do not provide, different types of transitive groups equally 
composed with the group: x\ = f(x,a). Clearly, for that, only a research about the 
subgroups of the group Z\f, . . . ,Z r f is required, or, what is the same, about the 
subgroups of the group: x\ = fi(x, a). 

We recapitulate the necessary operations in a theorem: 

Theorem 81. If the finite equations, or the infinitesimal transformations of an r- 
term group T are presented, one can determine in the following way how many 
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different types of transitive groups having the same composition as F there are: 
One determines all m-term subgroups ofT, but one excludes those which either are 
invariant in F or do contain a subgroup invariant in F different from the identity 
transformation. One distributes the found m-term subgroups in classes by reckoning 
that two subgroups always belong to the same class when it is possible to relate F 
to itself in a holoedrically isomorphic way so that the two subgroups correspond 
to each other. To each class of m-term subgroups obtained in this way there corre- 
sponds a completely determined type of transitive groups inr — m variables equally 
composed with T; to different classes there correspond different types. If one un- 
dertakes this study for each one of the numbers: m = 0, 1 , 2, . . . , r — 1, then one can 
have a view [ubersehen] of all existing types. 

We yet observe what follows: The operations required in the Theorem 81 are all 
executable, even when the group F is not given, and when only its composition is 
given. Also in this case, only executable operations are then necessary. Since the 
number of the subgroups of F only depends upon arbitrary parameters, the number 
of existing types depends at most upon arbitrary parameters. In particular, there 
is only one single type of simply transitive groups which are equally composed 
with the group F. But this already results from the developments of the previous 
paragraph. 

By combining the two Theorems 81 and 78, we yet obtain the following: 
Theorem 82. If the finite equations: 

A = fi(*\ ,...,x n ,ai,...,a r ) (i= i •••«) 

of an r-term group are presented, then the determination of all equally composed 
transitive groups requires in all cases, while disregarding executable operations, 
only the integration of simultaneous systems of ordinary differential equations^ 

If one wants to list all r-term transitive groups in n variables, then one determines 
all compositions of r-term groups and one then seeks, for each composition, the 
associated types of transitive groups in n variables. For given r (and n), all these 
types decompose in a bounded number of kinds [Gattung] so that the types of a 
kind have the same analytic representation. However, the analytic expressions for 
all types of a kind contain certain parameters the number of which we can always 
imagine to be lowered down to a minimum. That such parameters occur stems from 
two different facts: firstly, from the fact that, to a given r > 2, an unbounded number 
of different compositions is associated; secondly from the fact that in general, a 
given r-term group contains an unbounded number of subgroups which produce 
nothing but different types. We do not consider it to be appropriate here to pursue 
these considerations further. 

§ 108. 

Once again, we move back to the standpoint we took on p. !450l sq. 

t Cf. LIE, Math. Annalen Vol. XVI, p. 528. 
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We had used two m-term subgroups: Z\f,...,Z m f and: 3i/, •••,3m/ of me 
group: Zi/, . . . ,Z r / in order to produce transitive groups equally composed with 
the group: Yif, ...,Y r f, and we have found the two groups: C/i/, . . . , U r f and: 
ill/, • • • i&rf- At present, the question arises: under which conditions are these two 
group similar to each other? 

We have answered this question at that time, when we based ourselves on the 
Theorem 76, p. I4321 and in this way, we have obtained the Theorem 80, p. I45U At 
present, we want to take up again the question and to attempt to answer it without 
using the Theorem 76. 

Evidently, we are close to presume that the groups: U\f,..., U r f and: Hi/, ... , ii r f 
are in any case similar to each other when there is a transformation: 

(12) y k = Q k (y h ...,y r ) (k=l-r) 

which converts the subgroup: Z\f, . . . , Z m f into the subgroup: 3i/, •••,3m/ and 
which transfers at the same time the group: Z\f, . . .,Z r f into itself. We will show 
that this presumption corresponds to the truth. 

Thus, let (12) be a transformation which possesses the indicated properties. 
Through this transformation, the invariants of the group: Zi/, ...,Z m / are obvi- 
ously transferred to the invariants of the group: 3l/, •••,3w/> hence we have by 
virtue of (12): 

Uv(yi,." Jr) =Zv{ui(y), "r-m(y)) (V = l-r-m), 

where the functions: %\, . . . , Xr-m are absolutely determined and are mutually inde- 
pendent relatively to: u\ (y), . . . , u r - m (y) . On the other hand, according to Chap.l20l 
p. 13881 through the transformation (12), not only the group: Z\f,... ,Z r f is trans- 
ferred into itself, but also its reciprocal group: Y\f, . . . , Y r f, so we have: 

r df — r 

where the are constants, the determinant of which does not vanish. 

Now, if we set for /, in the equations just written, an arbitrary function F of: 
«i(y), . . . ,u r - m (y), or, what is the same, a function of: Ui(y), . . . , u r _ w (y), it then 
comes: 

r—m r r—m 

Y k F= £ 0jfcv(ui,...,U r _ OT )-5 — =Y* hk J H %v(«l,---,«r-/n)-5 — • 
v=l du v j=i v =l dUv 

In other words, the two groups: U\f, . . . , U r f and: iX\f, . . . ,11,-/ are similar to each 
other: obviously: 



(13) 



U V = Xv{u\,...,U r - m ) 



(v=l — r— m) 
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is a transformation which transfers the one group to the other. 
As a result, the presumption enunciated above is proved. 

But it can be proved that the converse also holds true: When the two groups: 
U\f,...,U r f and: ill/, . . . ,ii r f are similar to each other, then there always is 
a transformation which transfers the subgroup: Zi/, ...,Z m / to the subgroup: 
3i/, ■ • -,3m/ an d which transfers at the same time the group: Z\f, . . . ,Z r f to itself. 

Thus, let the two groups: U k f and: il k f be similar to each other and let: 

(14) U v = y/ v (u\,...,U r - m ) (v=l-r-m) 

be a transformation which transfers the one group to the other, so that we have: 

(15) ^kf=t 5 kj u jf= U kf (* =1 -)- 

Here, by 8 k j, it is to be understood constants the determinant of which does not 
vanish. If ill/, . . . ,il r / are linked together by relations of the form: 

r 

[Ui.Hjt] = £ c iks ii s f, 
then naturally, U[f, . . . , U' r f are linked together by the relations: 

[U' h U' k ] = j^c iks U'j. 

s=l 

Above, we have seen that every transformation (12) which leaves invariant the 
group: Z\f, . . .,Z r f and which transfers the subgroup of the Z^f to the subgroup 
of the 3^i/ provides a completely determined transformation (13) which transfers 
the group of the U k f to the group of the ii^f. Under the present assumptions, we 
already know a transformation which accomplishes the latter transfer, namely the 
transformation (14). Therefore, we attempt to determine a transformation: 

(16) y k = O k (y u ...,y r ) (*=i-r) 

which leaves invariant the group: Z\f ',. . . ,Z r f, which converts the subgroup: 
Zi/, ...,Z m / into the subgroup: 3i/, •••,3m/ an d lastly, which provides exactly 
the transformation (14). 

It is clear that every transformation (16) of the kind demanded must be constituted 
in such a way that its equations embrace the r — m mutually independent equations: 

(14') u v (y 1 ,...J r ) = \l/ v (u 1 (y),... : u r - m (y)) (v=i~r-m). 

If it satisfies this condition, and in addition, if it yet leaves invariant the group: 
Zif, . . . ,Z r f, then it satisfies all our demands. Indeed, on the first hand, it trans- 
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fers the invariants of the group: Zif,...,Z m f to the invariants of the group: 
3i/, • • • , 3m/, whence it converts the first one of these two groups into the second 
one, and on the other hand, it visibly produces the transformation (14) by virtue of 
which the two groups: U\f,..., U r f and SXif, . . . ,il r f are similar to each other. 

But now, whether we require of the transformation (16) that it leaves invariant the 
group: Zi/, . . . , Z r f, or whether we require that it transfers the group: Y\f, . . . , Y r f 
into itself, this obviously is completely indifferent. We can therefore interpret our 
problem as follows: 

To seek a transformation (16) which leaves invariant the group: Y\f, . . . , Y r f and 
which is constituted in such a way that its equations embrace the equations (14'). 

For the sake of simplification, we introduce new variables. 

We choose m arbitrary mutually independent functions: vi(y), . . ■,v m (y) that 
are also independent of: u\(y), . . . ,u r - m (y), and moreover, we choose m arbitrary 
mutually independent functions: t>i(y),. . . ,X) m (y) that are also independent of 
ui (y) , . . • , u r - m (y) . We introduce the functions :m(y),...,u r - m (y),vi(y),...,v m (y) 
as new variables in place of: y\,...,y r and the functions: Ui(y), . . . ,u r _ w (y), 
f l (y) , ■ ■ ■ , W (y) in place of : y 1 , . . . ,y r . 

In the new variables, the sought transformation (16) necessarily receives the form: 



where it is already taken account of the fact that the present equations must comprise 
the equations (14). 

But what do we have in place of the requirement that the transformation (16) 
should leave invariant the group: Y\f, . . . , Y r fl 

Clearly, in the new variables: u\,..., u r - m , vi , . . . , v m , the group: Y\f, . . . , Y r f re- 
ceives the form: 

m d f 
U kf+Y, Wkn(ui,...,U r -m,Vl,...,V m )-= = U k f + V k f (*=l~r). 



On the other hand, after the introduction of Ui , . . . , u r - m , u i , . . . , 0„ 7 , the infinitesimal 
transformations: 



(16') 




E nkj{y 



r 




(k=l-r) 



are transferred to: 



in 



t>i,. 



df 



ttkf + K k f 



(k=l~r). 
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Consequently, we must require of the transformation (16') that it transfers the group: 
U\f + Vif, U r f + V r f to the group: Hi/ + Q3i/, . . . , it r / + W r f; we must at- 
tempt to determine the functions: W\,...,W m accordingly. 

As the equation (15) show, the r independent infinitesimal transformations: 

7=1 7=1 

are transferred by the transformation: 

(14) U v = \lf v (ui,...,U r - m ) (y=\-r-m) 

to the transformations: 

respectively. Hence, if a transformation of the form (16') is supposed to convert 
the group of the U k f + V k f to the group of the ii^f + %3 k f, then through it, the r 
independent infinitesimal transformations: 

I dviUjf+Vjf), .... t 5 rj(Ujf + Vjf) 

.7=1 7=1 

are transferred to: 

U1/ + QJ1/, U r f + W r f. 

This condition is necessary, and simultaneously also sufficient. 

Thanks to the same considerations as in Chap. [191 p. 13441 sq., we now recognize 
that every transformation (16') having the constitution demanded can also be de- 
fined as a system of equations in the 2r variables u, v, u, t) which possesses the 
form: 



(16') 



U v = y/ v (ui, . . . ,U r - m ) (V=l -r-m) 

0^ = l f / M (wi,...,W r _ OT , Vl,...,V m ) (M = l-m), 

which admits the r-term group: 

W k f = !d k f+X k f+Y,8 kj (Ujf+Vjf) (k=i-r) 

7=1 

and which is solvable with respect to u\ , . . . , u r - m , v\ , . . . , v m . 
According to our assumption, the system of equations: 

(14) U V = \lf v (ui,...,U r - m ) (v=l-r-m) 

represents a transformation which transfers the r independent infinitesimal transfor- 
mations: 
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Y, 5 kjUjf (*=l-»r) 
7=1 

to: ill/, ■ • • ,ilr/, respectively, whence it admits the r-term group: 

;=i 

and consequently, also the group: W\f, . . . , W r f. 

We can therefore use the developments of Chap. [141 pp. !239lT242l in order to find 
a system of equations (16') having the constitution demanded. 

To begin with, from W\f, . . . , W r f, we form certain reduced infinitesimal trans- 
formations: 2Ui/, . . . ,2Ur/ by leaving out all terms with the differential quotients: 
df/dui, df '/dur-m an d by making the substitution: Ui = Xf/i («),... , u r _ m = 
tyr-m{u) in all the terms remaining. If this substitution is indicated by the sign: [ ], 
then the 2U^/ read as follows: 

m ^ r r 

2ff*/= £ [tt)jt M (ui,...,u r _„,Oi,...,t) m ] --^-+^ SkjiUjf+Vjf), 
m=i ;=i 

or, more shortly: 

2H,/= [%/] + StjiUjf+Vjf) (k=i-r). 

7=1 

Naturally, QUi/, . . . ,2U r / generate a group in the r + m variables t>i,...,t) m , 
Ml , . . . , M r -m 5 V] , . . . , v m and in our case, a group which is evidently r-term. 
At present, we determine in the t), u, v a system of equations of the form: 

(17) Qfi = t Fn(ui,...,U r - m , Vi,...,V m ) (M = l-m) 

which admits the group: QUi/, . . . ,2U r / and which is solvable with respect to 
vi, . . . , v m . Lastly, when we add this system to the equations (14), we then obtain 
a system of equations of the form (16') which possesses the properties explained 
above. 

Since the r-term group: 

£ 8 kj (Ujf+Vjf) k I-,- 

7=1 

is simply transitive, then in the matrix which can be formed with the coefficients 
of 2Ui/, . . . , W r f, it is certain that not all r x r determinants vanish identically, and 
they can even less vanish all by virtue of a system of equations of the form (17). 
Consequently, every system of equations of the form (17) which admits the group: 
2Ui/, . . . , %Xl r f can be represented by m independent relations between m arbitrary 
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independent solutions of the r-term complete system: 

(is) m/ = o, W r f=0 

in the r + m variables t)i , . . . , t) m , u\ , . . . , u r - m , v\, . . . , v m . 

The equations (18) are obviously solvable with respect to: df/du\, 
df/du r - m , df/dvi, . . . , df/dv m ; on the other hand, they are also solvable with 
respect to: df/du\, df/du r - m , df/di>i, df/dv m , because if we introduce 
the new variables: u\ , . . . , u r - m , t>i , . . . , t) m in place of Ui , . . . , u r _ w , 1 , . . . , t> m by 
means of the equations: 

(14) U M = (mi,..., Ur-m) (M = l-r-m) 

in the r infinitesimal transformations: 

then we obtain the infinitesimal transformations: 

£ 5^- (t=l-..r) 
7=1 

which in turn generate therefore a simply transitive group in the variables: 

U\ , ... , U r — m , , . . . , U m . 

Consequently, if: 

••-,*>»») Ul,...,U r - m , Vl,...,V m ) (fl = l-m) 

are m arbitrary independent solutions of the complete system (18), then these 
solutions are mutually independent both relatively to t>i , . . . , t) m and relatively to 
vi, . . . ,v m (cf. Theorem 12, p. 1 1021) . 

From this, it results that the most general system of equations of the form (17) 
which can be resolved with respect to v\,...,v m and which admits the group: 
QUi/, . . . , W r f can be obtained by solving the m equations: 

(19) P/i(t>l,...,t» m , U\,...,U r - m , Vl,...,V m ) =COnSt. (/i = l-m) 

with respect to t>i , . . . , t3 w . 

At present, we can immediately indicate a transformation, and in fact the most 
general transformation (16'), which transfers the infinitesimal transformations: 

tSlj(Uj + Vjf), t d rj( U jf + V jf) 

to the infinitesimal transformations: 

Ulf + ZSlf, ...,ttrf + W r f, 
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respectively; this transformation is simply represented by the equations (14) 
and (19) together. Lastly, if we introduce again the variables: yi , . . . , y r , y-^ , . . . , y r 
in (14) and in (19), we obtain a transformation which leaves invariant the group: 
Y\f, . . .,Y r f and whose equations embrace the equations (14'); in other words, we 
obtain a transformation which leaves the group: Zj/, . . . ,Z r f invariant and which 
transfers the subgroup: Zi/, . . . , Z m f to the subgroup: 3i/, • • -,3m/- 

With these words, it is proved that there always exists a transformations hav- 
ing the constitution just described, as soon as the two groups: Uif, . . . ,U r f and 
ill/, • • • i&rf are similar to each other. But since the similarity of the two groups 
follows from the existence of such a transformation, according to p. |453| sq., we can 
say: 

The two groups: Uif,..., U r f and ill/, . . . ,il r / are similar to each other if and 
only if there is a transformation which leaves invariant the group: Zif Z r f and 
which transfers the subgroup: Z\f . Z m f to the subgroup: 3i/, • • • , 3m/- 

Now, the group: Zi/, . . . ,Z r f is simply transitive, hence it is clear that there al- 
ways is a transformation of this sort when and only when the group: Zi/, . . . ,Z r / 
can be related to itself in a holoedrically isomorphic way so that the two subgroups: 
Zi/, . . . , Z m f and 3i/, • ■ ■ , 3m/ correspond to each other. Consequently, for the sim- 
ilarity of the groups: Uif,..., U r f and Uif, . . . , ii r f, we find exactly the same crite- 
rion as we had expressed in Theorem 80, p. 14511 

Besides, the preceding developments can also be used to derive a new proof of 
the Theorem 76 in Chap. ED p. 14121 

At first, thanks to considerations completely similar to the ones on p. 14501 it can 
be proved that the transitive groups: Uif,..., U r f and ill/, . . . ,il r / can be related 
to each other in a the holoedrically isomorphic way described in Theorem 76 if and 
only if it is possible to relate the group: Z\f, . . .,Z r f to itself in a holoedrically iso- 
morphic way in such a way that the subgroups: Zi/, . . . , Z m f and 3i/, • • • , 3m/ cor- 
respond to each other. Afterwards, it follows from the preceding developments that 
the conditions of the Theorem 76 for the similarity of the two groups: Uif,.. ., U r f 
and ill/, • • ■ ,ii/ / are necessary and sufficient. 

§ 109. 

Now, we turn to the second one of the two problems, the settlement of which was 
announced in the introduction of the chapter (on p. |437| ): to the determination of all 
r-term intransitive groups; as was already said at that time, we want to undertake 
the determination in question under the assumption that all transitive groups with 
r or less parameters are given. Since all transitive groups with an equal number of 
parameters can be ordered in classes according to their composition and moreover, 
since all transitive groups having one and the same composition decompose in a se- 
ries of types (cf. p. l441l sq.). we can precise our assumption somehow more exactly 
by supposing/rst/y that all possible compositions of a group with r or less parame- 
ters are known and secondly by imagining that for each one of these compositions, 
all possible types of transitive groups having the concerned composition are given. 
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To begin with, we consider an arbitrary r-term intransitive group. 
If Xif,.. .,X r f are independent infinitesimal transformations of an r-term group 
of the space x\ , . . . ,x n , the r equations: 

(20) Xi/ = 0, X r f = 

have a certain number, say exactly n — I > 0, of independent solutions in common. 
Hence we can imagine that the variables xi,...,x n are chosen from the beginning in 
such a way that . . . ,x n are such independent solutions. Then X\f, . . . ,X r f will 
receive the form: 

X k f= £ £ k x(xi,...,Xi,Xl+l,...,X n )-= {k=\-r) 

1 = 1 dX *. 

where now naturally, not all / x I determinants of the matrix: 

£ri(x) ■ ■ %ri(x) 

vanish identically, since otherwise, the equations (20) would have more than n — l 
independent solutions in common. 

If the number r, which is at least equal to /, would be exactly equal to /, then 
Xif,.. .,X r f would be linked together by no relation of the form: 

Xi(xi+h---,x n )X 1 f-{ \-x r (xi +1 ,...,x n )X r f = 0; 

but now, r needs not be equal to /, hence relations of the form just described can 
also very well exist without that all the functions Xh---iXr vanish. So we want to 
assume that X\f,... ,X m f, say, are linked together by no such relation, while by 
contrast, X m+ if, . . .,X r f may be expressed as follows in terms of Xif, . . . ,X m f: 

in 

(21) X m+V f= £ &vn(xi+i,...,X n )Xnf (v=l-r-m). 

M=l 

Here of course, m satisfies the inequations: / ^ m $C r. 
By combination of the equation (21) with the relations: 

r 

[Xi,X k } = Y,C iks X s f (i,*=l~r) 
,v=l 

which hold true in all circumstances, we yet recognize that X\f, . . . ,X m f stand pair- 
wise in the relationships: 
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m c r—m ~\ 

[XliX^]= ^ <Cl^ n + ^ c A,jti,m+V &V7t(xi+l, ■ ■ ■ ,X„) >X K f 

%=\ y v=i > 

(A, jU = l •••m). 

Now, if the variables , . . . ,x„ are replaced by arbitrary constants: . . . , a„ 
and if xi, . . . ,xi only are still considered as variables, then it is clear that the r in- 
finitesimal transformations: 

- 1 df 

Xkf= Y. £kk(xi,...,Xl,ai + i,...,On)-= (k=l-r) 

1=1 dx ^ 

in the / variables x\,. .. ,xi are not anymore independent of each other, but can be 
linearly deduced from the m independent infinitesimal transformations: 

X fif= 52 £>y.x{ x li ■ ■ ■ i x h a l+\, ■ ■ ■ , a n) J. (/i = l-m). 

A=l dX ^ 

The m infinitesimal transformations X\f, . . . ,X m f are in turn obviously linked to- 
gether by the relations: 

m (- r—m ~\ 

(22) [XfaXp] = £ < c ljU ^+ £ c AjMjOT+v i?v w (fl/ + i,. ..,a„) >X„f, 
n=l < v=l > 

and consequently, whichever values one may confer to the parameters aj+i, . . . ,a n , 
they always generate an m-term group in the variables: x\,. . . ,x/, and of course, a 
transitive group. 

Now, by conferring to the parameters a/+i, . . . ,a„ all possible values gradually, 
one obtains oo n_ ' m-term groups in / variables. On the occasion, it is thinkable, 
though not necessary, that these oo' ! ~' groups are similar to each other. If this is not 
the case, then these groups order themselves in oo n ^ l ^ a families, each one consisting 
in oo a groups, and to be precise, in such a way that two groups in the same family 
are similar, while by contrast, two groups belonging to two different families are 
not similar. 

In all circumstances, our <xP~ l groups belong to the same kind of type [Typen- 
gattung]; in the latter case, this kind depends upon essential parameters (cf. p. 14531 
sq.). 

At present, one may overview how one can find all intransitive r-term groups 
in n variables. One chooses two numbers / and m so that / ^ m ^ r and so that 
in addition I < n, and one then forms all kinds [Gattungen] of transitive m-term 
groups in / variables. If Y\f, . . . , Y m f: 

Y kf= Y, r lki(xi,...,xi : ai,a 2 ,...)^— {k=\-m) 
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is such a kind with the essential parameters a\, OC2, then one interprets these 
parameters as unknown functions of xi+\ , . . . ,x n , one sets: 



and lastly, one attempts to choose the yet undetermined functions GCj, fiki of 
xi + i,...,x n in the most general way so that X\f, ...,X r f become independent 
infinitesimal transformations of an r-term group. This requirement conducts to 
certain finite relations between the a, the /3 and the of the sought r-term 
group which must be satisfied in the most general way. The expressions of the 
infinitesimal transformations determined in this way contain, apart from certain 
arbitrary constants c^, yet certain arbitrary functions of the invariants of the group. 
We therefore have at first the 

Theorem 83. The determination of all intransitive r-term groups: X\f,... ,X r f in 
n variables requires, as soon as all transitive groups with r or less parameters are 
found, no integration, but only executable operations^ 

It is to be observed that the computations necessary for the determination of all 
intransitive groups depend only upon the numbers r, I and m. By contrast, the num- 
ber n plays no direct role. Consequently: 

Theorem 84. The determination of all r-term groups in an arbitrary number of vari- 
ables can be led back to the determination of all r-term groups in r or less variables. 

Yet a brief remark about the determination of all intransitive r-term groups of given composition. 

If a group of the concerned composition contains only a finite number of invariant subgroups, 
then m must be equal to r (Proposition 8, p. I317I ). and consequently, the settlement of the prob- 
lem formulated just now amounts without effort to the determination of all transitive groups of the 
concerned composition. By contrast, if there occur infinitely many invariant subgroups, m can be 
smaller than r; then according to the developments just mentioned, the m-term group X\f, . . . ,X m f 
discussed above must be meroedrically isomorphic to the sought r-term group. We do not want to 
undertake to show more closely how the problem can be settled in this case. 



m 
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Chapter 23 

Invariant Families of Manifolds 



If x\, . . . ,x n are point coordinates of an n-times extended space, then a family of 
manifolds of this space is represented by equations of the form: 

(1) fl\ (jfl , . . . ,X n , l\ , . . . , l m ) =0, . . . , £l n —q{x\ , ... ,Xn, l\ , . . . , l ln ) = 0, 

in which, aside from the variables x\ , . . . ,x n , yet certain parameters: l\ , . . . , l m are 
present. 

If one executes an arbitrary transformation: 

*/=/i(*l,---»*n) (i=l-n) 

of the space xi,. . . ,x n , then each one of the manifolds (1) is transferred to a new 
manifold, hence the whole family (1) converts into a new family a new family 
of manifolds. One obtains the equations of this new family when one takes away 
xi, . . . ,x n from (1) with the help of the n equations: xj = fi(x). Now in particular, 
if the new family of manifolds coincides with the original family (1), whence 
every manifold of the family (1) is transferred by the transformation: x\ = f(x) 
to a manifold of the same family, then we say that the family (1) admits the 
transformation in question, or that it remains invariant by it. 

If a family of manifolds in the space xi, . . . ,x n admits all transformations of an 
r-term group, then we say that it admits the group in question. 

Examples of invariant families of manifolds in the space xi, . . . ,x n have already 
appeared to us several times; every intransitive group decomposes the space into an 
invariant family of individually invariant manifolds (Chap.QjJ pp. |223lT224l) : every 
imprimitive group decomposes the space in an invariant family of manifolds that it 
permutes (p. 12281 sq.); also, every manifold individually invariant by a group may 
be interpreted as an invariant family of manifolds, namely as a family parametrized 
by a point. 

In what follows, we now consider a completely arbitrary family of manifolds. At 
first, we study under which conditions this family admits a single given transfor- 
mation, or a given r-term group. Afterwards, we imagine that a group is given by 
which the family remains invariant and we determine the law according to which 
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the manifolds of the family are permuted with each other by the transformations 
of this group. In this way, we obtain a new process to set up the groups which are 
isomorphic with a given group. Finally, we give a method for finding all families of 
manifolds invariant by a given group. 

§ 110. 

Let the equations: 

(1) Q k (xi,...,Xn,h,.-.,lm) = (k=l-n-q) 

with the m arbitrary parameters l\ , . . . , l m represent an arbitrary family of manifolds. 

If h,. . .,l m are absolutely arbitrary parameters, then naturally, one should not be 
able to eliminate all the x from (1); therefore, the equations (1) must be solvable 
with respect to n — q of the variables x\ , . . . ,x n . 

By contrast, it is not excluded that the / can be eliminated from (1), and this says 
nothing but, that some relations between the x alone can be derived from (1). Only 
the number of independent equations free of the / which follow from (1) must be 
smaller than n — q, since otherwise, the parameters l\ , . . . , /,- would be only apparent 
and the equations (1) would therefore represent not a family of manifolds, but a 
single manifold. 

Before we study how the family of manifolds (1) behaves relatively to transfor- 
mations of the x, we must first make a few remarks about the nature of the equa- 
tions (1). 

The equations (1) contain m parameters l\ , . . . , l m \ if we let these parameters take 
all possible values, then we obtain °° m different systems of values: h, . . . , l m , but not 
necessarily different manifolds. It must therefore be determined under which 
conditions the given system of equations represents exactly °° m different manifolds, 
or in other words: one must give a criterion to determine whether the parameters: 
l\, . . . , l m in the equations (1) are essential, or not. 

In order to find such a criterion, we imagine that the equations: Q.^ — are solved 
with respect to n — q of the x, say with respect to x q +\ , . . . , x n : 



and we imagine moreover that the functions \ff q +k 3X6 expanded with respect to 
the powers of: x\ — x® , . . . , x q — x® in the neighbourhood of an arbitrary system 
of values: Xj, . . . : x Q q . The coefficients of the expansion, whose number is naturally 
infinitely large in general, will be analytic functions of l\, . . . , l m and we may call 
them: 



The question amounts just to how many independent functions are extant amongst 
all the functions A\, A2, 



(2) 



Xq+k tyq-\-k{.X\ 5 • • • i^-qi ^1 1 ■ ■ • 1 hit) 
(k=\---n — q) 



(.7=1,2-) 
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Indeed, if amongst the A, there are exactly I that are mutually independent func- 
tions — there are anyway surely no more than / — , then to the different systems 
of values: l\ , . . . , l m , there obviously correspond also °°' n different systems of values: 
A\, Ai, . . . , and therefore °° m different manifolds (2), that is to say, the parameters 
are essential in the equations (2), and hence also in the equations (1). 

Otherwise, assume that amongst the functions A\, Ai, . . . , there are not m but 
less functions, say only m — h, that are mutually independent. In this case, all the 
Aj can be expressed in terms of m — h of them, say in terms of: A[, . . . , A' h , 
which naturally must be mutually independent. To the °°" ! different systems of 
values li,...,l m , there correspond therefore oo m ~ h different systems of values 
A[, . . . ,A'_ h , and oo' n ^ h different systems of values A\, Ai, . . . , so that the equa- 
tions (2), and thus also the equations (1), represent only oo ra ~ /l different manifolds. 
This comes to expression in the clearest way when one observes that the functions 
y/q + k(x, I) contain the parameters l\, . . . ,l m only in the combinations: A[, . . . ,A' m _ h , 
so that the equations (2) possess the form: 

(2') X q+k =\jf q+k (xi,...,X q ,A[,...,Al n _ h ) {k=l-n-q). 

From this, it indeed results that we can introduce precisely A' v . . -,A' m _ h as new pa- 
rameters in place of l\ , . . . , l n , a process by which the number of arbitrary parameters 
appearing in (2) is lowered iom — h. 
Thus, we can say: 

The equations: 

AfcC^l, • • • ,Xn, h,-- -Jm) = (k=l-n-q) 

represent °o" 7 different manifolds only when it is not possible to indicate m — h<m 
functions %\ , . . . , % m -h ofli,...,l m such that, in the resolved equations: 

x q+k = Wq+k{ x \i- ■ ■ j%) h,---Jm) (k=l-n-q), 

the functions 1 , . . . , \y n can be expressed in terms ofx\ , . . . , x n and ofZ\,..., % m -h 
only. By contrast, if it is possible to indicate m — h < m functions 7fy having this 
constitution, then the equations £2^ = represent at most oo m ~ h manifolds and the 
parameters l\, . . . ,l m are hence not essential. 

Here, yet a brief remark. 

If the functions: A\,Ai,... discussed above take the values: Aj , A, after the substitution: l\ = l®, 
■ ■ ■ , lm = i,t then the equations: 

A j (h,...,l m )=A < } 0=1,2-) 

define the totality of all systems of values l\,...,l m which, when inserted in (2) or in (1), provide 
the same manifold as the system of values: ij,... ,l m . Now, if amongst the functions A\, A2, 
there are m functions that are mutually independent, then the parameters l\ , . . . , /„, are all essential, 
whence the following obviously holds: Around every system of values . . . , l m in general position, 
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one can delimit a region such that two distinct systems of values /[,..., l m of the concerned region 
always provide two manifolds that are also distinct. 

The definition for essentiality [Wesentlichkeit] and for inessentiality [Nichtwesentlichkeit] 
of the parameters l\,...,l m (respectively) given above is satisfied only when the 
equations: Q\ = 0, . . . , Q q = are already solved with respect to n — q of the x. 
However, it is desirable, in principle and also for what follows, to reshape this 
definition so that it fits also to a not resolved system of equations = 0. 

There is no difficulty for doing that. 

Let the parameters l\, . . . , l m in the equations: 

(2) X q+ k=Yq+k(xi,...,X q ,h,...,l m ) (k=l-n-q) 

be not essential, whence one can indicate m — h< m functions: 7i\{l),. . . , 7l m -h{l) 
so that \\r q+ \(x,l), \\r n {x,l) can be expressed in terms of x\,...,x q and 
of %\ (/),... ,Tl m -h{l) alone. Evidently, there is then at least one linear partial 
differential equation: 

Lf= £ A M (/i,...,Z m )^f =0 

with the coefficients: X\ (/),... ,A^(7) free of the x which is satisfied identi- 
cally by all functions: lt\ (/),..., ^ w _/j(/), and hence also by all the functions: 
Xq+i — Vq+i(xJ)- Thus, we can also say (cf. Chap. [71 Theorem 15, p. 1 1 281) : 

When the parameters l\, . . . , l m are not essential in (2), then the system of equa- 
tions (2), interpreted as a system of equations in the variables: x\,...,x n , l\ , . . . , l,„, 
admits an infinitesimal transformation Lf in the variables l\ , . . . , l m alone. 

But the converse also holds true: When the system of equation (2), interpreted as 
a system of equations in the variables x\ , . . . , x n , l\, . . . , l m , admits an infinitesimal 
transformation Lf in the / alone, then the parameters Zt, . . . , l m are not essential in 
the system of equations; it is indeed immediately clear that, under the assumption 
made, (x, /),... , VnC*, are solutions of the partial differential equation: Lf = 
0, whence it is possible to lower the number of arbitrary parameters appearing in (2). 

If we bear in mind that the system of equations (2) is only another form of the 
system of equations (1), then we realize without effort (cf. p. 1 1 221) that the following 
proposition holds: 

Proposition 1. A system of equations: 

(1) Q k (xi,...,X n ,h,...,l m )=Q (k=l-n-q) 

with the l\,...,l m parameters which is solvable with respect to n — q of the vari- 
ables x\ , . . . , x n represents °° m different manifolds of the space x\ , . . . , x n if and only 
if, when it is regarded as a system of equations in the n + m variables: xi,...,x n , 
l\ , . . . , l m , it admits no infinitesimal transformation: 
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§ m. 

In the space x\,. . . ,jc„, let at present a family of °° m different manifolds be deter- 
mined by the n — q equations: Qk(x, = 0, or by the equally good [gleichwertig] 
equations: 

(2) X q+ k = Wq+k(x\, ■ ■ ■ ,X n , /i, . . . J m ) (k=l-n-q). 

If this family is supposed to remain invariant by the transformation: x\ = 
fi(x\, . . . ,x n ), then every manifold of the family must be transferred by the con- 
cerned transformation again into a manifold of the family. Hence, if by l[, ... , we 
understand the parameters of the manifold of the family into which the manifold 
with the parameters h,...,l m is transferred by the transformation: x\ = fi(x), 
then after the introduction of the new variables: x\ = fi(x), x' n = f n (x), the 
equations (2) must receive the form: 

x 'q+k = ¥q+k(xi,---,X q , l[,...,l' m ) (k=l-n-q), 

where the parameters l[,...,l' m depend naturally only upon the /. 

But now, after the introduction of the x', the equation (2) evidently take up the 
form: 

X q+k = ^q+kiXi,. . . ,xf q , l\, . . . ,l m ) (k=\---n-q)\ 

thus, if the family (2) is supposed to remain invariant by the transformation: x[ = 
fi(x), then it must be possible to satisfy the n — q equations: 

(3) Xffq+kiXi,- ..,X q ,l[,.. .,l' m ) = W q+ k(x\,. ..,X q ,h,...,l m ) (k=l-n-q) 

independently of the values of the variables x\ , . . . ,x' q . 

If one expands the two sides of (3), in the neighbourhood of an arbitrary system 
of values . . . ,x' n °, with respect to the powers of: x! x — x[°, x' n — x' n °, if one 
compares the coefficients, and if one takes into account that l[ , . . . , l' m are essential 
parameters, then one realizes that /J, . . . must be entirely determined functions 
of h,...,l m : 

Conversely, the / must also naturally be representable as functions of the be- 
cause through the transition from the x 1 to the x, the family of our manifolds must 
also remain unchanged. 

We therefore see that the equations: 



x'i = fi(xi,...,x n ) (i=i •••»), l'n = Xii(h,---,lm) (m = i-»0 
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taken together represent a transformation in the n + m variables: x\, . . . ,x n , l\, . . . , l m 
that leaves invariant the system of equations: x q+ k = \y q+ k(xj in these n + m vari- 
ables. Consequently, we can say: 

A family of°° m manifolds: 

£2k(*lT • • ,*n, h, ■ ■ -Jm) = (k=l-n-q) 
in the space X\, . . . ,x n admits the transformation: 

x'i = fi(x h ...,x n ) (i=l-n) 

if and only if it is possible to add to this transformation in the x a corresponding 
transformation: 

I'll = Xfi(k, ■ ■ ■ Jm) (fi = l-m) 

in the I in such a way that the system of equations: £ik( x i I) =0 in the n + m variables 
x\ , . . . ,x n , l\ , . . . , l m allows the transformation: 

x i = fi( x li- ■ • > x n), l[i — %li(hi ■ ■ • j lm)- 

From the above considerations, it becomes clear that the transformation: = 
Zu(0' wnen it actually exists, is the only one of its kind; indeed, it is completely 
determined when the transformation x\ = f{x) is known. The transformation: = 
Xuil) therefore contains no arbitrary parameters. 

If the family of the °° m manifolds: Qk(x, I) = allows two different transforma- 
tions: 

x i fi\ x l ; • • • : x n) j x i Fi\ x \i • • • i^n) i 
then obviously, it admits also the transformation: 

A = Fi(fi(x), ...,f n (x)), 

which comes into existence by executing each one of the two transformations one 
after the other. From this, we conclude: 

The totality of all transformations x J j = f(x\ , . . . ,x n ) which leave invariant a fam- 
ily of oo m manifolds of the space x\ , . . .,x n forms a group. 

Naturally, this group needs neither be finite, nor continuous; in complete gener- 
ality, we can only say: its transformations are ordered as inverses by pairs. Hence 
in particular, when it contains only a finite number of arbitrary parameters, then it 
belongs to the category of groups which was discussed in Chap.[T8l and according 
to Theorem 56, p. I324L it contains a completely determined finite continuous sub- 
group generated by infinitesimal transformations. Evidently, this subgroup is the 
largest continuous subgroup by which the family £lk(x, I) = remains invariant. 

We now turn ourselves to the consideration of finite continuous groups which 
leave invariant the family of the °° m manifolds: 
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(1) Qk(xi,...,X n , li,...,l m ) {k=\-n-q)\ 

however, we restrict ourselves at first for reasons of simplicity to the case of a one- 
term group having the concerned constitution. 

Let the family of the °o m manifolds (1) admit all transformations: 

(1) X- =fi(xi,...,X n , £) (i=l-n) 

of the one-term group: 

The transformation in the / which, according to p. 14701 corresponds to the general 
transformation: x\ = fj(x,a), can be read: 

(4') lp=Zli(h,---,lm,e) (M = l-m). 

It is easy to see that the totality of all transformations of the form: 

*i = fi(xi,...,x n ,e) (i=l-n) 

I'll = Xfi(Jh • • • Jm, e) (/i = l-m) 



(4") 



forms in turn a one-term group in the n + m variables: x\ , . . . ,x n , l\ , . . . , l m . 

In fact, according to p . 14701 the transformations (4") leave invariant the system of 
equations (1); hence if one executes at first the transformation (4") and afterwards a 
transformation of the same form with the parameter S\, then one gets a transforma- 
tion: 

x?i=fi{fi(x,e), ...,/„(*,£), £1) (i=l-n) 

% = Xn{Xi(l,e), ■ ■ ■ , Xm(l,e), £1) (n=i-m) 

which, likewise, leaves invariant the system of equations (1). Now, the transforma- 
tion: 

(5) x'[ = fi (fi (x, £),...,/„ (x,e),£i) 

belongs to the one-term group Xf and can hence be brought to the form: 

x'( = fi(x\,...,X n , £2) (i=l-n), 

where £2 depends only on £ and on £1. Consequently, the transformation in the / 
which corresponds to the transformation (5) has the shape: 



and we therefore deduce: 



l'L=Zti(lu--',lm,&l) (m=1-») 
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Xfi{xi(l,e), ...,Xm(l,e),ei) = £ M (/i,...,Z m , £2) 

(fl = 1 ■■■m). 

As a result, it is proved that the equations (4") effectively represent a group in the 
n + m variables: x\, . . . ,x n , l\, . . . ,l m , and to be precise, a group which possesses the 
same parameter group as the given group: x\ = f(x, e) . At the same time, it is clear 
that the equations (4') taken for themselves also represent a group in the variables: 
l\ , . . . , l m , however not necessarily a one-term group, because it is thinkable that the 
parameter e in the equations (4') is completely missing. 

The transformations of the group (4) order as inverses by pairs, hence the same visibly holds true 
for the transformations of the group (4'). From this, it comes (cf. Chap. [9] p. 11791 above) that the 
group (4") also contains the identity transformation, and in addition, an infinitesimal transformation: 

" df m df 

£ &(x u ... 7 x n ) — + £ ^(l u ... 7 l m )—— =Xf+Lf, 

by which it is generated. 

We recapitulate the gained result in the: 

Proposition 2. If the family of the °° m manifolds: 

Afc(xi,. . . ,X n , l\, . . . ,l m ) = (k=l-n-q) 

of the space x\, . . . ,x n admits all transformations: 

X?i=fi(xi,...,Xn,e) (/=l-n) 

of the one-term group: 

n df 

i=\ 1 

then the corresponding transformations: 

x[ = fi(xi,...,X„, e) (;=l-n) 
^=Xfl(h,---Jm,£) (M = l-m) 

which leave invariant the system of equations: Qi (x,l) =0, . . . , Q n - q (x, I) = in 
the n + m variables: X\ , . . . , x n , l\ , . . . , l m form a one-term group with an infinitesimal 
transformation of the shape: 

n df m df 

££( Xl ,...,x n )^-+£ X^l h ...,l m )-f=Xf + Lf. 

i=\ ax i n=l aA V 

At present, we set up the following definition: 
Definition. A family of°° m manifolds: 

Q k (xi,...,X n ,h,...,l m ) =0 (k=\-n-q) 
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of the space X\,...,x n admits the infinitesimal transformation: 

" df 
i=l dXi 
when there is, in l\,. . . , l m , an infinitesimal transformation: 

" l d f 

such that the system of equations: Q\(x,l) = 0, Q n - q (x,l) = in the n + m 
variables: x\,...,x n , l\ , . . . , l m admits the infinitesimal transformation Xf + Lf. 

It yet remains here to consider the question whether the infinitesimal transfor- 
mation Lf is completely determined by the transformation Xf. One easily realizes 
that this is the case; indeed, if the system of equations: Qk(x, /) = admits the two 
infinitesimal transformations: XI +Lf and Xf + £f, then it admits at the same time 
the transformation: 

Xf+Lf-{Xf+£f)=Lf-£f', 

but since the parameters of the family: Q^xJ) = are essential, the expression: 
Lf — £f must vanish identically, hence the transformation £/" cannot be distinct 
from the transformation Lf. 

By taking as a basis the above definition, we can obviously express the content 
of Proposition 2 as follows: 

If the family of the °° m manifolds: 

Qk(xi,...,X n , h,...,l m ) =0 (k=\-n-q) 

admits the one-term group Xf, then at the same time, it admits the infinitesimal 
transformation Xf. 

Conversely: when the family of the oo" 7 manifolds: Q^ixJ) =0 admits the in- 
finitesimal transformation Xf, then it also admits the one-term group Xf. 

Indeed, under the assumption made, if the system of equations: fl^xj) = in 
the n + m variables x, I admits an infinitesimal transformation of the form: 

Xf + Lf= £ ^ i (x 1 ,...,x n )^-+ £ A M (/i,...,/ m )— -, 

(=1 ax i ii=\ al V 

therQ it admits at the same time all transformations of the one-term group: Xf + Lf, 
and therefore, the family of the °° m manifolds: Qk( x , I) = in the space x\, . . . ,x n 
allows all transformations of the one-term group Xf. 
With these words, we have prove the: 

Proposition 3. The family of the °° m manifolds: 



1 See Chap.|6] Theorem 14, p. U23l for this general fact. 
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Qk(xi,. . . ,X n , .,l m ) = (k=l-n-q) 

in the space xi,...,x n admits the one-term group Xf if and only if it admits the 
infinitesimal transformation Xf. 

If one wants to know whether the family of the °° m manifolds: At(x, I) = admits 
a given infinitesimal transformation Xf, then one will at first solve the equations 
Qk( x , I) =0 with respect to n — q of the x: 

(2) Xq+k — yfq+^Xi,. . .,X q , .. ,l m ) (k=l-n-q), 

and afterwards, one will attempt to determine m functions: Ai(Z), . . . ,A TO (/) of the / 
so that the system of equations (2) in the n + m variables x, I admits the infinitesimal 
transformation: 

n ?f m ?f 

i=l dX i fi=l dl V 

If one denotes the substitution: x q+ \ = ifq+i, x n = y/ n by the sign [ ], then 
one obviously obtains for X\{1), X m (l) the following equations: 

fi=l M j=l dx J 

(k=l-n-q), 

which must be satisfied independently of the values of the variables x\,...,x q . The- 
oretically, there is absolutely no difficulty to decide whether this is possible. One 
finds either that there is no system of functions Xn(l) which has the constitution 
demanded, or one finds a system of this sort, but then also only one such system, 
for the infinitesimal transformation Lf is indeed, when it actually exists, completely 
determined by Xf. 

At present, we will prove that the following proposition holds: 

Proposition 4. If the family of the °° m manifolds: 

fljt(xi,...,X„, h,...,l m ) =0 (h=l-n-q) 
in the space x\, . . . ,x n admits the two infinitesimal transformations: 

xi/=xx*)f^, X2f=t 

then it admits not only every infinitesimal transformation: 

e l X l f + e 2 X 2 f 
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which can be linearly deduced from X\f and X 2 f, but also the transformation: 
[X h X 2 ]. 

Under the assumptions that are made in the proposition, there are two infinites- 
imal transformations L\f and L 2 f in the / alone that are constituted in such a way 
that the system of equations: Qk( x i /) = in the n + m variables x, I allows the two 
infinitesimal transformations X\f + L\f, X 2 f '+L 2 f. According to Chap. [71 Proposi- 
tion 5, p. |130[ the system of equations ^(x, /) = then also admits the infinitesimal 
transformation: [X\, X 2 ] + [Li, L 2 ] coming into existence by combination; but this 
precisely says that the family of the °° m manifolds Cl^ix, I) = also admits [Xi,^]. 
As a result, our proposition is proved. 

The considerations that we have applied in the proof just conducted also give yet 
what follows: 

If the family of the °° m manifolds Qk(x, I) = admits the two infinitesimal trans- 
formations X\f and X 2 f, and if L\f and L 2 f, respectively, are the corresponding 
infinitesimal transformations in l m alone, then the infinitesimal transforma- 

tion [Li, L 2 ] corresponds to the transformation [X\,X 2 ]. 

At present, we assume that the family of the °° m manifolds: Qk(x, I) = in the 
space: xi, . . . ,x n allows all transformations of an arbitrary r-term group: 

(6) x'i = fi(x h ...,x n ,a l ,...,a r ) (i=i-n). 

Let the group in question be generated by the r independent infinitesimal transfor- 
mations: 

x kf = Y. £m(xi> ■■■,Xn) 3—, 
so that between: X\f, . . . ,X n f, there are relations of the known form: 

r 

[Xi,Xk] = £ C iks XJ (i,k=l-r). 

5=1 

If: 

(6') ln=Xii(h,---,lm,ai,...,a r ) (/i=i-m) 

is the transformation in the / which corresponds to the general transformation: x\ = 
fi(x,a) of the group: X\f, . . . ,X r f, then the equations (6) and (6') taken together 
represent an r-term group in the n + m variables: x\, . . . ,x n , l\ , . . . , l m . 

In fact, if Tr ai r ^ a \, or shortly Ti a \, and Tt b} b r y or shortly Tt b \, are two transfor- 
mations of the group: x\ = f(x, a), then when executed one after the other, they pro- 
duce in the known way a transformation: = T/ c \ of the same group, where 
the parameters c\,...,c r depend only on the a and on the b. 

On the other hand, if and S(u\ are the transformations (6') which correspond, 
respectively, to the transformations Ti a \ and T^, then one obviously obtains the 
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transformation in the / corresponding to the transformation Tr a \ Tr b \ when one 
executes the two transformations S7 a ) and Siy\ one after the other, that is to say: 
the transformation Si a \ S/^ corresponds to the transformation Ti a \ Ti b \ . But now, 
we have: — Ti c \ and the transformation Sr c \ in the / corresponds to the 

transformation 7> c \, whence we must have: St a \ = St c y 

With these words, it is proved that the equations (6) and (6') really represent an 
r-term group in the variables: x\, . . . ,x n , l\, . . . ,l m and to be precise, a group which 
is holoedrically isomorphic with the group: x\ = fi(x, a); indeed, both groups visibly 
have one and the same parameter group (cf. Chap. [211 p. 14101 sq.). 

At the same time, it is proved that the equations (6') in turn also represent a 
group in the variables li,...,l m , and in fact, a group isomorphic with the group: 
x\ = fi(x,a) (cf. Chap. (2T] P- 14281 sq.), as it results from the symbolic relations 
holding simultaneously: 

T(a) T { b) = T(c) 

and: 

S (a)S( b ) =S {c) . 

If one associates to every transformation of the group (6) the transformation of the 
group (6') which is determined by it, then one obtains the two groups (6) and (6') 
related to each other in an isomorphic way. 

The isomorphism of the two groups (6) and (6') needs not at all be holoedric, and 
in certain circumstances, the group (6') can even reduce to the identity transforma- 
tion, namely when the group x' = f(x, a) leaves individually untouched each one of 
the °° m manifolds: Q k (x, I) = 0. 

We will show that the group which is represented by the joint equations (6) 
and (6') is generated by r independent infinitesimal transformations. 

Since the family of the °°' n manifolds: Q^xJ) allows all transformations of 
the group: x / i = fj(x,a), it admits in particular each one of the r one-term groups: 
X\f,...,X r f, hence according to Proposition 3, p. 147 3 [ it also admits each one 
of the r infinitesimal transformations: X\f, ...,X r f. From this, it results that to 
every infinitesimal transformation X^f is associated a completely determined 
infinitesimal transformation: 

of such a constitution that the system of equations: Qk(x,l) = in the n + m vari- 
ables: x\,. . . ,x n , h,. . . ,l m admits the infinitesimal transformation: X^f + L^f. 

Naturally, the system of equations: fl k (x,l) = admits at the same time every 
infinitesimal transformation: e\ (X\f + L\f) H h e r (X r f + L r f) , and in conse- 
quence of that, also every one-term group: e\ (Xif+Lif) H Ye r (X r f+L r f). But 

since the group: x\ = fi{x, a) consists of the totality of all one-term groups: e\ X\f+ 
h e, X r f, then the group represented by the equations (6) and (6') must obvi- 
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ously be identical to the totality of all one-term groups: £ e k X k f + Y< e k L k f, hence 
it must be generated by the r independent infinitesimal transformations: Xkf + Lkf, 
was what to be shown. 

Now, from this, it follows that two arbitrary infinitesimal transformations 
amongst the X k + L k f must satisfy relations of the form: 

[Xi+Uf, X k + L k f] = £ c' iks (X s f + L s f). 

5=1 

By verifying this directly, we obtain a new proof of the fact that all finite transfor- 
mations: x\ = fi(x,a), l'^ = Xfi(li a ) form a group. But at the same time, we realize 
that c' ik = Cik s , which is therefore coherent with the fact that our new group in the x 
and / possesses the same parameter group as the given group: x\ = fj(x, a). 

The system of equations: Q k (x,l) = admits, simultaneously with the infinitesi- 
mal transformations: X\f + L\f, . . . , X r f + L r f, the transformations: 

r 

[X u X k ] + [Li, L k ] = £ c iks X s f+[Li, L k ) 

5=1 

(i,k=l-r), 

and therefore also the following ones: 

[X h X k ] + [L h L k ] - £ c lks (XJ + LJ) = [L i7 L k ] - £ c lks L s f 

5=1 5=1 

in the variables l\ , . . . , l m alone. But because of the constitution of the system of 
equations: Q. k {x, I) = 0, this is possible only when the infinitesimal transformations 
just written vanish identically, hence when the relations: 

r 

[Li,L k ] = £ c iks L s f 

5=1 

hold true. From this, it results immediately: 

[L h L k ] + [X h X k ] = £ c iks (XJ+LJ), 

5=1 

whence the said property of the joint equations (6) and (6') is proved. 

According to the above, it goes without saying that the group (6') is generated 
by the r infinitesimal transformations: L\f , . . . ,L r f. At the same time, in what pre- 
cedes, we have a new proof of the fact that the equations (6') represent a group in 
the variables . ., l m which is isomorphic with the group: X\f, . . . ,X r f. 

At present, the isomorphic relationship between the two groups (6) and (6') men- 
tioned on p. 14761 can also be defined by saying that to every infinitesimal transfer- 
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mation: e\X\f -\ \-e r X r f is associated the infinitesimal transformation: e\L\f + 

h e r L r f determined by it in the /. 

We therefore have the: 

Proposition 5. If the family of the °° m manifolds: 

Q. k {x\,. . . ,X n , h,.. .,l m ) = (k=l-n-q) 

in the space: x\, . . . ,x n admits the r independent infinitesimal transformations: 

" df 
%kf= 2l Zki(xi,---,Xn) (k=l-r) 
i=l dX i 

of an r-term group having the composition: 

r 

[Xi,X k ] = £ C iks X s f (i,k=l-r), 
s=l 

then to every X k f there corresponds a completely determined infinitesimal transfor- 
mation: 

m d f 

Lkf = £ ^ " " • ' ^ 37~ 

of such a constitution that the system of equations: fi k (x, I) =0 in the n + m vari- 
ables: xi, . . . , x n , h,...,l m admits the r infinitesimal transformations: X k f + L k f, so 
the r infinitesimal transformations L k f stand pairwise in the relationships: 

r 

[Li, L k ] = £ c iks L s f (i, k= 1 -r), 

s=l 

that is to say, they generate a group isomorphic with the group: X\f, . . -,X r f. 

Here, the following proposition may yet be expressly stated and proved indepen- 
dently: 

Proposition 6. If the r-term group: Xif, . . . ,X r f of the space x\,...,x n contains 
exactly p ^ r independent infinitesimal transformations which leave invariant the 
oo m manifolds: 

Q k (x\,. . . ,X n , Zi, . . . ,Z m ) = (k=l-n-q), 

then these p independent infinitesimal transformations generate a p-term subgroup 
of the group: Xi/, . . . ,X r f. 

The proof is very simple. Let: 

r 

E*f = 12 gxjXjf («=l-p) 
7=1 
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be such independent infinitesimal transformations of the group: Xif,... ,X r f which 
leave invariant the family: Qk(x,l) = 0, so that every other infinitesimal transfor- 
mation: e\X\f -\ V e r X r f which does the same can be linearly deduced from 

E\f, . . . , S p f. Then according to Proposition 4, p. I474L the family: Qk{ x i = also 
admits every infinitesimal transformation: [En, E v ] of the group: Xif, . . . ,X r f, and 
consequently, there are relations of the form: 

p 

Y,S^lV7tS K f (n,v=l-p) 
7T=1 

in which the g^vx denote constants. From this, it results that E\f, . . . , E p f effec- 
tively generate a p-term group. — 
If the family of the °° m manifolds: 

■Qjfc(*l,. • • ,x n , l\, . . .,l m ) = (k=l-n-q) 

is presented, and if in addition an arbitrary r-term group: Xif, . . . ,X r f of the space 
x\, . . . ,x n is also presented, one can ask how many independent infinitesimal trans- 
formations of the group: Xif,...,X r f does the family presented admit. We now 
overview how this question can be answered. 

Indeed, if the family: ^(jc, /) = is supposed to admit an infinitesimal trans- 
formation of the form: e\X\f -\ \-e r X r f, then it must be possible to indicate 

an infinitesimal transformation: Lf in the / alone such that the system of equa- 
tions: £lk{x, I) = in then + m variables: xi, . . . ,x n ,h, . . . ,l m admits the infinitesimal 
transformation: £ ekXkf+Lf. Hence, if we imagine that the equations: Qk( x i I) =0 
are resolved with respect to n — q of the x: 

x q+k = Wq+k{ x \i- ■ ■ : x qj h,---Jm) (k=l-n-q), 

and if, as on p. 14741 we denote the substitution: x q +i = y^+i» . . . , x n = \ff n by the 
sign [ ], then we only have to determine the constants e\,...,e r and the functions: 
Ai (/),... , A m (7) in the most general way so that the n — q equations: 

H=l ai V a=\ I 7=1 ax J > 

(k=l"-n—q) 

are satisfied identically, independently of the values of the variables x\, . . . ,x q . In 

this way, we find the most general infinitesimal transformation: e\X\f-\ \-e r X r f 

which leaves invariant the family: ^(x, = 0. 

§ 112. 

When the family of the °° m manifolds: 



(1) 



Q k {x\,...,X n ,l\,...,l m ) =0 (k=\-n-q) 
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admits the transformation: x' ; = fi(x\, . . . ,x n ), then there is, as we have seen on 
p. 14691 sq., a completely determined transformation: l' = Xfi(h, ■ ■ ■ , lm) of such a 
constitution that the system of equations: Q k (x,l) = in the n + m variables x, I 
admits the transformation: 

x- = /j(xi,...,x n ) (i=l-n) 

Already on p. 14691 we observed that the equations: /' = Xfi{l) determine the pa- 
rameters of the manifold of the invariant family (1) into which the manifold with the 
parameters h,. .., l m is transferred by the transformation: x\ = fi(x). Hence, when 
we interpret l\ , . . . , l m virtually as coordinates of individual manifolds of the fam- 
ily (1), the equations: I' = Xfi(l) indicate the law according to which the mani- 
folds of our invariant family are permuted with each other by the transformation: 

For instance, if a special system of values: /j , . . . , l m admits the transformation: 
l'pL=Xli{h,---,lm) (m=i-w), 
then at the same time, the manifold: 

£2k(*h ■ • • i x m hi---i^m) = (k=l-n-q) 

admits the transformation: 

x?i = fi(xi,...,x n ) (i=l-n). 

In fact, the manifold: fi k (x,l°) = is transferred, by the execution of the trans- 
formation: x\ = fi(x), to the new manifold: 

Gk(xu---X,Xi(l°), ■■■,Xm(l )) =0 (k=l-n-q); 
but under the assumption made, we have: 

Xn(h,---,l m ) = ^U (M=i -»»), 

hence the new manifold coincides with the old one and the manifold: ^2^(x, Z°) = 
really remains invariant. 

However by contrast, the converse does not always hold true. If an arbitrary spe- 
cial manifold: 

Q k (x\, . . . ,X n , =0 (k=l-n-q) 

of the family (1) admits the transformation: x\ = fi(x), then it does not follow from 
that with necessity that the system of values: /j , . . . , l® n admits the transformation: 
l'u = XjiiP)- Indeed, it is thinkable that, to the system of values: Z^, . . . , l m , there is 
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associated a continuous series of systems of values: Zi,...,Z m which provide the 
same manifold as the system of values: Zj% . . . , l® n , when inserted in (1); in this case, 
from the invariance of the manifold: ^ (x, Z°) = 0, it only follows that the individual 
systems of values: Zi, . . . , l m of the series just defined are permuted with each other 
by the transformation: l'^ = ;fyi(Z), but not that the system of values: /j , . . . , l® n re- 
mains invariant by the transformation in question. Nevertheless, if the do not have 
special values but general values, then the manifold: Qk(x, I) =0 admits the trans- 
formation: x'j = f(x,a) only when the system of values Ik allows the corresponding 
transformation: Z^ = XnQ)> an d cdso, always in this case too. 

Now, we consider the general case where the family of the °° m manifolds: 

(1) Q k (xi,...,X n ,h,...,lm) = {k=l-n-q) 

admits the r-term group: 

A = fi( x li ■ ■ ■ i x n, a\,...,a r ) (i=l—n) 

with the r independent infinitesimal transformations: X\f, . . .,X r f. Let the group in 
the Z which corresponds to the group: x'j = f(x,a) have the form: 

= Xy.(h, - ■ ■ ,lm, ai,...,a r ) (jU=i-m), 

and let it be generated by the r infinitesimal transformations: L\f,... ,L r f which in 
turn correspond naturally to the infinitesimal transformations: Xif,... ,X r f, respec- 
tively. 

At first, the question is how one decides whether the infinitesimal transforma- 
tion: gjXi/H h e®X r f leaves invariant a determined manifold contained in the 

family (1): 

(7) Q k (x h ...,X n , /?,...,/£) =0 {k=\-n-q). 

It is easy to see that the manifold (7) admits in any case the infinitesimal trans- 
formation: e\X\f H \-e Q r X r f when the system of values: admits the 

infinitesimal transformation: e®L\f-\ Ye®L r f. 

In fact, the system of equations (1) in the m + n variables: x\,...,x n , l\, . . . ,l m 
admits, under the assumptions made, the infinitesimal transformation: £ e° (Xjf + 
Ljf); the n — q expressions: 

r r ( n rj f\ m PIC) ^ 

£ e) {XjOt + Lj*) = Z e °i\L to*) i^+H ir 
j=i j=i Li=i ax * fi=i ai V ) 

therefore vanish all by virtue of: Q.\{x,V) =0, . . . , £2 n - q (x,l) = 0. This also holds 
true when we set: l\ = Zj* , . . . , l m = Z^ ; but now, the system of values Zj , . . . , l® n admits 
the infinitesimal transformation: £ e ^j^jf an d hence, the m expressions: 
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vanish all. Consequently, the n — q expressions: 

" r * 0e . -i dn k ( x ,i°) 

E ( E e °^-W| ^: (*= 1 ™»- 9) 

vanish all by virtue of (7), that is to say, the manifold (7) really admits the infinites- 
imal transformation: £ e°;Xjf. 

Nevertheless, the sufficient criterion found here with these words is not necessary. 

Indeed, if our family of manifolds Q^xJ) = remains invariant by the group: 
X\f, . . . ,X r f, and if at the same time, the special manifold: Q^x, I ) = is supposed 

to admit the infinitesimal transformation: e\X\f -\ \-e®.X r f, then for that, it is 

only necessary that the n — q expressions: 

L L e jW ) — 37 — 

(1=1 j=l dl » 

be equal to zero by virtue of the system of equations: Q^{x,l ) = 0; but it is not at 
all necessary that the r expressions: ^ e : Xj^il ) themselves vanish. 

Thus, if one wants to know whether every manifold: Q^xJ) = of the invari- 
ant family admits one or several infinitesimal transformations: £ e^X^f, and if in 
addition, one wants for every manifold 4 to find the concerned infinitesimal trans- 
formation, then one has to determined the in the most general way as functions 
of the / so that the equations: 

(8) I^/W)* 3 ^ 

(i=i j=i d h 

are a consequence of the system of equations: Q k (x,l) = 0. But since, according to 
an assumption made earlier on, the / are essential parameters, the system of equa- 
tions: Q.k(x, I) = in the n + m variables x, I can admit no not identically vanishing 
transformation: 

m r -sr 

E E^OMo-nf, 

(i=i j=i d h 

whence it follows with necessity that: 

eiAi M (/)H \-e r Pi rfl (l) = (ji=i,2-m). 

We therefore get the following: 

If: £ e^ Lkf is the most general infinitesimal transformation contained in the 
group: L\f,... ,L r f which leaves invariant the system of values: I® , . . . , l® n located 
in general position, then: £ e\X^f is the most general infinitesimal transformation 
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contained in the group: X\f,...,X r f which leaves invariant the manifold (7) 
located in general position. 

We can assume that amongst the r infinitesimal transformations: L\f, . . . ,L,-f, 
exactly m — p, say: L\f, . . . , L m - p f, are linked together by no linear relation of the 
form: 

Gti (h, . . . , l m ) L\f H V am- p (h, . . . , l m ) L m -pf = 0, 

while by contrast: L m - p+ if, . . . ,L r f can be expressed linearly in terms of 
Llfi ■ ■ ■ -iL m —pf'. 

m—p 

L m -p+jf= 52 a ili{hi- ■ ■ Jm)L^,f (j = l-r-m+p). 

H=l 

We can always insure that this assumption holds, even when the infinitesimal trans- 
formations: L\f,.. .,L r f are not mutually independent, which can very well occur. 
It is now clear that the r — m + p infinitesimal transformations: 

m—p 

(9) L m - p+ jf— 52 a jv(hi---ilm)LlJ.f (j=\-r-m + p) 

M=l 

leave invariant the system of values: l^,...,l m ; moreover, because l®,...J m is a 
system of values in general position, one realizes immediately that every infinites- 
imal transformation: £ e^L^f by which the system of values remains invariant can 
be linearly deduced from the the r — m + p transformations (9). Consequently, the 
most general infinitesimal transformation: £ e^X^f which leaves invariant the man- 
ifold (7) located in general position can be linearly deduced from the r — m + p 
transformations: 

m— p 

(10) X m - p+ jf— 52 a jn(ll,---Jm)Xnf (j=l~r-m+p). 

M=l 

Of course, the infinitesimal transformations (10) are mutually independent and 
they generate an [r — m + p)-term group, namely the most general subgroup con- 
tained in the group: Xif, . . . ,X r f by which the manifold (7) remains invariant. 

In particular, if the group: L\f,... ,L r f is transitive, then the entire number p 
has the value zero; so in this case, every manifold of the family (1) located in gen- 
eral position admits exactly r — m independent infinitesimal transformations of the 
group: Xif,...,X r f. 

We therefore have the 

Proposition 7. If the family of the °° m manifolds: 



&k{x\,. ■ ■ ,X n , l\, . . . ,l m ) = (k=l-n-q) 
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admits the r-term group: X\f, . . . ,X r f, if moreover L\f, . . . ,L r f are the infinites- 
imal transformations in the I alone which correspond to the Xjf and if lastly 
L\f,... ,L r f are linked together by exactly r — m + p independent relations of the 
form: £ J3/(Z) Ljf = 0, then the group: X\f, . . . ,X r f contains exactly r — m + p in- 
dependent infinitesimal transformations which leave invariant a manifold I® , . . . , l® n 
in general position. These transformations generate an (r — m + p) -term group. 
If the group: L\f ',. . . ,L r f in the m variables l\,...,l m is transitive, then every 
manifold of the family &k( x j /) = located in general position admits exactly r — m 
independent infinitesimal transformations of the group: Xif,...,X r f and these 
infinitesimal transformations generate an (r — m)-term subgroup. 

We yet add here the obvious remark that the group: Lj/, . . . , L r f in l\ , . . . , l m is 
transitive if and only if every manifold of the family Qk(x, I) =0 located in general 
position can be transferred, by means of at least one transformation of the group: 
X\f,.. .,X r f, to every other manifold. 

§ 113. 

In the n-times extended space x\, . . . ,x n , let an r-term group: Xif, . . .,X r f be pre- 
sented, and in addition, let an arbitrary manifold, which we want to denote by M, 
be given. We assume that in the equations of M, no arbitrary parameters of any kind 
appear. 

If all °° r transformations of the group: X\f, . . . ,X r f are executed on the manifold 
M, then this manifold is transferred to a series of new manifolds. We will prove that 
the totality of all these manifolds remains invariant by the group: X\f, . . .,X r f, and 
that it forms a family invariant by the group. 

Let M' be an arbitrary manifold which belongs to the totality just said, and let 
T\ be a transformation of the group: X\f, . . . ,X r f which transfers M to M', whence 
there is the symbolic equation: 

(M)r 1 = (M / ). 

Now, if T is an arbitrary transformation of the group, we have: 

(M')T = (M')TiT = (M)T 2 , 

where the transformation T 2 again belongs to the group; consequently, the mani- 
fold M' is transferred by the transformation T to another manifold of the totality 
in question. Since this holds for every manifold M' of the totality, we see that the 
manifolds belonging to the totality are permuted with each other by T, and hence 
actually, by all transformations of the group: X\f,.. .,X r f, hence we see that the to- 
tality of manifolds defined above effectively forms a family invariant by the group: 

It is easy to see that every manifold of this invariant family can be transferred, 
by means of at least one transformation of the group, to every other manifold of the 
family. Indeed, if: 
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(M') = (M)T h (M") = (M)T 2 , 

then (Af) = (Af') Tf 1 , whence: 

(M") = (M')T- l T 2 , 

whence the claim is proved. At the same time, it results from this that one also 
obtains the discussed family of manifolds when one executes all °o r transformations 
of the group on an arbitrary manifold of the family. 
We therefore have the 

Proposition 8. If one executes all °° r transformations of an r-term group: 
Xif,... ,X r f of the R n on a given manifold of this space, then the totality of all 
positions that the manifold takes on the occasion forms a family of manifolds 
invariant by the group. Every manifold of this family can be transferred, by means 
of at least one transformation of the group, to any other manifold of the family. 
The family can be derived from each one of its manifolds in the same way as it is 
deduced from the initially given manifold. 

The manifold Af will admit a certain number, that we assume to be exactly equal 
to r — m, of infinitesimal transformations of the group: X\f, . . . ,X r f^\ These trans- 
formations then generate an (r — m) -term subgroup (cf. Theorem 31, p. 12 1 51) . 

Now, let S be the general symbol of a transformation of this subgroup, so: (Af) S = 
(Af); moreover, let 7\ be an arbitrary transformation of the group: X\f, . . . ,X r f and 
let Af be transferred to the new position Af' by T\\ (Af') = (Af) T\. Then it is easy to 
indicate all transformations T of the group X^f which transfer Af to Af '. 

Indeed, one has: 

(M)T=(M') = (M)T h 

whence: 

(M)Trf 1 = (M), 

hence TT^ 1 is a transformation S and STi is the general symbol of all transforma- 
tions of the group X^f which transfer M to M' . But there are as many transforma- 
tions ST[ as there are different transformations 5, that is to say, oo r ~ ra . 

One finds in a similar way all transformations & of our group which leave M' 
invariant. From (M') & = (M 1 ) and (Af) T\ = (A/'), one obtains: 

(M)r 1 erf 1 = (M), 

whence: 

Ti&Ti 1 = S, e = T~ 1 ST l . 

t The totality of all finite transformations of the group: X\f,...,X r f which leave invariant a manifold M always 
forms a subgroup (Theorem 32, p. !216t . but of course, this group needs not be a finite continuous group. Nevertheless, 
in the following developments of the text, when we make the implicit assumption that this subgroup is generated by 
infinitesimal transformations, that is not to be interpreted as an essential restriction, because we can indeed suitably 
narrow down the region ((a)) introduced on p. 1241 
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Likewise, there are oo r ^ m such different transformations and their totality forms an 
(r — /n) -term subgroup which is conjugate to the group S inside the group X^f . 
We summarize this result as follows: 

Proposition 9. If a manifold M of the R n admits exactly r — m independent infinites- 
imal transformations of the r-term group: X\f, . . . ,X r f, or briefly G r , if moreover 
S is the general symbol of the °° r ~ m finite transformations of the (r — m)-term sub- 
group which is generated by these r — m infinitesimal transformations, and lastly, 
ifT is an arbitrary transformation of the G r : X\f, . . .,X r f and if M takes the new 
position M' after the execution of T, then the G r contains exactly °° r ~ m different 
transformations which likewise transfer M to M' and the general symbol of these 
transformations is: S T; in addition, the G r contains exactly oo r ~ m transformations 
which leave M' invariant, these transformations have T ST for a general symbol 
and they form an (r — m) -term subgroup which is conjugate to the group of the S 
inside the G r . 

If we imagine that the transformations of the group: x[ = fi(x,a) are executed 
on the equations of the manifold M, then we obtain the analytic expression of the 
discussed invariant family of manifolds. Formally, this expression contains the r 
parameters a\ , . . . , a r , but these parameters need not be all essential. We now want 
to determine the number m! of the essential parameters amongst the parameters 
a\,...,a r . 

Our invariant family consists of <x> m different manifolds and each one of these 
manifolds can be transferred to every other manifold by means of a transformation 
of the group: X\f, . . . ,X r f. According to Proposition 7, p. I483L each individual man- 
ifold amongst the °° m manifolds then admits exactly r — m! independent infinites- 
imal transformations of the G r ; but from what precedes, we know that under the 
assumptions made, each one of these manifolds admits exactly oo r ~ m finite transfor- 
mations of the G r , and consequently, we have m' = m and amongst the r parameters: 
a\ , . . . , a r , there are exactly m that are essential. 

We therefore have the 

Proposition 10. If a manifold of the n-times extended space R n admits exactly r — m 
independent infinitesimal transformations of an r-term group: X\f, . . .,X r f of this 
space, then this manifold takes exactly °° m different positions by the °° r transforma- 
tions of this group. 

§ 114. 

In the equations of our invariant family of manifolds, the parameters need not, as 
said, be all essential, but we can always imagine that m ^ r functions l\, . . . ,l m of 
the a are introduced as new parameters so that the equations of our family are given 
the form: 

Q k (x\,...,x n , h,...,l m ) =0 (k=l-n-q), 
where now h, . . . , l m are essential parameters. 
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The family £2^ = remains invariant by the group: X\f,... ,X r f while its indi- 
vidual manifolds are permuted with each other. The way how the manifolds are 
permuted is indicated by the group: L\f, . . . ,L r f in the / alone which, as shown 
earlier on, is completely determined by the group: X\f, . . . ,X r f. 

The group L&/ in the variables l\ , . . . , l m is isomorphic with the group X^f, hence 
it has at most r essential parameters; on the other hand it is certainly, under the 
assumption made, transitive (cf. p. I484I sq.), hence it has at least m essential pa- 
rameters. For us, it only remains to indicate a simple criterion for determining how 
many essential parameters the group L^f really has. 

Let the group: L\f, . . . ,L r f be p-term, where ^ p ^ r. Because it is meroedri- 
cally isomorphic with the G r : X\f, . . . ,X r f, then there must exist in the G r an (r — 
p)-term invariant subgroup which corresponds to the identity transformation in the 
group Lkf (cf. Theorem 54, p. I308I) . This (r — p)-term invariant subgroup of the G, 
then leaves individually fixed each one of the °° m manifolds: Q^xJ) = 0, hence it 
is contained in the (r — m)-term subgroup g r - m of the G, which leaves invariant the 
manifold M discussed above and at the same time, it is contained in all (r — m) -term 
subgroups contained in the G r which are conjugate, inside the G r , to the g r - m j ust 
mentioned. 

Conversely, if this g r - m contains an (r — p)-term subgroup which is invariant in 
the G r , then this subgroup is at the same time contained in all subgroups of the G r 
that are conjugate to the g r -m, hence it leaves untouched every individual manifold: 
Qk(x, I) = 0, and to it, there corresponds the identity transformation in the group: 
Lif,...,L r f. 

In order to decide how many parameters the group: L\f ', . . . ,L r f contains, we 
therefore have only to look up at the largest group contained in the g r - m which is 
invariant in the G,. When the group in question is exactly (r — p)-term (p ^ m), 
then the group: L\f \ . . .,L r f is exactly p-term. 

We do not want to state this result as a specific proposition, but instead, we want 
to recapitulate all the results of the previous two paragraphs in a theorem. 

Theorem 85. If one has an r-term group: X\f, . . .,X r f, or briefly G r , of the space 
x\,...,x n and if one has an arbitrary manifold M which allows exactly r — m in- 
dependent infinitesimal transformations of the G r and hence which also admits the 
(r — m)-term subgroup g r -m generated by these infinitesimal transformations, then 
through the °° r transformations of the G r , M takes in total °° m different positions 
the totality of which remains invariant relatively to the group G, - If one marks the 
individual positions ofM by means of m parameters: h,. .., l m , then one obtains a 
certain group inl\,..., l m : 

which indicates in which way the individual positions ofM are permuted with each 
other by the group: Xif, . . - ,X r f. This group in the I is transitive and isomorphic 
with the group: X\f, . . . ,X r f. If the largest subgroup contained in the g r - m which is 
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invariant in the G r is exactly (r — p)-term, then the group: l'^ = X\i i}i has exactly 
p essential parameters. In particular, if the G r is simple, then the group in the I 
is always r-term and holoedrically isomorphic to the G r , with the only exception 
of the case m = 0, in which the group: l'^ = Xn(h a ) consists only of the identity 
transformation^ 

The number r — p mentioned in the theorem may have each one of the values: 0, 
1, . . . , r — m; if r — p = 0, then the (r — p)-term subgroup of the g,— m consists of the 
identity transformation, hence the group: I' = is holoedrically isomorphic 

to the G, ; iir — p = r — m, then the g r -m itself is invariant in the G, and the group: 
l'„ =Xii(li a ) is on ly w-term. 

§ 115. 

In the last but one paragraph we gave a method to find the families of manifolds 
which remain invariant by a given r-term group: X\f, . . . , X r f. The invariant families 
that we obtained in this way were distinguished by the fact that every manifold of a 
family of this sort could be transferred, by means of at least one transformation of 
the group: X\f,.. .,X r f, to every other manifold of the family. 

At present, we want to generalize the discussed method so that it produces all 
families of manifolds invariant by the group X\f, . . . ,X r /. 

For this, we are conducted to the obvious observation that the considerations of 
the pp. |484l4486| also remain valid when the equations of the manifold M contain ar- 
bitrary parameters, that is to say: when in place of an individual manifold M we use 
directly a complete family of manifolds. Thus, we can also proceed in the following 
way in order to find invariant families of manifolds: 

We take an arbitrary family: 

(11) V k (xi,...,X n , Ui,...,U h ) = (k=l~n-q) 

of °° h manifolds and we execute on it all °° r transformations of the group: 
Xif,.. .,X r f; the totality of all manifolds that we obtain in this way always forms a 
family invariant by the group: X\f,... ,X r f. 

It is clear that we obtain all families invariant by the group: X\f, . . . ,X r f when we 
choose the family (11) in all possible ways. Indeed, if an arbitrary family invariant 
by the group is presented, say the family: 

(1) Q k (xi,...,x n , /l,...,Z m ) =0 (k=l-n-q), 

then this family can in any case be obtained when we just choose, as the family (11), 
the family (1). Besides, one can easily indicate infinitely many other families (11) 
out of which precisely the family (1) is obtained, but we do not want to spend time 
on this. 

But it yet remains to answer a question. 
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If the family (11) is presented and if all the transformations of the group: 
X\f,...,X r f are executed on it, then the equations of the invariant family which 
comes into existence in this way obviously have the form: 



and therefore, they formally contain h + r arbitrary parameters, namely: u\,.. .,Uh, 
a\ , . . . , a r . How many parameters amongst these parameters are essential? 

Every generally positioned manifold of the family (11) takes by the group: 
Xif, . . .,X r f a certain number, say °° p , of different positions; of these °° p positions, 
there is a certain number, say °o°, of different positions, which again belong to 
the family (11). In this manner, the complete family (11) is decomposed in oo h ~ 
different subfamilies of °o° manifolds, in such a way that every manifold of the 
family (11) can always be transferred to every manifold which belongs to one 
and the same subfamily by means of at least one transformation of the group: 
X\f,.. - ,X r f, and such that every manifold of the family (1 1), as soon as it remains 
inside the family (11) by a transformation of the group: X\f,...,X r f, remains at 
the same time in the subfamily to which it belongs. 

Now, if we imagine that all transformations of the group: X\f,... ,X r f are exe- 
cuted on two arbitrary manifolds which belong to the same subfamily, we obviously 
obtain in the two cases the same family of °° p manifolds; on the other hand, if we 
imagine that all transformations of the group are executed on two manifolds of the 
family (11) which belong to distinct subfamilies, we obtain two distinct families of 
°o p manifolds which have absolutely no manifold in common. 

Hence, when we choose on each one of the oo /! ~° subfamilies of the family (11) 
a manifold and when we execute all transformations of the group: Xif, . . . ,X r f on 
the so obtained oo h ~° manifolds, we receive oo h ~° distinct families of °° p manifolds, 
in total oo"~°+p different manifolds. At the same time, it is clear that in this way, we 
obtain exactly the same family as when we execute all transformations of our group 
on the manifolds (11) themselves. 

As a result, it is proved that the family (12) consists of oo h ~°+P different mani- 
folds, hence that amongst the h + r parameters of the equations (12), exactly h — o + 
p are essential. 

We yet want to indicate how one has to proceed in order to determine the numbers p and o 
mentioned above. 

The number r — p is evidently the number of the infinitesimal transformations: e\X\f -\ + 

e r X r f which leave invariant a generally positioned manifold of the family (11). Now, the most gen- 
eral infinitesimal transformation: £ e jXjf which leaves invariant the manifold: 

(13) Vk(xi,...,X n ,Ul,...,Uh) = (k=\-n-q) 

necessarily has the form: 



(12) 



W k (xi, . . . ,x n , ui,...,u h , ai,...,a r ) = 



(k=l-n-q) 



(14) 



£ ej(ui,...,u h )Xjf, 

7=1 
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where the ej(u\, . . . ,«/,) are functions of the u. So we need only to determine the functions ey(w) 
in the most general way so that the system of equations (13) in the variables: x\,...,x„ admits the 
infinitesimal transformation (14). 

If we imagine that the equations (13) are resolved with respect ton— q of the x: 

x q+k = (Oq+k(xi,---,Xg, Ul,...,U h ) (*=l-B-tf), 

and if we denote the substitution: Xq+\ = (O q+ i, ...,x n = (0„ by the sign [ ], we visibly obtain for the 
functions ej(u) the equations: 

£ e j( u h---,Uh)\[Sj, q +k] - £ [§y«] ^r}=° 

(15) j=\ I n=\ 0X 7t ) 

(k=\--n-q) 

which must be satisfied independently of the values of jci, . . . ,x n . 

If we have determined from these equations the e 7 (w) in the most general way, we know the most 
general infinitesimal transformation £ ejXjf which leaves invariant the manifold (13) and from this, 
we can immediately deduce the number of the independent infinitesimal transformations £ ejXjf of 
this sort. 

For the determination of the number o, we proceed as follows: 

We seek at first the most general infinitesimal transformation: £ £j(ui,. . . ,ui,)Xjf that transfers 
the manifold (13) to an infinitely neighbouring manifold, or, expressed differently: we seek the most 
general infinitesimal transformation: 

r h £ y 

£ £j(u u ...,u h )Xjf+ £ <P a (ui,...,u h )- — 

7=1 (7=1 dUa 

which leaves invariant the system of equations (13) in the « + h variables: x\,... ,x n , u\,...,Uf,. 

If we keep the notation chosen above, the functions: £/(m) and <& a (u) are obviously defined by 
the equations: 

(15 ) j=\ I k=\ ax n ) ff =i au ° 

(k=\--n-q) 

which they must satisfy independently of the values of the variables x\ , . . . ,x q . 

We imagine that the Ej(u) and the <P a {u) are determined in the most general way from these 
equations and we form the expression: 

> 9 a {Ui, . . . ,U h ) 3 — . 

Evidently, this expression can be deduced from a completely determined number, say h 1 ^ h, of 
expressions: 

h df 

by means of additions and of multiplications by functions of the u. According to the nature of things, 
the h 1 equations: 
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V <P«,(m,. ..,u h ) 3 — =o (t=i-//) 

form an /j'-term complete system with /1 — h 1 independent solutions: 

W 1 (u U ...,U h ), W h ^ h r(ui,...,U h ), 

and it is clear that the equations: 

w\ = const., w/,_// = const. 

determine the oJ'^" subfamilies in which the family (11) can be decomposed, as we saw above. 
Consequently, we have: h — o = h — h', hence o = h 1 . 

It should not remain unmentioned that the developments of the present chapter 
can yet be generalized. 

One can for instance, instead of starting from an individual manifold, start from 
a discrete number of manifolds or even more generally: instead of starting from an 
individual family of manifolds, one can start from several such families. We call a 
number of manifolds briefly a figure [Figur]. 

§ 116. 

The Theorem 85, p. I487I contains a method for the determination of transitive 
groups which are isomorphic with a given r-term group; we have already explained 
a method for the determination of all groups of this sort in Chap. [221 P- 14411 sq. At 
present, we will show that our new method fundamentally amounts finally to the 
old one, and we will in this way come to state an important result found earlier on, 
in a new, much more general form. 
Let: 

(16) V k (xi,...,X n ) = (k=l~n-q) 

be an arbitrary manifold and let: 

A = fi(x\,. . . ,x„, fli, .. • ,a r ) (j=i-«) 

be an arbitrary r-term group generated by r independent infinitesimal transforma- 
tions. By resolution with respect to the x, the equations: x\ = fi(x,a) may give: 

Xi = F i (x[,...,x' n , ai,...,a r ) (i=i-n). 

Lastly, we want yet to assume that the manifold (16) admits exactly r — m indepen- 
dent infinitesimal transformations of the group: x\ = fi(x,a). 

If we execute on the manifold (16) the general transformation: x\ = fi(x,a) of our 
group, then according to Theorem 85, p. 14871 we obtain a family of °° m manifolds 
invariant by the group. The equations of this family are: 
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V k (F\{x',a), ...,F n (x',a)) = W^,...,^, ai,...,a r ) =0 

(A: = 1 • • ■ n — q) , 

hence they formally contain r arbitrary parameters. But amongst these r parame- 
ters, only m are essential, hence it is possible to indicate m independent functions: 
CGi (a), . . . , 00 m (a) of the a so that the equations (17) take the form: 

(IV) Q k {x' 1 ,...,x' n ,coi(a),...,a} m (a))=0 (k=i-n- q ). 

Here, we can lastly introduce: l\ = C0i(a), . . . , l m = 0) m (a) as new parameters in 
place of the a; then in the system of equations: 

(18) Q k (x[,...,x' n ,l h ...,l m ) = (k=l-n-q) 

which comes into existence in this way, the parameters /i , . . . , l m are essential. 

We find a new representation of our invariant family when we execute an arbi- 
trary transformation: x'/ = fi(x',b) of our group on the system of equations (18). 
According to Theorem 85, p. 14871 (18) receives on the occasion the form: 



d8') n k (4,...X,i[,---,Q = o (*=i~»-«), 

where the /' are completely determined functions of the / and of the b: 

(19) l'i l =X l i{lu---,l m ,bi,...,b r ) (n=l ■••«). 

We must obtain this representation of our family when we execute the transforma- 
tion: 

x" = fi(fi(x,a), f n {x,a), bu... 7 b r ) = fifa, . . . ,x„, a\,...,a' t ) 

directly on the manifold (16), where the a' are completely determined functions of 
the a and of the b: 

(20) a' k = (p k (a h ...,a r ,bi,...,b r ) (*=i-r). 

If we do that, we receive the equations of our family at first under the form: 
V k (F 1 (x", a'),..., F n (x", a')) = W k (x'(, . . . a[ , . . . , a' r ) = 

(k=l-n-q), 

which we can also obviously write under the form: 

Q k (x'{,...,x'J l ,(D 1 (a'),...,CQ m (a')) =0 (k=l-n-q). 

But since these equations must agree with the equations (18'), it results that the 
parameters I' are linked to the a' by the relations: 

I'll = ®M( a i'---' a r) (p = l-m). 
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Because of the equations (19), we therefore have: 



%(«') = Xn(h,---,l m , bi,...,b r ) 



= l-m), 



or: 



(21) 



co^i (a) = Xn(oh(a),---, fa,..., b r ) 



(H = l ■■■m). 



If we make here the substitution: a\ = (pi(a,b), . . . , a' r = (p r (a,b), then we must 
obtain only identities, because the parameters a\,...,a r , fa,...,b r are absolutely 
arbitrary, and hence, are linked together by no relation. 

At present, if we remember that the equations (20) represent a simply transitive 
group in the variables a\,...,a r equally composed with the group: x\ = fix, a), 
namely the associated parameter group (Chap. [2H P- 14111) . and that the equa- 
tions (19) represent a transitive group isomorphic with the group: x\ = f(x,a), then 
we realize immediately what follows: 

The equations: 

(22) coi (ai, ... ,a r ) = const., co m (a \, ... ,a r ) = const. 

represent a decomposition of the r-times extended space a\,...,a r invariant by the 
group (20), and to be precise, a decomposition in (r — m) -times extended mani- 
folds. But the group: 



indicates in which way the °° m manifolds (22) are permuted with each other by the 
transformations of the simply transitive group (20). 

We therefore see that the group (19) can be derived from the simply transitive 
group: a' k = (p k (a,b) according to the rules of the preceding chapter (p. 14421 sq.). 

We can use this fact in order to decide under which conditions do we obtain two 
groups (19) similar to each other when we start from two different manifolds (16). 
Thanks to similar considerations, we realize that the following statement holds, of 
which Theorem 80 in Chap.[22l p. 145 1 l is only a special case, fundamentally: 

Theorem 86. If, in the space x\,.. .,x n , an r-term group: X\f, . . . ,X r f is presented, 
if in addition, two manifolds M and M' are given, and if one executes all °° r trans- 
formations of the group: X\f, ...,X r f on each one of these two manifolds, then 
the individual manifolds of the two invariant families that one obtains in this way 
are transformed by two transitive groups isomorphic with the group: X\f,... ,X r f 
which are similar to each other when and only when the following two conditions 
are satisfied: 

Firstly, the two manifolds M andM' must admit the same number of independent 
infinitesimal transformations of the form: e\X\f -\ Ve r X r f, and: 

Secondly, it must be possible to relate the group: X\f,...,X r f to itself in a 
holoedrically isomorphic way so that, to every infinitesimal transformation which 



(19) 



In ~ X\i (h ) • • • ) Imi fa j • • • 3 by) 



(fx = 1 •• ■ m) 
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fixes the one manifold, there corresponds an infinitesimal transformation which 
leaves invariant the other manifold. 

It goes without saying that this theorem remains also valid yet when one replaces 
the two manifolds by two figures. 

§ 117. 

Specially worthy of note is the case where one has a manifold, or a figure, which 
admits absolutely no infinitesimal transformation of the G,\ X\f, ...,X r f. The 
group (19) isomorphic to G r then has the form: 

l'k = Xk(h,---,lr, fll,...,fl r ) (*= I-'), 

it is simply transitive and hence holoedrically isomorphic with the G r J3 

We therefore have here a general method in order to set up the simply transitive 
groups that are equally composed with a given r-term group. 

The method applied in the preceding chapter, Proposition 1, page 14391 is only a 
special case of the present more general method. Indeed at that time — as we can 
now express this — we used as a figure the totality of r different points of the R n . 

When no special assumption is made about the position of these points, then 
the figure consisting of them can allow none of the infinitesimal transformations of 
the group X^f. Since the group X^f certainly leaves invariant no point in general 
position, there can be in it at most r — 1 independent infinitesimal transformations 
which fix such a point; from these possible r — 1 infinitesimal transformations, one 
can linearly deduce again at most r — 2 independent infinitesimal transformations 
by which a second point in general position yet remains untouched, and so on; one 
realizes at the end that there is no infinitesimal transformation in the group by which 
r points in general position remain simultaneously invariant. 

Hence if we take a figure which consists of r points of this sort, and if we execute 
on them the °° r transformations of the group: Xif,... ,X r f, then the figure takes °° r 
different positions, the totality of which remains invariant by the group. These °° r 
positions are transformed by a simply transitive group. 

If we really set up this simply transitive group, we obtain exactly the same group 
as the one obtained thanks to the method of the preceding chapter. 

§ 118. 

It appears to be desirable to illustrate the general developments of the §§ 114 and 
1 16 by means of a specific example. However, we restrict ourselves here to giving 
indications, and we leave to the reader the effective execution of the concerned 
simple computations. 

The most general projective group of the plane which leaves invariant the nonde- 
generate conic section: x 2 — 2y = is three-term and contains the following three 
independent infinitesimal transformations: 



t LIE, Gesellsch. d. W. zu Christiania, 1884. 
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X 3 f=(x 2 



y)^-+xy — . 
ox ay 



One sees immediately that this group — that we want to call G3 for short — is 
transitive and that its composition is determined through the relations: 



From this, it follows by taking account of Chap. [T31 Proposition 8, p. I272I that the 
G3 contains no two-term invariant subgroup; one convinces oneself that it does 
not contain either any one-term invariant subgroup. Consequently, the G3 is simple 



dent infinitesimal transformations of the group; besides, it can be proved that the 
tangents are the only curves of the plane which possess this property. In the same 
way, the conic sections which enter in contact [beruhren] in two points with the 
fixed conic section are the only curves which admit one and only one infinitesimal 
transformation of the G3; as a conic section which enters twice in contact, one must 
also certainly count every line of the plane which cuts [schneidet] the conic sec- 
tion in two separate points. Lastly, it is clear that every point not lying on the conic 
section admits one and only one infinitesimal transformation of the group. 

Now, if one chooses as manifold M an arbitrary other curve, hence a curve which 
admits absolutely no infinitesimal transformation of the G3, then by the group, this 
curve takes °° 3 different positions and the totality of these positions is obviously 
transformed by means of a three-term group. One therefore finds a simply transitive 
group of the R 3 equally composed with the original G3. All groups that one obtains 
in this way are similar to each other; one amongst them is for instance the three-term 
group of all projective transformations of the R 3 which leaves invariant a winding 
curve of third order. 

If one introduces as manifold M a conic section (irreducible or decomposable) 
entering in contact in two separate points [with the fixed conic section], then one 
obtains a group holoedrically isomorphic to the G3 in a twice-extended manifold; 
all groups obtained in this way are similar to each other. By contrast, if one uses 
as a manifold M a conic section having four points entering in contact [with the 
fixed conic section], one obtains a completely different type of three-term group of 
a twice-extended manifold. 

Lastly, if one introduces as manifold M a tangent to the fixed conic section, then 
one obtains a three-term group in a once-extended manifold which is similar to the 
general projective group of the straight line. 



[X h X 2 ]=X 1 f, 



[X h X 3 ]=X 2 f, 



[X 2 ,X 3 ]=X 3 f. 



(Chap. [T51 p. 12731). 



Every tangent to the fixed conic section x 2 — 2y = admits exactly two indepen- 
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496 23 Invariant Families of Manifolds 

x kf = 2_ ak\iv x \i - — (fc=l •••/•) 

fi, v 

of the 7?,, be presented. This group leaves invariant the family of the °°' 7 planes M„_i 
of the R n : 

U\ X\ H h w, 3 x„ + 1=0. 

We want to set up the group corresponding to it in the parameters ui,...,u n . 
According to § 111, the infinitesimal transformations: 

Ukf= Y. v kv (ui,...,u n )-^- 
v =i du v 

of the sought group are to be determined so that the equation £ u v x v + 1 =0 admits 
the infinitesimal transformation X^f + Ukf. So, the r expressions: 

1 ■ ■ • n \--n 

y. a k\iv x \i u v ^ ^ XvVkv 

|U, V V 

must vanish by means of £ u v x v + 1 =0. This is possible only when they vanish 
identically, that is to say when v^ v = — L/x a kvn u \i- 

We therefore find: 

TJ f V" ^ 

u kJ — - a kv\l Ufi - ■ 

Consequently, the group Ukf is linear homogeneous too; we know from the begin- 
ning that it is isomorphic with the group X^f. 

We call the group: U\f,..., U r f the group dualistic [dualistisch] to the group: 

In order to give an example, we want to look up at the group dualistic to the 
adjoint group of an r-term group having the composition: 

[Yi,Y k ] = j^c iks Y s f. 

s=l 



The adjoint group reads (cf. p. 12831) : 

d 
d 



l^c iks ei-^— (k=l-r), 



whence the group dualistic to it rea 



tr 



t LIE, Math. Ann. Vol. XVI, p. 496, cf. also Archiv for Mathematik, Vol. 1, Christiania 1876. 
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df 

d£i 



(*=l-r), 



/. s 



where the relation: = — c^ s is used. 

Similar considerations can actually be made for all projective groups of the R n , 
since they all leave invariant the family of the °°" straight, (n — 1) -times extended 
manifolds of the R n . However, we do not want to enter these considerations, and 
rather, we refer to the next volume in which the concept of duality [Dualitat] is 
considered under a more general point of view, namely as a special case of the 
general concept of contact transformation [Beruhrungstransformation]. 



Finally, we yet want to consider an important example of a more general nature. 

We assume that we know all g-term subgroups of the G r : X\f, . . . ,X r f. Then the 
question is still to decide what are the different types of such g-term subgroups. 

In Chap. [HI p. 12891 we already have explained the concept of "types of sub- 
groups"; according to that, we reckon two g-term subgroups as belonging to the 
same type when they are conjugate to each other inside the G r \ of all subgroups 
which belong to the same type, we therefore need only to indicate a single one, and 
in addition, all these subgroups are perfectly determined by this only one. 

We know that every subgroup of the group: X\f,..., X r f is represented by a series 
of linear homogeneous relations between the parameters: e\, . . . ,e r of the general in- 
finitesimal transformation: e\X\f-\ Ye r X r f (cf. Chap. [121 p. 12 1 91 ). Moreover, we 

know that two subgroups are conjugate to each other inside the group: X\f, . . . ,X r f 
if and only if the system of equations between the e which represents the one sub- 
group can be transferred, by means of a transformation of the adjoint group, to the 
system of equations which represents the other subgroup (Chap. [161 p. 12881) . 

Now according to our assumption, we know all g-term subgroups of the G, , hence 
we know all systems of r — q independent linear homogeneous equations between 
the e: 



which represent g-term subgroups. 

For reasons of simplicity, amongst all these systems of equations, we want to 
take those which can be resolved with respect to e q+ \, . . . ,e r , hence which can be 
brought to the form: 
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r 



E h kjej = 



(k=l-,-q) 



7=1 



(23) 



e q +k = gq+k, l e i H h g q+ k, q e q 

(k=l-r-q); 



we leave the remaining ones which cannot be brought to this form, because they 
could naturally be treated in exactly the same way as those of the form (23). 
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All systems of values g q +k.j which, when inserted in (23), provide g-term sub- 
groups are defined by means of certain equations between the g q +k.j', however in 
general, it is not possible to represent all these systems of values by means of a 
single system of equations between the g, and rather, a discrete number of such sys- 
tems of equations will be necessary if one wants to have all g-term subgroups which 
are contained in the form (23). Naturally, two different systems of equations of this 
sort then provide nothing but different types of g-term subgroups. 

We restrict ourselves to an arbitrary system of equations amongst the concerned 
systems of equations, say the following one: 

(24) %(gf+l,l,g«+l,2, ■■■,gr,q) =0 (/i = l,2-), 

and we now want to see what types of g-term subgroups does this system determine. 
The equations (23) determine, when the g q +k,j are completely arbitrary, the family 
of all straight g-times extended manifolds of the space e\ , . . . , e r which pass through 
the point: e\ = 0, . . . , e r = 0. Of course, this family of manifolds remains invariant 
by the adjoint group: 

r 

(25) e' k =Y,Pkj(ah---,a r )ej (k=i-r) 

of the group: X\f, . . . ,X r f. Hence, if we execute the transformation (25) on the sys- 
tem of equations (23), we obtain a system of equations in the e' of the corresponding 
form: 

q 

e 'q+k=Y, 8q+k,j e 'j (k=l-r-q), 
.7=1 

where the g' are linear homogeneous functions of the g with coefficients which 
depend upon the a: 

r-q q 

s'q+k,j=Y, H a kjnv(ai,...,a r )g q+fl , v 

\ Zt} ) jU=l v=l 

(k=l-r-q; j = \-q). 

According to p. 14741 sq.. the equations (26) determine a group in the variables g. 
The system of equations (24) remains invariant by this group, because every system 
of values g q +k j which provides a subgroup is naturally transferred to a system of 
values g' q+k j which determines a subgroup; but since the group (26) is continuous, 
it leaves individually invariant all discrete regions of systems of values g q +kj of this 
sort, hence in particular also the system of equations: 



(24) 



&Ll(gq+l,l,---,gr,q) =0 



(M = l,2-)- 
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Now, the question is how the systems of values (24) are transformed by the 
group (26), and whether every system of values can be transferred to every other, 
or not. 

This question receives a graphic sense when we imagine that the g q +kj are point 
coordinates in a space of q(r — q) dimensions. Indeed, the equations (24) then rep- 
resent a certain manifold in this space which remains invariant by the group (26). 
Each point of the manifold belongs to a certain smallest invariant subsidiary domain 
of the manifold and the points of such a subsidiary domain represent nothing but 
conjugate g-term subgroups of the G r , and to be precise, all the g-term subgroups 
of the G, which belong to one and the same type. 

Besides, one must draw attention on the fact that only the points g q +k,j of such 
a smallest invariant subsidiary domain that belong in turn to no smaller invariant 
subsidiary domain are to be counted, because it is only when one delimits the sub- 
sidiary domain in this way that each one of its points can be transferred to any other 
point by means of a nondegenerate transformation of the group (26). 

Hence, if one wants to determine all types of g-term subgroups which are con- 
tained in the system of equations (24), then one only has to look up at all smallest 
invariant subsidiary domains of the manifold = 0. Every such subsidiary domain 
determines all subgroups which belong to the same type, and an arbitrary point of 
the subsidiary domain provides a group which can be chosen as a representative of 
the concerned type. 

Besides, in order to be able to determine the discussed invariant subsidiary do- 
mains, one does not at all need to assume that the finite equations (25) of the adjoint 
group are known; it suffices that one has the infinitesimal transformations of this 
group, because one can then immediately indicate the infinitesimal transformations 
of the group (26) and afterwards, following the rules of Chap.O one can determine 
the desired invariant subsidiary domains; in the case present here, this determination 
requires only executable operations. 

One observes that the preceding developments remain also applicable when one 
knows not an r-term group, but only a possible composition of such a group, hence 
a system of c^.? which satisfies the known relations: 

Ciks + Ckis=0 

r 

\ ^ { c ikv c vjs + Ckjv c vis + Cjiy Cyfcs} = 
v=l 

(h k, j, s=l — r). 

If the G r : X\f, . . .,X r f is invariant in a larger group 0, then the question is often 
whether two subgroups of the G r are conjugate in this larger group <8 r , or not. In 
this case, one can also define differently the concept of "type of subgroup of the 
G", by reckoning two subgroups of the G r as being distinct only when they are not 
conjugate to each other also in the 0. 
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If one wants to determine all types, in this sense, of subgroups of the G, , then 
this task presents no special difficulty. Indeed, the problem in question is obviously 
a part of the more general problem of determining all types of subgroups of the (5, 
when the word "type" is understood in the sense of Chap. [HI p. |289l 

This study is particularly important when the group (5 is actually the largest sub- 
group of the R n in which the G r : X\f,... ,X r f is invariant. 



Chapter 24 

Systatic and Asystatic Transformation Groups 



In the s-times extended space xi , . . . ,x s , let an r-term group: 



x kf = £ 5tf(*i,...,x n ) 3~ 

i=\ 1 



(k=l-r), 



or shortly G r , be presented. Of the r infinitesimal transformations X\f, . . . ,X r f, 
let there be precisely n, say: X\f, . . .,X n f, which are linked together by no linear 
relation, while by contrast X n+ if, . . . ,X r f can be expressed as follows: 



(1) 



Xn+jf = 52 < Pjv{ x \T--i x n)X v f 



U=l-r-n). 



v=l 



Now, if Xj, . . . ,x~ is a point for which not all n x n determinants of the matrix: 



(2) 



£n(x) • ■ £ u (x) 

Znl(x) ■ ■ £, ns {x) 



vanish, then according to Chap. [FQ p. 12121 there are in the G, exactly r — n inde- 
pendent infinitesimal transformations whose power series expansions with respect 
to the xi —x® contain no term of zeroth order, but only terms of first order or of higher 
order; the point x(, . . . ,x^ therefore admits exactly r — n independent infinitesimal 
transformations of the G r which generate an (r — n)-term subgroup G r n of the G r 
(cf. Chap.[12l p. 12141) . The infinitesimal transformations of this G r n can, according 
to p. 12121 be linearly deduced from the r — n independent transformations: 



Xn+jf— 52 ( Pjv( x l,---, x ®)Xvf 



= 1 -r-n). 



v=l 



In the sequel, we want to briefly call a point x Q v . . . ,x° for which not all n x n 
determinants of the matrix (2) vanish, a point in general position. 
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§ 121. 

According to the above, to every point x Q v . . . , x° in general position is associated a 
completely determined [r — n)-term subgroup of the G r , namely the most general 
subgroup of the G, by which it remains invariant. 

If we let the point x° change its position, we receive a new (r — n)-term subgroup 
of the G r , and since there are °° s different points, we receive in total °° s subgroups 
of this sort; however, it is not said that we obtain °° s different subgroups. 

If for example r = n, then the discussed °° s subgroups coincide all, namely they 
reduce all to the identity transformation, since the G r contains absolutely no in- 
finitesimal transformation which leaves at rest a point x° in general position. 

But disregarding also this special case, it can happen that to the °° A points of 
the space xi, . . . ,x s , only oo s_1 5 or less, different groups of the said constitution are 
associated; evidently, this will always occur in any case when there is a continuous 
family of individual points which simultaneously keep their positions by the (r — n)- 
term subgroup. 

At present, we want to look up at the analytic conditions under which such a 
phenomenon occurs. At first, we take up the question: when do two points in general 
position remain invariant by the same (r — n)-term subgroup of the G r l 

The answer to this question has a great similarity with the considerations in 
Chap.[T9lp.l365lsq. 

Let the one point be x?, . . . ,x^ and let us call G r n the associated [r — n)-term 
subgroup of the G r ; then the general infinitesimal transformation of the G, „ reads: 

r i,£j(Xn + jf-t<(P%X V f), 

j=\ V v =l / 

where it is understood that the £ are arbitrary parameters. 

Let the other point be: x\, . . . ,x s , and let the general infinitesimal transformation 
of the subgroup G r „ associated to it then be: 

E\(w- E 9jv*vf)- 

7=1 V v=l / 

Now, if the two points are supposed to remain invariant by the same (r — n)-term 
subgroup, then G r „ and G r n do coincide; for this, it is necessary and sufficient 
that all infinitesimal transformations of the one belong to those of the other group, 
and conversely; when expressed analytically, one must be able to satisfy identically 
the equation: 

E £ J Un+jf- t <Pjv*vf} = iS \ X »+jf- t VjvXvf) 
j=l < v=l J j=l < v=l J 
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for arbitrarily chosen £ thanks to suitable values of the £, and also for arbitrarily 
chosen £ thanks to suitable values of the £. 
The latter equation can also be written: 

r—n n r—n 

E (£; - £j) X n+j f - £ £ (£; q>% - £jV jv )X v f = 0, 
7=1 v=i ;=1 

hence, because of the independence of the infinitesimal transformations Xif,..., X r f, 
if can hold only if ~e~j = ey, in addition, since the Ej are absolutely arbitrary, we 
obtain: 

<P/v (•*?,• ••,*?) = <Pjv(xi,...,X s ) (j=l-r-n; v = l-n). 

Consequently, the two (r — n)-term subgroups of the G r which are associated to 
two distinct points in general position are identical with each other if and only if 
each one of the n(r — n) functions <p, v takes the same numerical values for the one 
point as for the other point. 

Hence, if we want to know all points in general position which, under the group 
G r _„, keep their positions simultaneously with the point Xj, . . . ,x°, then we only 
have to determine all systems of values x which satisfy the equations: 

(3) (p jv (xi,...,X s ) = (p° jv [j=\-r-n; v=l-n); 

every such system of values provides a point having the constitution demanded. 
Here, two cases have to be distinguished. 

Firstly the number of mutually independent functions amongst the n(r — n) func- 
tions <Pkv(x) can be equal to s exactly. In this case, the (r — n) -term subgroup G r _„ 
which fixes the point: x Q v . . . ,x s leaves untouched yet at most a discrete number of 
points in general position. 

Secondly the number of independent functions amongst the <pk V (x) can be smaller 
than s. In this case, there is a continuous manifold of points in general position 
which remain all invariant by the group G, _„; to every point of the manifold in 
question is then associated the same (r — n)-term subgroup of the G r as to the point 
jq,. • • ,x®. At the same time, the point Xj, . . . ,x® evidently lies inside the manifold, 
that is to say: there are, in the manifold, also points that are infinitely close to the 
point: Xj, .. . ,x^. 

We assume that the second case happens, so that amongst the n(r — n) functions 
<P£ V (x), there are only s — p < s that are mutually independent, and we may call 
them <pi(x),...,<p s _ p (x). 

Under this assumption, all (p kv (x) can be expressed by means of (p\ (x) , . . . , q> s - p (x) 
alone, and the equations (3) can be replaced by the s — p mutually independent 
equations: 

(3') <pi(xi, . . . ,x s ) = <pi(xi,...,x°), <p s -p(xi,...,x s ) = q>3- P (jf{,...,jS). 
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We therefore see that to every generally located point: jq, . . . ,x® of the space is as- 
sociated a completely determined p-times extended manifold (3') which is formed 
of the totality of all points to which is associated the same [r — n)-term subgroup of 
the group: X\f, . . .,X r f as to the point: x®, . . . ,x®. 
It is possible that the equations: 

q>j V (xi,...,X s ) = <pj V (x\,...,X° s ) (j=l-r-n; V=l-n) 

represent, for every system of values jq, . . . ,x®, a manifold which decomposes in a discrete number 
of different manifolds. 

An example is provided by the three-term group: 

df 1 df df 

X l f=—, X 2 f = 3—, X 3 / = tanjc 23 — . 

dx\ COSX2 0x2 0x2 

Here, we have: 

X 3 f ee smx 2 X 2 f, 

while X\f and Xof are linked by no linear relation. So, if one fixes the point jq, x?, all points whose 
coordinates x\, X2 satisfy the equation: 

sinx2 = sinx^ 

also remain fixed, that is to say: simultaneously with the point x®, x\, every point which lies in one 



of the infinitely many lines: 



x 2 =x\ + 2k% 



parallel to the jq-axis keeps its position, where it is understood that k is an arbitrary, positive or 
negative, entire number. 

Since, under the assumption made above, the group: X\f,... ,X r f associates to 
every point: x^,...,x^ a p-times extended manifold passing through it, then the 
whole space x\, . . . ,x s obviously decomposes in a family of oo s ~P p-times extended 
manifolds: 

(4) ■••,**) = const., <p s -p (xi,..., x s ) = const., 

and to be precise, in such a way that all transformations of the group which fix an 
arbitrarily chosen point in general position do leave at rest all points of the mani- 
fold (4) that passes through this point. 

Certainly, it is to be remarked here that one can speak of a real decomposition of 
the space only when the number p is smaller than s; if p = s, no real decomposition 
of the space occurs, since every transformation of our group which fixes a point in 
general position actually leaves invariant all points of the space; in other words: the 
identity transformation is the only transformation of the group which leaves at rest 
a point in general position. 

The preceding considerations give an occasion for an important division 
[Eintheilung] of all r-term groups X\f, . . . ,X r f of the space x\,...,x s , and to be 
precise, for a division in two different classes. 
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If a group of the space x\,...,x s is constituted in such a way that all its trans- 
formations which leave invariant a point in general position do simultaneously fix 
all points of a continuous manifold passing through this point, then we reckon this 
group as belonging to the one class and we call them systatic [systatisch]. But we 
reckon all the remaining groups, hence those which are not systatic, as belonging 
to the other class, and we call them asystatic [asystatisch]J3 

Using this terminology, we can express the gained result in the following way: 

Theorem 87. If the independent infinitesimal transformations X\f,... ,X r f of an r- 
term group in s variables xi, . . . ,x s are linked together by r — n linear relations of 
the form: 

n 

X n +kf= <Pkv(xi,---,X s )X v f {k=l-r-n), 
v=l 

while between X\f, . . . ,X n f alone no relation of this sort holds, then the group is 
systatic when amongst the n{r — n) functions (pk V {xi,. . .,x s ), there are less than s 
that are mutually independent; by contrast, if amongst the functions (Pkv( x i, ■ ■ ■ , x s), 
there are s functions that are mutually independent, then the group is asystatic. 

§ 122. 

We want to maintain all the assumptions that we have made in the introduction of the 
chapter about the r-term group: X\f, . . . ,X r f of the space xi, . . . ,x s , and at present, 
we only want to add yet the assumption that the group is supposed to be systatic. 
Thus, we assume that, amongst the n(r — n) functions <Pkv(xi, ■ ■ ■ ,x s ), only ^ s — 
p < s are mutually independent, and as above, we may call them q>\ (x), . . . , <p s -p (x). 

We consider at first the case where the number s — p has the value zero. 

If the number s — p vanishes, then n is obviously equal to r, that is to say the 
r independent infinitesimal transformations: X\f,... ,X r f are linked together by no 
linear relation of the form: 

Xi(x h ...,x s )X l f+--- + Xr(x h ...,x s )X r f = 0. 

From this, it results that the number r is in any case not larger than the number s of 
the variables x, hence that the group: X\f, . . . ,X r f is either intransitive, or at most 
simply transitive. Hence in the two cases, the group: X\f, . . . ,X r f is imprimitive (cf. 
Chap. [U p. [229] and Chap.[20l Proposition 6, p.l?90l 

So we see that the systatic group: X\f, . . . ,X r f is always imprimitive when the 
entire number s — p has the value zero. 

We now turn ourselves to the case s — p > 0. 

In this case, the equations: 

t The concepts of systatic and asystatic groups, and the theory of these groups as well, stem from LIE (Ges. d. W. 
zu Christiania 1884, Archiv for Math. Vol. 10, Christiania 1885). The expressive terminologies: systatic "with leaving 
fixed" [MITSTEHENDLASSEND] and asystatic "without leaving fixed" [NICHTMITSTEHENDLASSEND] are 
from ENGEL. As for the rest, the terminology characteristic of the present work was introduced by LIE. 
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(4) px (xi , . . . ,x s ) = const. , . . . , <p s - p (x 1 ,...,x s )= const. 

provide a real decomposition of the space x\, . . . ,x s in oo s ~P p-times extended man- 
ifolds, and in fact, as we have seen above, a decomposition which is completely 
determined by the group: X\f,... ,X r f and which stands in a completely character- 
istic relationship to this group. We are very close to presume that this decomposition 
remains invariant by the group: X\f, . . . ,X r f; from this, it would then follow that 
the systatic group: X\f, . . . , X r f is imprimitive also in the case s — p > (Chap. [T3l 
p.|228]). 

On can very easily see that the presumption expressed just now corresponds to 
the truth. In fact, according to Chap[T9l p. 13521 sq.. the r(s — p) expressions: X k (pi, 
...,X k <p s -p can be expressed as functions of <pi , . . . , <p s -p alone: 

X k (pj = H jk {(p h ...,<p s _p) (k=\-r;j=\-s-p). 

In this (cf. Chap. [8l p. 11491 and 11531) lies the reason why the decomposition (4) 
admits the r infinitesimal transformations X k f, and therefore actually, the complete 
group: Xi /,..., X r f. 

The developments just carried out prove that a systatic group of the space 
jq, . . . ,x s is always imprimitive. We therefore have the 

Theorem 88. Every systatic group is imprimitive. 

It is not superfluous to establish, also by means of conceptual considerations, that 
in the case s — p > 0, the decomposition (4) remains invariant by the systatic group: 
X x f,...,X r f. 

Let us denote by M an arbitrary manifold amongst the °° s p p-times extended 
manifolds (4), let P be the general symbol of a point of the manifold M, let S be the 
general symbol of the oo'"~' ! transformations of our group which leave untouched all 
the points of M, and lastly, let us understand by T an arbitrary transformation of our 
group. 

If we execute the transformation T on M, we obtain a certain p-times extended 
manifold M', the points P' of which are defined by the equation: 

{?) = (P) T. 

Now, since every point P remains invariant by all oo r ~" transformations S of our 
group, it is clear that every point P' keeps its position by the oo r ~" transformations 
T 1 ST, which belong as well to our group. From this, it results thatM' also belongs 
to the oo 5 ~P manifolds (4); consequently, it is proved that the oo s ~P manifolds (4) 
are permuted with each other by every transformation of the group: X\f,... ,X r f, 
so that the decomposition (4) effectively remains invariant by our group. 

Since according to Theorem 88, every systatic group is imprimitive, every primi- 
tive group must be asystatic, inversely. But there are also imprimitive groups which 
are asystatic, for instance the four-term group: 
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df df x df df 
dx" dy' dy ' d y 

of the plane x, y. This group is imprimitive, since it leaves invariant the family of 
straight lines: x = const., but it is at the same time asystatic, because from the two 
identities: 

x d JL= x d JL y d -l= d -l 
dy dy ' dy dy' 

it becomes clear that the functions <p/. v associated to the group are nothing but x 
and y themselves; but they are obviously independent of each other. The three-term 
intransitive group: 

df x df df 
dy 1 dy' dy 

shows that there are even intransitive asystatic groups. 

§ 123. 

If one knows r independent infinitesimal transformations: X\f, . . . ,X r f of an r-term 
group of the space x\, . . . ,x s , then according to Theorem 87, p. I505L one can easily 
decide whether the concerned group is systatic or not. 
For this purpose, one forms the matrix: 

Zrl(x) ■ ■ 

and one studies its determinants. If all the [n + 1) x (n + 1) determinants vanish 
identically, but not all n x n determinants, and in particular, not all n x n deter- 
minants that can be formed with the topmost n rows of the matrix, then there are 
identities of the form: 

/; 

(1) X n+k f= £ (fy v (xi,...,X a )Xyf {k=l-r-n), 

v=l 

while X\f,... ,X n f are linked together by no linear relation. If one has set up the 
identities (1), then one determines the number of independent functions amongst 
then(r-n) functions (p kv (x\,. . . ,x s ). 

However, in order to be able to decide whether a determined r-term group is 
systatic or not, one needs absolutely not to know the finite expressions for the in- 
finitesimal transformations of the group, and rather, it suffices that one knows the 
defining equations of the group. This sufficiency is based on the fact that, as soon as 
the defining equations of the group are presented, one can always indicate an unre- 
stricted integrable system of total differential equations, the only integral functions 
of which are just the (pk V (x) and the functions of them. Indeed, from this it clearly 
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turns out that one can determine the number of independent functions amongst the 
(pkv(x) without knowing the q>kv (x) themselves. 

At present, we will derive this important result. 

The independent equations amongst the equations: 

Jl, d(pkv(x) 

(5) d<p kv = 2^ * dXi = (k=l-r-n;v = l-n) 

i=\ ° Xi 

form an unrestricted integrable system of total differential equations, the only inte- 
gral functions of which are the (pj, v (x), and the functions of them (cf. Chap. [51 p. 1 1021 
sq.). We start from this system of total differential equations. 
Because of (1), we have identically: 

n 

%n+j,i— J! < Pyv^V!=0 (y=l-r-n; i=l-s), 

v=l 

whence it comes by differentiation: 

n n 

d^n+j^j- ^>jvd^ V i = £vid(pj v , 
v=l v=l 

or, since according to the assumption, not all n x n determinants of the matrix: 

€nM • ■ 

vanish, it yet comes: 

d( Pjn = £ Xm(xi,- ■ ■ ,x s ) I dE, n+j7 i - £ (pjyd^vi \ 
i=l I v=l J 

(j—l---r—n; % = 1 •• ■ n) . 

From this, it follows that the system of the total differential equations (5) can be 
replaced by the following one: 

(6) £ |^f±^-£ <p, v ^W = (j .-..,-„;/ ..-.,). 

I ^ v =i J 

Of course, the independent equations amongst the equations (6) form an unrestricted 
integrable system of total differential equations, the integral functions of which are 
just the (pk V (x), and the functions of them. 

However, it is not possible now to set up the individual equations (6) when one 
only knows the defining equations of the group: X\f, . . . ,X r f; by contrast, it is pos- 
sible to replace the system of equations (6) by another system which, aside from the 
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dx K , contains only the coefficients of the defining equations. We arrive at this in the 
following way. 

By JCj, we understand a point in general position. According to p. I212L the 

most general infinitesimal transformation: e\ X\f H h e r X r f whose power series 

expansion with respect to the xi — x® contains only terms of first order or of higher 
order has the shape: 

E e 7 (X n+j f- £ <p jv (x u ...,x s )X v f 
j=l V v=l 

where it is understood that the tj are arbitrary parameters. But when we really ex- 
ecute the power series expansion with respect to the Xj — x® and when at the same 
time we take into account only the terms of first order, this expression receives the 
form: 

But we can compute the terms of first order in the expression (7) from the defining 
equations of the group, and to be precise, without integration. Indeed, according to 
Chap. [TH p. II 99! sq., the most general infinitesimal transformation whose power 
series expansion with respect to the Xj — x® contains only terms of first order or of 
higher order has the form: 

i, % ax x 

where a certain number of the s 2 quantities g' Ki which we denoted by £\ — Vi at that 
time were arbitrary, while the s 2 — £\ + V\ remaining ones were linear homogeneous 
functions of these £\ — V\ quantities with coefficients which could be computed 
immediately from the defining equations. We therefore obtain, when we start from 
the defining equations, the following representation for the expression (7): 

( 7 ') Y ' <■ L «/*(*!. • • • .*?) -4) d 4- + ■ ■ • . 

j=\ i, k OX i 

where the t'j denote arbitrary parameters, while the CCj K i(x°) are completely deter- 
mined analytic functions of the x° which can, as said above, be computed from the 
defining equations. 

Because (7) and (7') are only different representations of the same infinitesimal 
transformation, the factors of (x n —x Q K ) df / dxi in the two expressions must be equal 
to each other, that is to say, there are the following s 2 relations: 



C7) Ee y j; 



;. IT. 



- E 



v=1 



dx n 
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Ei-Vj 

- £ t'jCCjniix ) {i,K=l-s). 
x=}fl j=\ 

For arbitrarily chosen cy, one must always be able to satisfy these relations thanks to 
suitable choices of the values of the z'j, and for arbitrarily chosen z'j, always thanks 
to suitable choices of the values of the tj. 

All of this holds for every point x®, . . . ,x~ in general position; hence this also 
holds true when we consider the x° as variables and when we substitute them by 
xi, . . . ,x n . Consequently, when we have chosen the e in completely arbitrary way as 
functions of the x, we can always determine the e' as functions of the x in such a 
way that the equations: 

(7 ) ;=1 I ^ v = 1 J ;=1 

(f, ff=l"-j) 

are identically satisfied, and when we have chosen the e' in completely arbitrary 
way as functions of the x, we can always satisfy (7") identically thanks to suitable 
functions t\ , . . . , e r _ n of the x. 

Now, one can obviously replace the equations (6) by the following s equations: 

( 6 ') X> t (^r^-L <p,v^W = o (*=!...,), 

pi ti I dx * v=i ^ j 

provided only that one regards the e as arbitrary functions of the x in them. Hence 
from what has been said above, it follows that the totality of all equations (6) is 
equivalent to the totality of all equations of the form: 

ei-vi ^ 

H H, a ini{x\,---,X s )dLXx = (i=l-s), 
j=l %=\ 

in which the e' are to be interpreted as arbitrary functions of the x. Lastly, the latter 
equations can evidently be replaced by the (fii — \\)s equations: 

s 

(8) £ a j7[i (xi,...,x s )dx 7i: = c/=i-ei-vi;/=i-*). 

With these words, it is proved that the two systems of total differential equa- 
tions: (6) and (8) are equivalent to each other; thus, it results that the independent 
equations amongst the equations (8) form an unrestricted integrable system of to- 
tal differential equations, and to be precise, a system, the only integral functions of 
which are the (Pkv( x ) an d the functions of them. 

We can therefore say: 



dx Tl 



VI 



v=1 



dx n 
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Theorem 89. If the defining equations of an r-term group of the space X\, . . . ,x s are 
presented, then one decides in the following way whether the concerned group is 
systatic or not: 

One understands by , . . . ,x® an arbitrary point in the neighbourhood of which 
the coefficients of the resolved defining equations behave regularly and one deter- 
mines the terms of zeroth order and of first order in the power series expansion of 
the general infinitesimal transformation of the group with respect to the powers of 
x\ — jq, . . . , x s —X®. Afterwards, one searches for the terms of first order in the most 
general infinitesimal transformation of the group which contains no term of zeroth 
order. These terms will have the form: 

7=1 i, 7t OX i 

where the t'j denote arbitrary parameters, while the OLj%i{x ) are completely deter- 
mined analytic functions of the x° and can be computed without integration from 
the coefficients of the defining equations. Now, one forms the system of the total 
differential equations: 

s 

(8) OCj7ti(xi,...,X s )dx n = (7 = l-£i-Vi; i=l-s) 

and one determines the number s — p of the independent equations amongst these 
equations. If s — p < s, then the group is systatic, but if s — p = s, the group is 
asystatic^ 

We can add: 

Proposition 1. The s — p mutually independent equations amongst the differential 
equations (8) form an unrestricted integrable system with s — p independent inte- 
gral functions: (pi(x), . . . , (p s -p(x). These integral functions stand in the following 
relationship to the group: X\f, . . .,X r f: 

If, amongst the r independent infinitesimal transformations: Xif,.. .,X r f there 
are exactly n, say X\f,... ,X n f, that are linked together by no linear relation, while 
Xn+if, ■ ■ -,X r f can be expressed linearly in terms ofX\f, . . .,X n f: 

n 

X„ +k f= 9kv(xi,...,X s )X v f {k=l-r-n), 
v=l 

then all n(r — n) functions (pkv(x) can be expressed in terms of <pi (x) , . . . , (p s - p (x) 
alone. 

One even does not need to know the defining equations themselves in order to 
be able to decide whether a determined group is systatic or not. For this, one only 

t LIE, Archiv for Math., Vol. 10, Christiania 1885. 
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needs to know the initial terms in the power series expansions of the infinitesimal 
transformations of the group in the neighbourhood of an individual point: Xj, . . . 
in general position. Indeed, if one knows these initial terms, one can obviously 
compute the numerical values a? • that the functions Otjniix) take for x\=x\, 

The number s — p defined above then is nothing but the number of the 
mutually independent equations amongst the linear equations in the dxi , . . . , dx s : 

s 

£ a° j%i dx % = Q (y=i- ei -vi;/=i- s ). 
%=\ 

The system of the total differential equations has a very simple conceptual mean- 
ing. Indeed, as one easily realizes directly, it defines all the points: x\ -f-dxi, . . . , 
x s + dx s infinitely close to the point x\,...,x s that remain invariant by all transfor- 
mations of our group which leave at rest the point x\, . . . ,x s . Here lies the inner 
reason [innere Grund] why the (pk V (x) and the functions of them are the only inte- 
gral functions of the system (6) or (8), because indeed, the equations: 

9kviyi, ■ ■ ■ ,ys) = 9kv(xi,---,X s ) (k=l-r-n; v = l-n) 

define all points yi,...,y s which remain invariant simultaneously with the point 

X\ , . . . jX s . 
§ 124. 

We have found that the r-term group: X\f,..., X r f of the space x\ , . . . , x s is asystatic 
or is systatic according to whether there are exactly s, or less than s, mutually inde- 
pendent functions amongst the functions <Pkv( x i,- ■ ■ i x s) defined on p. l341l and l501l 
Now, according to Chap. [20l Theorem 67, p. I3841 there always is an infinitesimal 
transformation Zf which is interchangeable with all X^f when, and only when, 
the number of independent functions amongst the <Pk V (x) is smaller than s. Conse- 
quently, we can also say: 

Proposition 2. The r-term group: X\f,..., X r f of the space x\,...,x s is systatic if 
and only if there is an infinitesimal transformation Zf which is interchangeable with 
all Xkf; if there is no such infinitesimal transformation, the group: X\f, . . . ,X r f is 
asystatic!^ 

Since the excellent infinitesimal transformations of a group are interchangeable 
with all the other infinitesimal transformations of the group, we have in addition: 

Proposition 3. Every group which contains one or several excellent infinitesimal 
transformations is systatic. 

Thus for such groups, one realizes already from the composition that they are 
systatic. 



t LIE, Archiv for Math., Vol. 10, p. 377, Christiania 1885. 
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Finally, if we remember that the adjoint group of a group without excellent in- 
finitesimal transformation contains r essential parameters (cf. Theorem 49, p. 12851) . 
we see that the following proposition holds: 

Proposition 4. The adjoint group of an asystatic group is always r-term. 

Proposition 2 and Proposition 4 are the generalizations of the Propositions 1 and 2 
of the Chap. [T6l (p. 12861) announced at that time. 

Already from the developments of the Chap. [20] we could have taken as an oppor- 
tunity a division of all groups in two classes; in the first class, we had reckoned every 
r-term group: X\f,... ,X r f for which there is at least one infinitesimal transforma- 
tion interchangeable with all X^f, and in the other class, all the remaining groups. 
According to what was said above, it is clear that this division would coincide with 
our present division of the groups in systatic and asystatic groups; the first class 
would consist of all systatic group, and the second class, of all asystatic groups. In 
what follows, we want to explain this fact by means of conceptual considerations 
and at the same time, we want to derive new important results. 

Let be a transformation which is interchangeable with all transformations of 
a given r-term group: X\f, . . .,X r f of the space x\,...,x s , and moreover, let S be 
the general symbol of the transformations of the group: X\f,... ,X r f which leave 
invariant an arbitrary, generally positioned point P of the space x\ , . . . ,x s . 

If, P is transferred to the point P\ by the execution of the transformation 0, 
then obviously, l S0 is the general symbol of all transformations of the group: 
Xif, . . .,X r f which leave invariant the point P\. But now, since is interchange- 
able with all transformations of the group: X\f, . . . ,X r f, then the totality of all 
transformations l S0 is identical to the totality of all transformations S, hence 
we see that all transformations of the group: X\f,... ,X r f which fix the point P do 
also leave at rest the point P\ . 

We now apply this to the case where there is a continuous family of trans- 
formations which are interchangeable with all transformations of the group: 
Xi/,...,X r /. 

Since P is a point in general position, then by the execution of the transforma- 
tions 0, it takes a continuous series of different positions. But as we have seen just 
now, each one of these positions remains invariant by all transformations S, and 
consequently, the group: X\f, . . . ,X r f is systatic. 

As a result, it is proved that the r-term group: X\f, . . . ,X r f of the space x\, . . . ,x s 
is in any case systatic when there is an infinitesimal transformation Zf interchange- 
able with all X/sf. It yet remains to show that the converse also holds true, namely 
that for every systatic group: X\f, . . . ,X r f, one can indicate a continuous family of 
transformations which are interchangeable with all transformations X\f, . . . ,X r f. 

Thus, we imagine that a systatic r-term group: X\f, . . .,X r f of the space xi, . . . ,x s 
is given. We will indicate a construction that provides infinitely many transforma- 
tions which are interchangeable with all transformations of this group. 
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Every transformation which is interchangeable with all transformations of the 
group: X\f, . . . ,X r f transfers every point P of the space to a point Pi which admits 
exactly the same transformations of the group as the point P; this is what we showed 
above. Hence, we choose two arbitrary points P and P\ which admit the same trans- 
formations of our group, and we attempt to determine a transformation which is 
interchangeable with all transformations of our group and which in addition trans- 
fers PtoP\. 

Let P' be a point to which P can be transferred by means of a transformation T 
of the group: X\f,... ,X r f; furthermore, let, as earlier on, S be the general symbol 
of all transformations of this group which leave invariant P and hence P\ too. Then 
(Chap. [141 Proposition 1, p. 12341) . ST is the general symbol of all transformations 
of our group which transfer P to P'. Obviously, P\ takes the same position by all 
these transformations ST, for one indeed has: 

(P l )ST = (P l )T. 

At present, by assuming the existence of one transformation having the con- 
stitution just demanded, we can easily see that every point P' = (P) T receives a 
completely determined new position by all possible 0; indeed, this follows imme- 
diately from the equations: 

(P')0 = (P)T0 = (P)0T = (P X )T. 

Hence ifT is an arbitrary transformation of our group, then by every transformation 
which actually exists, the point (P) T takes the new position (P\ ) T. 

We add that we obtain in this way no overdetermination [Uberbestimmung] of 
the new position of the point P'. Indeed, if we replace in the latter equations the 
transformation T by an arbitrary other transformation of the group: Xif,...,X r f 
which transfers in the same way P to P', hence if write ST in place of T, then it 
comes again: 

(p')0 = (P)ST0 = (P)0ST = (P l )ST = (P l )T. 

We consider at first the special case where the systatic group: X\f, . . . ,X r f is 
transitive. 

When the group: X\f, . . . ,X r f is transitive, by a suitable choice of T, the point 
(P)T can be brought to coincidence with every other point [P\)T of the space; 
hence, if we associate to every point (P) T of the space the point (Pi) T, a completely 
determined transformation 0' is defined in this way. If we yet succeed to prove that 
0' is interchangeable with all transformations of our group, then it is clear that 0' 
possesses all properties which we have required of the transformation 0, and that 
0' is the only transformation which actually exists. 

The fact that 0' is really interchangeable with all transformations of our group 
can be easily proved. Indeed, we have: 
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(P)T0'= (Pi)T = (P)0'T, 

where T means a completely arbitrary transformation of our group. Hence if we un- 
derstand in the same way by T a completely arbitrary transformation of our group, 
we obtain: 

(P)TT0' = (P)0'TT = (P)T0'J, 

and therefore, the transformation: T0'T _1 @' _1 leaves invariant the point (P) T, 
that is to say, every point of the space. From this, it follows that T 0'T 0'~ 
is the identity transformation, that is to say: 0' is really interchangeable with all 
transformations of our group. 

Thus, when the systatic group: X\f, . . . ,X r f is transitive, to every pair of points P, 
P\ having the constitution defined above there corresponds one and only one trans- 
formation interchangeable with all transformations of the group. If one chooses the 
pair of points in all possible ways, one obtains infinitely many such transforma- 
tions, and it is easy to determine how many: In any case, when °° p different points 
remain untouched by all transformations of the group which leave invariant an arbi- 
trarily chosen point, then there are exactly °oP different transformations which are 
interchangeable with all transformations of the group: X\f, . . . ,X r f. This is coher- 
ent with Theorem 67, p. 13841 for because of the assumption made above, amongst 
the n(r — n) functions <Pkv(x), there are exactly s — p that are mutually independent, 
hence there are exactly p independent infinitesimal transformations Zi/, . . . ,Z p f 
which are interchangeable with all X^f. 

We can therefore state the following proposition: 

Proposition 5. If the r-term group: X\f, . . . ,X r f of the space xi, . . . ,x s is transitive, 
and if P and P\ are two points which admit exactly the same infinitesimal transfor- 
mations of the group: X\f,... ,X r f, then there is one and only one transformation 
which is interchangeable with all transformations of the group: X\f, . . . ,X r f and 
which transfers P to P\. If one understands by T the general symbol of a trans- 
formation of the group: X\f, . . . ,X r f, then can be defined as the transformation 
which transfers every point (P) T to the point (P\ ) T. If each time exactly °° p dif- 
ferent points admit precisely the same infinitesimal transformations of the group: 
X\f,.. .,X r f, then there are exactly °°P different transformations which are inter- 
changeable with all transformations of the group X\f,... ,X r f. 

The developments about simply transitive groups that we have given in Chap.l20l 
p. I3971 - I40T1 are obviously contained as a special case of the developments carried 
out just now. 

At present, we turn to the case where the r-term systatic group X\f,... ,X r f is intransitive. How- 
ever, we want to be brief here. 

If the systatic group: X\f,... ,X,-f is intransitive, then there is not only a single transformation 
which transfers the point P to the point defined on p. 15141 and which is interchangeable with all 
transformations of our group, and rather, there are infinitely many different transformations of this 
kind. We will indicate how one finds such transformations. 



516 



24 Systatic and Asystatic Transformation Groups 



The intransitive systatic group: X\f,... ,X r f determines several invariant decompositions of the 
space x\,...,x s . 

A first decomposition is represented by the s — p < s equations: 

(a) • • • ,x s ) = const., . . . , <p,_ p (x\ , . . . ,x s ) = const. 

A second decomposition is determined by s— n > arbitrary independent solutions: u\ (x) , . . . , u s - n (x) 
of the n-term complete system: X\f = 0, . . . , X n f = 0; the analytic expression of this decomposition 
reads: 

(b) wi (x\, ... ,x s ) = const., u s - n (x\ , ... ,x s ) = const. 

In what follows, by M p , we always understand one of the oa s ~P p -times extended manifolds (a), and 
by M„, we understand one of the <xP~ n n-times extended manifolds (b). 

Amongst the solutions of the complete system: X\f = 0, . . . , X n f = 0, there is a certain number, 
say s — q ^ s — n, which can be expressed in terms of (pi (x), . . . , (p s -p (x) alone; we want to assume 
that u\(x), . . . ,u s -q(x) are such solutions, so that s — q — p relations of the form: 

ui(x) =tti((pi(x),...,f s -p(x)), u s - q (x) =ii s - q (fi(x),...,(p s -p(x)) 

hold, and therefore, every solution of the complete system: X\f = 0, . . . , X„ f = which can be 
expressed in terms of (pi(x),...,(p s - p (x) alone is a function of U\(x), . . . ,u s - q (x) (cf. Chap. [T9l 
p. 13541 ). Then the s — q equations: 

(c) u\ (x\ ,x s ) = const., u s -q(x\ ,x s ) = const. 

represent a third decomposition invariant by the group: X\f, . . . ,X r f. The individual manifolds of 
this decomposition visibly are the smallest manifolds which consist both of the M p and of the M„ 
(cf. Chap. [8] p. 1155b . By 9Jlq, we always understand in what follows one of the oo 4 ~<7 g-times extended 
manifolds (c). 

Lastly, a fourth invariant decomposition is determined by the manifold sections [SCHNITTMAN- 
NIGFALTIGKEITEN] of the M p and the M„ (Chap. |8] p. 1155b , and this decomposition is obviously 
determined by the s — p +q — n equations: 

{<pi (x) = const., . . . , (p s - p (x) = const. 
u s -q+\{x) = const., . . . , u s -„(x) = const., 

which, according to Chap. [19] p. !354l sq.. are independent of each other. In what follows, by N p + n -q< 
we want to always understand one of the oo i ~P+'?~" (p + « — ^)-times extended manifolds (d). 

Now, in order to find a transformation © which is interchangeable with all transformations of the 
group: X\f, . . . ,X r f, we proceed in the following way: 

Inside every 9Jt c/ , we associate to every M„ another M„ which we may call M' n , and to be precise, 
we make this association according to an arbitrary analytic law. Afterwards, on each one of the 
°°' s ~" M„, we choose an arbitrary point P, and to each one of the oo s ~" chosen points, we associate 
an arbitrary point P\ on the N p+n - q in which the M p passing through the point cuts the M,', which 
corresponds to the M„ passing through the point. 

There is one and only one transformation &' which transfers the oo s ~ n chosen points P to the point 
Pi corresponding to them. This transformation is defined by the symbolic equation: 



(P)T0 = (Pi)T, 



§ 125. 
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in which P is the general symbol of the oo s ~ n chosen points, while T is the general symbol of the °° r 
transformations of our group. 

One convinces oneself easily that the transformation just defined is interchangeable with all 
transformations of the group: X\f,... ,X r f and that one obtains all transformations of this consti- 
tution when one chooses in the most general way the arbitrary elements which are contained in the 
definition of 0. 

We need not to spend time for proving that; let it only be remarked that when one sets up the 
analytic expression of the transformation 0, one sees immediately that the number of the arbitrary 
functions appearing in this expression and the number of the arguments appearing in these functions 
agree with the Theorem 67, p. 13841 

Finally, yet a remark which applies both to the intransitive and to the the transitive systatic groups: 
When the manifold: 

<Pkv(xi,...,X s ) = flfcy (*?,..., X°) (*=l-r-n; V=l-n) 

decomposes for every system of values x®, . . . ,x® in several discrete manifolds, then the totality of 
all transformations which are interchangeable with the transformations of the group: X\f, . . . ,X r f 
also decompose in several discrete families. 



§ 125. 

The functions (pkv(x) which decide whether a group is systatic or not have also 
played a great role already in the chapter about the similarity of r-term groups. 
At present, we want to go back to the developments of that time, and we want to 
complete them in a certain direction. 

If, in the same number of variables, two r-term groups are presented: 

s 
i=l 

and: 

(=i 

and if at the same time the relations: 

r 

[Xi,X k ] = £ Cjk s X a f 

hold with the same constants in the two cases, then according to Chap.QjE p. 136 1 1 
sq., there is a transformation: 

y v = &v(xi,...,x s ) (v=l-s) 

which transfers Xif,... ,X r f to Y\f, . . . , Y r f, respectively, if an only if the following 
conditions are satisfied: if, between X\f, . . . ,X r f, there are relations of the form: 

n 

X n +kf= Y< (Pkv(xi,...,X s )X v f (k=l-r-n), 
v=l 



dxi 



(k=l-r) 



(k=l-r), 



and [Yi,Y k }= £ c^f, 
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while X\f,...,X r f are linked together by no linear relation, then between 
Yif, . . . , Y r f, there must exist analogous relations: 

// 

Y n +kf= £ Vkv(yi,---,y S )Y v f (k=l-r-n) 
v=l 

but Yif, . . . ,Y n f should not be linked together by linear relations; in addition, the 
n(r — n) equations: 

(e) (Pkv(xh---,Xs) = Vkv(yh---,ys) (*=l-r-n; v = l-n) 

should neither contradict with each other, nor provide relations between the x alone 
or the y alone. 

If, amongst the functions <Pkv( x )> there would be present less than s that are 
mutually independent, then the determination of a transformation which transfers 
Xif,.. .,X r f to Yif, . . . , Y r f would require certain integrations; by contrast, if the 
number of independent functions <Pkv(x) would be equal to s, the equations (e) 
would represent by themselves a transformation transferring X\f, ...,X r f to 
Y\f,...,Y r f, respectively, and in fact, the most general transformation of this 
nature. Hence, if we remember that in the latter case the group: X\f,...,X r f is 
asystatic, and naturally also the group: Yif, . . . , Y r f, then we obtain the: 

Proposition 6. If one knows that two r-term asystatic groups in s variables are sim- 
ilar and if one has already chosen, in each one of the two groups, r infinitesimal 
transformations: 

s df 

X k f =Y,^ki{x\,...,X s )-^ (k=l-r) 



i=l 
and: 



Ykf =, £^i(yu---,ys)j-_ (k=i- r ) 



=i 



such that there exists a transformation: y; = <Pi(x\, . . . ,x s ) which transfers 
X\f,...,X r f to Y{f, . . . ,Y r f, respectively, then one can set up without integra- 
tion the most general transformation that achieves the concerned transfer; this 
most general transformation contains neither arbitrary functions, nor arbitrary 
parameters. 

From this, it follows that one can find without integration the most general trans- 
formation which actually transfers the asystatic group X\f, ...,X r f to the group: 
Y\f, . .., Y r f similar to it. To this end, one has one has to proceed as follows: 

One determines in the group: Y\f, . . . , Y r f in the most general way r independent 
infinitesimal transformations: 

V= tsjkYkf J i •••<" 

k=\ 
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such that firstly, the relations: 

[Y/,Y,]= £ c iks Y a f 

(7=1 

hold, and secondly such that there exists a transformation which transfers 
Xif,.. .,X r f to Y\f, . . . , Y r f, respectively. Then according to what has been said a 
short while ago, one can find without integration the most general transformation 
which achieves the transfer in question, and as a result, one obtains at the same 
time the most general transformation which converts the group: X\f, . . .,X r f into 
the group: Y\f, . . . ,Y r f. Obviously, this transformation contains only arbitrary 
parameters. 

In particular, if the group: Y\f, . . . , Y r f coincides with the group: X\f, . . . ,X r f, 
then in the way indicated, one obtains all transformations which leave invariant 
the group: X\f, ...,X r f. According to Chap. [191 P- 13691 the totality of all these 
transformations forms a group, and in fact in our case, visibly a finite group. Thus: 

Theorem 90. The largest subgroup in which an r-term asy static group: X\f,..., X r f 
of the space x\, . . . ,x s is contained as an invariant subgroup contains only a finite 
number of parameters. One can find the finite equations of this group without 
integration as soon as the infinitesimal transformations of the group: X\f, . . . ,X r f 
are given^ 

It is of importance that one can also find without integration the finite equations of 
the asystatic group: X\f, . . . ,X r f itself, as soon as its infinitesimal transformations 
are given. 

One simply sets up the finite equations: 

r 

(f) e' k = £ \if kj (e h ...,e r )ej (k=i-r) 

of the adjoint group associated to the group: X\f, . . . ,X r f; this demands only exe- 
cutable operations (cf. Chap. [161 P- 12821) . Next, if the sought finite equations of the 
group: X\f, . . . ,X r f have the form: jc- = fi(x\ , . . . , x n , £i, . . . , e r ), then according to 
Theorem 48, p. 12831 after the introduction of the new variables: x\ = f(x,e), the 
infinitesimal transformations X^f take the form: 

r 

where, as usual, we have set: 

£ %ki( x l > • • • "T7 = Xjj. 
(=1 ax i 



t LIE, Archiv for Math. Vol. 10, p. 378, Christiania 1885. 
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Now, since the group: X\f, . . . ,X r f is asystatic, there is a completely determined 
transformation between the x and the x 1 that transfers X\f,... ,X r f to: 

r 

Y,Vjk(£h---,£r)Xjf {k=l-r), 

;=i 

respectively. If one computes this transformation according to the former rules, one 
finds the sought equations x\ = f(x, e). 

In particular, if the equations (f) are a canonical form of the adjoint group (cf. 
Chap. [9l p. 11831) , then evidently, one obtains the finite equations of the group: 
X\f,.. .,X r f also in canonical form. We therefore have the 

Proposition 7. If one knows the infinitesimal transformations of an asystatic group 
of the space x\, . . . ,x s , then one can always find the finite equations of this group by 
means of executable operations and to be precise, in canonical form. 

There exist yet more general cases for which the finite equations of an r-term 
group, the infinitesimal transformations of which one knows, can be determined 
without integration. However, we do not want to be involved further in such ques- 
tions, and we only want to remark that the determination of the finite equations 
succeeds, amongst other circumstances, when there is no infinitesimal transforma- 
tion interchangeable with all X k f which does not belongs to the group X\f,... ,X r f. 

§ 126. 

Let X\f, . . . ,X r f, or shortly G r , be an r-term systatic group of the space x\, . . . ,x s , 
and let G r _„ be the (r — n)-term subgroup of the G r which is associated to a deter- 
mined point x\, . . . ,x~ in general position. The manifold: 

(p kv (x h . . . ,X S ) = fltv (*?,..., JC?) (k=l-r-n; V = l-n) 

which consists of all points invariant by the G r _„ may be denoted by M. 

Since the G r _„ fixes all points of M, it naturally leaves invariant M itself; but 
is it thinkable that the G, contains transformations which also leave invariant the 
manifold M without fixing all of its points. We want to assume that the largest 
subgroup of the G r which leaves M invariant contains exactly r — l parameters and 
we want to call this subgroup G r _/. 

Of course, the G r - n is either identical to the G r i or contained in it as a subgroup. 
The latter case occurs always when the G r is transitive; indeed, in this case, the point 
x9, . . . ,x® can be transferred to all points of M by means of suitable transformations 
of the G r , and since every transformation of the G r which transfers x\,...,x s to 
another point of M visibly leaves invariant the manifold M, the G r contains a con- 
tinuous family of transformations which leave invariant M without fixing all of its 
points; consequently, in the case of a transitive group G r , the number r — I is surely 
larger than r — n. But if the G r is intransitive, then it is very well possible that all 
transformations of the G, which leave M invariant also fix all points of M, so that 
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r — l = r — n. This is shown for example by the three-term intransitive systatic group: 

df_ df_ x2 d£ 

dx2 ' 2 dx2 ' 2 dx2 

of the plane x\, x% 

It is easy to see that the G, _„ is invariant in the G,. /. In fact, the G, _„ is gener- 
ated by all infinitesimal transformations of the G r _/ which leave untouched all the 
points of M; but according to Chap. [T71 Proposition 7, p. 13151 these infinitesimal 
transformations generate an invariant subgroup of the G r „. We therefore have the: 

Proposition 8. If: X\f, ...,X r f, or G r , is an r-term systatic group of the space 
xi,...,x s , if moreover P is a point in general position, and lastly, if M is the 
manifold of all points that remain invariant by all transformations of the G r which 
fix P, then the largest subgroup of the G, which leaves P invariant is either identical 
to the largest subgroup which leaves M at rest, or is contained in this subgroup as 
an invariant subgroup. The first case can occur only when the G r is intransitive; 
when the G, is transitive, the second case always occurs. 

On the other hand, if one knows an arbitrary r-term group G, of the space 
x\,...,x s and if one knows that the largest subgroup G r n of the G, which leaves 
invariant an arbitrary point P in general position is invariant in a yet larger subgroup 
G r -h with r — h > r — n parameters, then one can conclude that the G r belongs to 
the class of the systatic groups. 

In fact, the point P admits exactly r — n independent infinitesimal transformations 
of the Gy-h an d hence (Chap. [231 Theorem 85, p. 14871) . it takes, by all oo r_/l trans- 
formations of the G r _/ 2 , exactly oo' ! ~' 1 different positions, where the number n — h, 
under the assumption made, is at least equal to 1 . Now, since the G r _„ is invariant 
in the G r _/ 7 , then to each of these oo n_ " positions of P is associated exactly the same 
(r — n) -term subgroup of the G r as to the point P, that is to say: the G r is effectively 
systatic. Thus: 

Proposition 9. If the r-term group G r of the space xi,...,x s is constituted in such 
a way that its largest subgroup G r „ which leaves invariant an arbitrary point in 
general position is invariant in a larger subgroup of the G r , or even in the G r itself, 
then the G r belongs to the class of the systatic groups. 

From this proposition, it follows immediately that for an r-term asystatic group 
of the space x\,...,x s , the subgroup associated to a point in general position is 
invariant neither in the G r itself, nor in a larger subgroup of the G r . But conversely, 
if the G r is constituted in such a way that the subgroup which is associated to a point 
in general position is invariant in no larger subgroup, then it needs not be asystatic 
for this reason, and it necessarily so only when it is at the same time also transitive; 
this follows immediately from the Proposition 8, p. 15211 We can therefore say: 
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Proposition 10. An r-term transitive group G r of the space x\,...,x s is asystatic if 
and only if the subgroup associated to a point in general position is invariant in no 
larger subgroup. 

In Chap.[22l Theorem 79, p. 14491 we provided a method for the determination of 
all transitive groups which are equally composed with a given r-term group F. At 
present, we can specialize this method so that it provides in particular all transitive 
asystatic groups which are equally composed with the group F. 

One determines all subgroups of F which neither contain a subgroup invariant in 
F, nor are invariant in a larger subgroup of F. Each one of these subgroups provides, 
when one proceeds according to the rules of Theorem 78, a transitive asystatic group 
which is equally composed with F, and in fact, one finds in this way all transitive 
asystatic groups having the concerned composition. 

Taking the Proposition 10 as a basis, one can answer the question whether a given transitive group 
is systatic, or asystatic. One can set up a similar statement by means of which one can answer the 
question whether a given transitive group is primitive, or not. 

Let the r-term transitive group G r of the space x\ , . . . ,x s be imprimitive, and let: 

u\ (jci,..., x s ) = const., u s - m (xi,...,x s ) = const. (o<m<s) 

be a decomposition of the space in oo s ~ m m-times extended manifolds which is invariant by the 
group. 

Since the G, is transitive, all its transformations which leave invariant a point Xj, . . . ,x® in general 
position form an (r — .s^-term subgroup G r - S , and on the other hand, all its transformations which 
leave invariant the ;7z-times extended manifold: 

ui(xi,...,x s ) = ui(x°), u s - m (xi,...,x s ) = u s - m (x°) 

form an (r — s + ra)-term subgroup G r - s +m (cf. Chap. [23] p. I4831 l. Here naturally, the G r - S is con- 
tained as subgroup in the G r - s +m, which in turn obviously is an actual subgroup of the G r . 

At present, we imagine conversely that an arbitrary r-term transitive group <3 r of the space 
xi,...,x s is presented, and we assume that the (r — s)-term subgroup & r - s of the (& r which is 
associated to a point P in general position is contained in a larger subgroup: 

®r-s+h (r-s<r-s + h<r). 

If all transformations of the & r - s+ /, are executed on P, then the point takes °°' ! different positions. 
These oo" positions form an /i-times extended manifold M which remains invariant by the <S r - s +h 
(cf. Chap. [23] p. 1487b . Lastly, if we execute on M all transformations of the <5 r , we obtain oo s ~" 
different /i-times extended manifolds which determine a decomposition of the space x\,... ,x s . 

In fact, since the manifold M remains invariant by the <8 r - s+ h< then by the °° r transformations of 
the ® r , it takes at most oo s ^ h different positions (cf. Chap. [23] p. 1487b . and on the other hand, thanks 
to the transitivity of the ® r , it takes at least oo 1_/l positions, hence it receives by the & r exactly 00 s- * 
different positions which fill exactly the space and hence determine a decomposition. It follows from 
Theorem 85, p. 14871 that this decomposition remains invariant by the ® r . 

From this, it results that the & r , under the assumptions made, is imprimitive. If we combine this 
result with the one gained above, we then obtain at first the: 
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Theorem 91. An r-term transitive group G r of the space x\,...,x s is primitive if and only if the 
[r — s)-term subgroup G r - S which is associated to a point in general position is contained in no 
larger subgroup of the G r . 

But even more, we obviously obtain at the same time a method for the determination of all possi- 
ble decompositions of the space x\,...,x s which remain invariant by a given transitive group of this 
space: 

Theorem 92. If an r-term transitive group G r of the space xi,... ,x s is presented, then one finds all 
possible decompositions of the space invariant by the group in the following way: 

One determines at first the (r — s)-term subgroup G r - S of the G r by which an arbitrary point P 
in general position remains invariant, a point which does not lie on any manifold invariant by the 
G r . Afterwards, one looks up at all subgroups of the G r which contain the G r _ s . If G r - s+ h is one of 
these subgroups, then one executes all transformations of the G r _ v+ /, on P; in the process, P takes 
°° h different positions which form an h-times extended manifold M; now, if one executes on M all 
transformations of the G r , then M takes oo s ~ h different positions which determine a decomposition 
of the space invariant by the G r . If one treats in this way all subgroups of the G, which comprise the 
Gy-s, one obtains all decompositions invariant by the G r . 

At present, we can also indicate how one has to specialize the method explained in Chap. [22] 
Theorem 79, p. 14491 in order to find all primitive groups which are equally composed with a given 
r-term group F. 

Since all primitive groups are transitive, one has to proceed in the following way: 
One determines all subgroups of F which contain no subgroup invariant in F and which are con- 
tained in no larger subgroup of F. Each of these subgroups provides, when one proceeds according 
to the rules of Theorem 78, a primitive group equally composed with F and in fact, one obtains in 
this way all primitive groups of this sort. — 

The Theorem 92 shows that one can find without integration all decompositions invariant by a 
transitive group when the finite equations of the group are known. Now, the same also holds true for 
intransitive groups, although in order to see this, one needs considerably longer considerations that 
might not be advisable to develop here. 



Chapter 25 

Differential Invariants 



In n variables, we imagine that a transformation is presented: 

(1) yi = fi(xi,...,x n ) («=!•••»), 

and we imagine that this transformation is executed on a system of n — q indepen- 
dent equations: 

(2) Q k (xi,...,x n ) = (k=l-n-q); 
we obtain in this way a new system of equations: 

(2') Z2(yi,...,y n ) = (k=\-n- q ) 

in the y. 

Now, by virtue of the equations (2), n — q of the variables x\, . . . ,x n can be repre- 
sented as functions of the q remaining ones and these n — q naturally possess certain 
differential quotients: p\, pi, ■ ■ ■ , with respect to the q remaining. On the other hand, 
by virtue of the equations (2'), n — q of the variables yi,...,y n can be represented 
as functions of the q remaining ones and these n — q possess in their turn certain 
differential quotients: p\, p' 2 , . . . , with respect to the q remaining. 

Between the two series of differential quotients so defined, there exists a certain 
connection which is essentially independent of the form of the n — q relations (2). 
In the course of the chapter, we will explain thoroughly this known connection, and 
we recall here that the p' from the first order up to the m-th order can be represented 
as functions of x\, . . . ,x n and of the p from the first order up to the m-th order, when 
the p are interpreted as functions of Xj, . . . ,x' n and of the p'. From this, it results 
that one can derive from the transformation (1) a new transformation which, aside 
from the x, also transforms the differential quotients from the first order up to the 
m-th order. We want to say that this new transformation is obtained by prolongation 
[Erweiterung] of the transformation (1). 

Visibly, the prolongation of the transformation (1) can take place in several very 
varied ways, because it left just as one likes how many and which ones of the vari- 
ables xi, . . . ,x„ will be seen as functions of the others. One can even increase yet the 
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number of possibilities by taking in addition auxiliary variables: t\,t2, ■ ■ ■ , that are 
absolutely not transformed by the transformation (1), so that one adds the identity 
transformation in the auxiliary variables: t\, t2, . . . , to the equations of the transfor- 
mation (1). 

If an r-term group is presented, we can prolong [erweitern] all its °° r transforma- 
tions and obtain in this way °° r prolonged transformations; the latter transformations 
constitute in their turn, as we will see, an r-term group which is equally composed 
with the original group. 

§ 127. 

We consider at first a special simple sort of the prolongation. 
In the transformation: 

(1) yi = fi(xi, . . . ,Xn) (» = l-n), 

we consider the variables functions of an auxiliary variable t which is 

absolutely not transformed by the transformation (1). Obviously, y\,...,y n are then 
to be interpreted also as functions of t; hence if we set: 



dxj (i) dy t (i 



then it follows from (1) by differentiation with respect to V. 



X v ' (i=l-n). 



If we take together (1) and (3), we obtain a transformation in the 2n variables x\ and 

*<■>. 

The transformation (1), (3) is in a certain sense the simplest transformation that 
one can derive from (1) by prolongation. 

If we apply the special prolongation written just now to all °° r transformations of 
the r-term group: X\f,... ,X r f, or to: 

(4) yi = fi(xi,...,x n ,ai,...,a r ) (i=i-n), 

then we obtain °° r prolonged transformations which have evidently the form: 

(5) yi = fi(xi,...,x n , a 1 ,...,a r ), y\ )'= ^ — ^ 4 (t=i-n). 

v=l ax v 

It can be proved that the equations (5) represent an r-term group in the In vari- 
ables xu xp . 

In fact, the equations: 

yi = fi(xi,...,x n ,ai,...,a r ) and n = fi(yi, . . . ,y n , h, ■ ■ ■ ,b r ) 
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have by assumption as a consequence: 

Zi fi{x\ 5 • • • 5^/35 C 1 5 • • • 5 Cr) ) 

where the c depend only on the a and on the b. Therefore, from: 



(1) _ " dfj(x,a) (i) (i) _ " dfj(y,b) {1 

yi - L —jZ *v and Zj - ^ a 

v=i , = i CVj 



it follows by elimination of the y[ . 



(l) = y n dfj(y,b) dfj{x,a) (i) 

£ W(D_( Win 

v= j OXy y=1 <7JC V 



whence the announced proof is achieved. 

In addition, from what has been said, it results that the new group possesses the 
same parameter group as the original group: 

yi = fi(xi,...,x n ,ai,...,a r ). 

The new group: 

(5) y k = fk(x,a), yi 1) = E^i (1) (*=i-«) 

i=\ ax i 

which shows a first example of a prolonged group has a very simple conceptual 
meaning. 

Indeed, if one interprets x\,...,x n as ordinary point coordinates of an n-times 

extended space, then one can interpret the 2n quantities: x\,... ,x n , x[ , . . .,xlP as 
the determination pieces [Bestimmungsstucke] of a line element [Linienelement]; 

about it, x[ l \ . . . ,Xn are homogeneous coordinates in the domain of the oo"^ 1 di- 
rections which pass through the point xi , . . . ,x n . 

The new group (5) in the x, x^ indicates in which way the line elements of the 
space %i, . . . ,x n of the original group: yi = f(x, a) are permuted with each other. 

Since the group: y, = fi(x,a) is generated by the r infinitesimal transformations: 
X\f,.. .,X r f, its finite equations in canonical form read: 

;■ 

yk=*k+ £ ej€jk+--- (i=l-n). 

7=1 

If we set this form of the group: y,- = fi(x, a) as fundamental in order to make up the 
prolonged group (5), then the equations of this group receive the shape: 
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n =*k+t °j ^ + ■ ■ ■ > y? ] = 4 1} + 1 «y $ + - 

(6) ;=1 j=l 

(it=l-n), 

where we have set for abbreviation: 

r U) _ 



I 



From this, we realize immediately that the prolonged group contains the iden- 
tity transformation, and at the same time, we come to the presumption that it is 
generated by the r infinitesimal transformations: 

x k j - L&az: + LSjd ttty (*=i •••»•). 

i=\ ax i i=\ dx) ' 

The correctness of this presumption can be established in the following way: 

According to Theorem 3, p. [37] the n functions: y,- = fi(x,a) satisfy differential 
equations of the form: 

dyi ' 

(V) 3-^ = V Ykj(ai,...,a r )£ji(yi,...,y n ) (i=l-n; k=\-r) 

dak ~\ 

If we differentiate these equations with respect to t and if take into account that the 
a are independent of the t, it comes: 

(8) ^L = £ v , y(a) ££|iM y (') (,-,_„»-,-..). 

da k p 1 ^ dy v 

Now, if a\, . . . ,a® are the parameters of the identity transformation in the group: 
yi = fi(x,a), then the determinant: £ ± y/u (a) ■ ■ ■ y rr {a) does not vanish for: a\ = 

| 5 • ■ ■ . (Xy (X J?; but a\ , . . . , a° r are also the parameters of the identity transformation 

in the prolonged group (5); consequently, from the equations (7) and (8), we can 
conclude in the known way (cf. Chap. @J P- [80] sq.), that the prolonged group is 
really generated by the r independent infinitesimal transformations xj, /■ We call 
the X^f the prolonged infinitesimal transformations. 

As the independent infinitesimal transformations of an r-term group, the X^f 
satisfy pairwise relations of the form: 

s=l 



§ 127. 



529 



Here, the coefficients of the dfj dxi must coincide on the right and on the left, hence 
one must have: X k Xjf — XjX k f = £ s c' kjs X s f, and consequently, one has: 

r 

Ys( C 'kjs- C kjs)X s f ' = 0, 
s=l 

or, because of the independence of Xif, . . .,X r f: 



: kjs ~~ c kjs 



(k, j, s =l — r) . 



Thus, the prolonged group (5) is holoedrically isomorphic to the original group, 
which is coherent with the fact that, according to p. I527I both groups have the same 
parameter group. — 

We give yet a second direct proof of the result just found. 

If X k f and Xjf are arbitrary infinitesimal transformations and if the associated 

two prolonged infinitesimal transformations are denoted X^ ' f and Xjf as earlier 
on, it follows that: 



Xl l) xf ] f - xf ] x[ X) f = X k Xjf - XjX k f 



l-n 



+ E « 



ski 



dxjdx v 



d 2 i 



kit 



dxidx v 



fD df 



dx 



(1) 



l-n 

+ E 

7C, L V 



dx v dx\ dx v dxi 



dx 



(1) 



or that: 



(9) 



(l)v(!) 



l-n 



71, I 



dxi 



l-n 



ski 





d£,kn 


V s 


dx\ 


J OXjt 






d£>k7t 1 


dxi 


dxi J 



In particular, if we assume that the X k f are infinitesimal transformations of an 
r-term group, hence that: 

r 

XkXjf — XjXkf = 52 c kjsX s f, 
s=l 



then it follows that: 
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s=l 71=1 



s tl tl dt dx * ,= l 



was what to be shown[j] 

The general formula (9) in the computations executed just now is of special in- 
terest and it can be expressed in words as follows: 

Proposition 1. If for two arbitrary infinitesimal transformations: 

one forms the prolonged infinitesimal transformations: 

X k J ~ L^oT + L^i T7T) ( fc=1 > 2 ), 
i=l ox i i=\ dx\ 

then X^'X^f—X^X^f is the prolonged infinitesimal transformation associated 
toX l X 2 f-X 2 X l f. 

§ 128. 

At present, we ask how one can decide whether the equation: 

n 

£ U v (xi,...,x n )xy =0 
v=l 

admits every finite transformation of the prolonged one-term group: 



/=! ^ i v ox v dx) ' 



According to Chap. [71 p. I123L this holds true if and if and only if X^fc U v x v ) 
vanishes by virtue of £ U v x^ = 0. By computation, one finds: 

Vv=l / v=l v=l i=\ OX > 



t The preceding analytic developments present great similarities with certain developments of Chap.|20](cf. p. 13781 
sq.). The inner reason of this connection lies in the fact that the quantities £ on p. !377l are nothing but certain differential 
quotients: Sy/St of the y with respect to t. 
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hence an expression which is linear in the xp . Consequently, the equation: 

£(/ v Xy' =0 admits the one-term group X^f when and only when a relation of 
the form: 

\v=l / v=l 

holds, where it is understood that p is a function ofx\,. . . ,x„ alone. 

Incidentally, it may be observed that the expression ££/y*v^ remains always 
invariant by every finite transformation of the prolonged group X^f if and only if 

the expression: X^ (T U v Xy^) vanishes identically. 
Lastly, a system of m equations: 

n 

(10) £[/ fa -(xi,...,X n )xJ } =0 (k=l-m) 

!=1 

will admit all transformations of the prolonged group X^f if and only if every 
expression: X^ (V U^x- ) vanishes by virtue of the system, hence when relations 
of the form: 

EM 1 ' =I^E^ ( * =1 - m) 

(=1 / .7=1 i=l 

hold, where the p^y denote functions of the x alone. 

If we combine the Proposition 5 of Chap. [7J p. 11301 with the proposition proved 
above (p. 15301 ), it follows immediately the: 

Proposition 2. If a system of equations of the form: 

n 

(10) £C4;(xi,...,X n )x} } =0 (k=l-m) 

i=l 

admits the two one-term groups: x\ f and X^f which are derived from X\f and 
Xif, respectively, by means of the special prolongation defined above, then it admits 

at the same time the one-term group: X^X^ f — X^X^f, which is derived by 
means of prolongation from the group: X1X2J — XiX\f. 

We have obtained the preceding proposition by applying the Proposition 5 of Chap. [7] to the 
special case of a system of equations of the form (10). But it must be mentioned that our present 
proposition can be proved in a way substantially easier than the general Proposition 5 of the Chap. [7] 
Indeed, one can convince oneself without difficulty by a calculation that a system of equations (10) 
which admits x\ l) f andX, (1) / also allows X [ f >X, (1) / - X [ 2 V ] x\ l) f '. 

We call an equation of the form: 

n 

£ Ui(xi,...,x n )dxi = 
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a Pfaffian equation [Pfaffsche Gleichung], and we denote its left-hand side a Pfaf- 
fian expression [Pfaffsche Ausdruck]. 

From the developments of the present chapter done up to now, it results important 
propositions about systems of Pfaffian equations: 

/; 

(10') £ U ki (x h ...,x n )dxi = (k=i-m). 

The execution of the transformation: y ; = fi(xi, . . . , x n ) on the differential expres- 
sion: Y,i Uki{x\ ,...,x n ) dxi obviously happens in the way that one transforms the 2n 
quantities x\,...,x n , dx\ , . . . , dx n by means of the transformation: 

yi = fi(xi,---,x n ), y i =Y,^- L dx v (i=l-n). 

v=1 ox v 

From this, it follows that the system of the Pfaffian equations: 

n 

(10') £ U M (xi,...,X n )dXi = (k=l-m) 

i=l 

remains invariant by the one-term group Xf if and only if the system of equations: 

^ ki V A 1 •> • • • ) A n) f 

i=l 

admits the one-term prolonged group: 



U ki (xi,...,x n )xp =0 (k=l-m) 



i=\ ox i i=\ dx\ ' 
hence when m relations of the form: 

n n n ~\ £ m n 

1=1 (=1 v=l aXv j=l i=\ 

(k=l-m), 

or, what amounts to the same, m relations of the form: 

n n m n 

^XU ki dxi + ^U ki d{Xxi) = £ p kj (x) £ Ujidxi 

i=\ !=1 j=\ i=\ 

(k=\-m). 

Hence if we introduce the abbreviated way of writing: 
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£ X U kl dxi + £ tfe d (Xx ; ) = X ( £ U kl dx!) , 

i=1 i=l V;=l / 

we obtain the 

Proposition 3. If the system of the m Pfaffian equations: 

n 

(10') £ U k i(xi,...,x n )dx i = (k=l-m). 

i=\ 

is supposed to admit all transformations: v,- = Xi + eXxt H of the one-term group 

Xf, hence if for every value of E, relations of the form: 

n m n 

Y< u ki(yii---iyn)dyi = £ <D k j(xi,...,X n ,e) Y,Uji(x)dXi (*=l-m) 

i=l j=l i=\ 

are supposed to hold, then for this, it is necessary and sufficient that the m expres- 
sions X(Y, Ufodxi) can be represented under the form: 

(n \ m n 

£ U ki dxi = £ p kj (x) £ Uji dxi (k= l ... m) . 

Lastly, if we introduce the language: the system of the Pfaffian equations (10') 
admits the infinitesimal transformation Xf when m relations of the form: 

(n \ m ii 

£ U ki dxi = £ p^(x) £ Ujidxi 
i=\ J .7=1 i=l 

/ioW, then we can also state the latter proposition in the following way: 

The system of the m Pfaffian equations (10') admits all transformations of the 
one-term group Xf if and only if it admits the infinitesimal transformation Xf. 

In addition, from Proposition 2, it follows easily: 

Theorem 93. If a system ofm Pfaffian equations: 

n 

£ U ki (xi,...,x n )dx i = (k=l-m) 

i=l 

admits the two one-term groups: X\f andXjf, then at the same time, it also admits 
the one-term group: X1X2/ — XjXif- 

It is yet to be remarked that the Pfaffian expression: Ui(x\ , . . . , x n ) dxi remains 
invariant by every transformation of the one-term group Xf when the expression: 
X(£ Uidxi) vanishes identically. 

Earlier on (p. [66] sq.), we have agreed that in place of we also want to write occasionally 
8xj/ 8t and in place of Xf, also 8f / 8t. In a similar way, in place of X(£ Uidxi), we also want to 
write: jy ^ t/, djc, as well; then we have the equation: 
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5 ( £ Ui dxi) = £ 8 Ui dxi + £ C/, d Sx u 

\i=] / i=l i=l 

an expression which occurs with the same meaning as in the Calculus of Variations. 
§ 129. 

The propositions of the preceding paragraph perfectly suffice in order derive in com- 
plete generality the theory of the prolongation of a group by means of the addition 
of differential quotients. However, we want first to consider a special case, before 
we tackle the treatment of the general case. At the same time, we go back to known 
geometrical concepts of the thrice-extended space. 

By x,y,z, we may understand ordinary point coordinates of the thrice-extended 
space and moreover, let: 

(11) x' = E(x,y,z), y'=H, z' = Z 

be a transformation of this space. 

By the transformation (11), all points x,y,z are transformed, that is to say, they 
are transferred to the new positions: x',y',z'. At the same time, all surfaces take new 
positions: every surface: %(x,y,z) = is transferred to a new surface: \y' \z') = 
0, the equation of which is obtained by means of elimination of x,y,z from the 
equations (1 1) of the transformation in combination with % = 0. 

It is in the nature of things that the transformation (11) transfer surfaces which 
enter in contact to surfaces which stand in the same relationship, at least in general. 
Hence, if by the expression surface element [Flachenelement] we call the totality 
of a point x,y,z located on the surface and of the tangential plane: 



zi-z = p{x\ -x) +q(yi -y) 




passing through it, then we can say that our transformation (11) converts every 
surface element x,y,z,p,q to a new surface element x' \y' \z' \p' \q' '. In other words, 
there must exist certain equations: 

(12) p' = II(x,y,z,p,q), q' = K(x,y,z,p,q) 

which we will moreover really set up below. The equations (11) and (12) taken 
together represent a transformation which comes into existence by prolongation of 
the transformation (11). 

At present, we assume that the °° r transformations: 

(13) x 1 = E(x,y,z, a\,...,a r ), y' = H, z=Z 

are given which represent an r-term group of point transformations of the space, and 
we imagine that for each of these °° r transformations, the prolonged transformation 
just defined is set up. We claim that the °° r prolonged transformations: 



§ 129. 



535 



f x' = E(x,y,z,ai,...,a r ), / = H, z' = Z 
\p' = TI(x,y,z,p,q,ai,...,a r ), q' = H 

that we obtain in this way do form an r-term group in the variables x,y,z,p,q. 

For the proof, we interpret the °o r transformations (13) as operations and we ob- 
serve that these operations permute with each other both the points x, y, z and the 
surface elements x^y.z^p.q. When regarded as permutations of the points, these 
operations form a group, and consequently, when interpreted as permutations of 
the surface elements, they must also form a group, whence the fact that the equa- 
tions (14) represent a group finds its analytic expression. 

We will make more precise the considerations made up to now by developing 
them in a purely analytic way. 

Let: 

(11) x' = E(x,y,z), y'=H(x,y,z), z' = Z(x,y,z) 

be a transformation between the variables x,y,z and x'.y'.z'. If we imagine z as an 
arbitrarily chosen function: z = <p(x,y) of x and y, there exist partial differential 
quotients of first order of z with respect to x and y; these are defined by means of 
the equation: 

dz — pdx — qdy = 0. 

But on the other hand, our transformation converts every relationship of dependence 
[Abhangigskeitsverhaltniss]: z = <p(x,y) between x,y,z in just such a relationship 
between z',x',y' which can in general be given the form: z' = Tpft,)/); hence z' 
also has two partial differential quotients p' and q' which, in their turn, satisfy the 
condition: 

dz- pdx - qdy = 0. 

If, in the equation just written, we substitute z'.x'.y' with their values Z, E, H and 
if we organize the result with respect to dz, dx, dy, it comes: 

(dZ_ ,dJE__ f dH\ dz (dZ_ ^\ dx 
\dz ^ dz ^ dz ) \dx ^ dx ^ dx J 

fdZ ,dE ,dH\ A 

+ \Ty- p ^- q ^r=^ 

or, because of dz = pdx + qdy: 
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In the equation (15), the two factors of dx and of dy must vanish, because dx and 
dy are not linked together by a relation. We therefore obtain the two equations: 



(16) 



,fdZ dZ\ , 



dH d\\\ dZ 



dx^^dzj 



dZ 



dS 



dy 



~dz~) 



dH 



dy 



dH\ 

~dz~) 



dx^^dz 
dZ dZ 
dy ^ dz 



These equations can be solved with respect to p' and q' . Indeed, if the determi- 
nant: 



(17) 



dx dz dy dz 

dH n dH d\\ , 5jH 

die ^P dz dy^ C l dz 



would vanish for arbitrary functions z of x and y, then it would actually vanish 
identically, that is to say, for every value of the variables jc,;y,z,p,g. Evidently, this 
case can occur only when all 2 x 2 determinants of the matrix: 



dS 


dz 


dz 


dx 


dy 


dz 


dH 


dH 


dH 


dx 


dy 


dz 



vanish identically. But this is excluded from the beginning. 

We therefore see that the equations (16) are in general solvable with respect to p' 
and q', whichever function of x and y can z be, and that the resolution is not possible 
only when the function z = <p(x,y) satisfies the partial differential equation which 
arises by setting to zero the determinant (17). By really executing the resolution 
of the equations (16), we obtain for p' and q' completely determined functions of 
x,y,z,p,q: 

p' = 11 (x, y,z,p,q), 4 = K (x, y,z,p,q). 

This determination is generally valid, because we have made no special assumption 
on the function z = <p(x,y). 

Besides, all of that is known long since. 

The equation (15) shows that it is possible to determine a quantity a in such a 
way that the relation: 



(18) 



dZ — p dE — q dY\ = a(dz — pdx — qdy) 



holds identically in dx, dy, dz. Indeed, if one expands (18) with respect to dx, dy, 
dz, one obtains at first by comparing the factors of dz in both sides: 

dZ ,dZ f dH 

a= ^~~P ~5 1 

oz oz oz 

but if one sets this value in the equation (18), then this equation converts into (15). 
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In its turn, the equation (18) has a very simple meaning: it expresses that the 
prolonged transformation: 

x ' = e, y = H, z ' = z, P ' = n, q ' = K 

leaves invariant the Pfaffian equation: dz — pdx — qdy = 00 

For what follows, it is very important to observe that the prolonged transforma- 
tion: x? = S, . . . , q' = K is perfectly determined by this property. In other words: if 
one knows S, H, Z, then 17 and K are uniquely determined by the requirement that 
the transformation: x' = E, . . . , q' = K should leave invariant the Pfaffian equation: 
dz — pdx — qdy = 0. 

At present, we again pass to the consideration of an r-term group: 

(19) x' = S(x,y,z, ai,...,a r ), / = H, z =Z, 

and we imagine that each one of the °° r transformations of this group is prolonged 
in the way indicated formerly by adding the equations: 

(20) p' = TI(x,y,z,p,q,ai,...,a r ), q = K. 

Then we already know (cf. p. 15351) that the equations (19) and (20) taken together 
represent an r-term group, but at present, we want to prove this also in an analytic 
way. 

If the equations: 

x" = S(x / ,y,z , ) b u ...,b r ), Z = H, z" = Z 

are combined with (19), then one obtains in the known way: 

*" = S(*,y,z,ci,...,c r ), y = H, z" = Z, 

where c depends only on the a and on the b. But on the other hand, the two equa- 
tions: 

dz' — p dx —qdy' — a(dz — pdx — qdy) 

A II II A II II A II I (A I I A I I A l\ 

dz — p dx — q dy = a (dz — p dx — q dy ) 
give the analogous equation: 

dz" - p"dx" - q" dy" = aa' (dz -pdx -qdy), 

which, according to the observation made above, shows that p" and q" depend on 
x,y,z,p,q and on the c in exactly the same way as p' and q' depend on x,y,z,p,q 
and on the a. We therefore have the 

Proposition 4. If the equations: 

(19) x' = E(x,y,z,a Y ,...,a r ), y' = H, z' = Z 

t LIE, Gottinger Nachr. 1872, p. 480, Verhandl. d. G. d. W. zu Christiania 1873; Math. Ann. Vol. VIH. 
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represent an r-term group and if one determines the functions n(x, y,z, a\, . . .,a r ), 
K(x,y,z, a\, . . . ,a r ) in such a way that the prolonged transformation equations: 

(21) xf = S, y = H, z' = Z, p' = n, q' = K 

leave invariant the Pfaffian equation: dz — pdx — qdy = 0, so that a relation of the 
form: 

dz' — p'dx* — q'dy' = a(x,y,z,p,q, fli, • • • ,a r ) (dz — pdx — qdy) 

holds, then these transformation equations represent in the same way an r-term 
group and to be precise, a group which has the same parameter group as the origi- 
nal group. 

We now claim: If the r-term group (19) is generated by r independent infinites- 
imal transformations — and as always, we naturally assume this also here — , then 
at the same time, the same holds true of the prolonged group (21). 

We will prove this claim at first for the simple case: r = 1 . Let therefore r = 1 
and let the group (19) be generated by the infinitesimal transformation: 

ax oy dz 

In order to prove that the prolonged group is generated by an infinitesimal transfor- 
mation, we only need to show that from Xf, a prolonged infinitesimal transforma- 
tion: 

X^f = ^ + r,^ + C^- + 7t^ + x^ L 
ox oy oz op oq 

can be derived which leaves invariant the Pfaffian equation: 

(22) dz-pdx-qdy = 0. 

If this is proved, then it is clear that the one-term group in the variables x,y,z,p,q 
generated by X^'f is identical to the one-term group (21), for this last group then 
leaves invariant the Pfaffian equation (22) and comes into existence by prolongation 
of the group Xf which, according to the assumption, is just the group (19). 

According to p. 15331 the infinitesimal transformation X^f leaves invariant the 
Pfaffian equation (22) if and only if % and % satisfy an equation of the form: 

d£— pdt, — qdr\ — ndx — %dy =b {dz — pdx — qdy), 



where it is understood that b is a function of x,y,z,p,q. This equation decomposes 
in three equations: 
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dr\ 


dx 


dx 


^ dx 


dC 


si 


dri 


dy 


~ P Ty 





K 

dy dy dy 
whence it comes for % and % the completely determined values: 

d£ d^ dT] d£ d^ dlj 
% = ~A P~A % = ~A P~A 

ax ax ax ay ay ay 

where for brevity, we have set: 

d<P(x,y,z) d<P(x,y,z) _ d<£ d&(x,y,z) d<P(x,y,z) _ d<P 

dx dz dx ' dy dz dy 

With these words, the existence of the infinitesimal transformation X^f is 
proved, and also at the the same time, the correctness for r = 1 of the claim stated 
above. 

Now, let r be arbitrary. Next, if e\X\f -\ V e r X r f is an arbitrary infinitesi- 
mal transformation of the group (19), then evidently, the one-term group which 

is generated by the prolonged infinitesimal transformation: e\ X^'f A h e r X^ f 

belongs to the group (21), because the concerned one-term group comes indeed into 
existence by prolongation of the one-term group: e\X\f A \-e r X r f. From this, 

it results that the group (21) contains the oo r_1 one-term groups: e\XP' f A h 

e r X^ f, so that it is generated by the r independent infinitesimal transformations: 

x| 1, /,...,x< 1 7. 

Of course, the XP^f satisfy pairwise relations of the form: 

5=1 

we will verify this by means of a computation, and hence in addition, we will rec- 
ognize that the c' iks here have the same values as the in the relations: 

r 

x iX k f-X k Xif= ^ c iks X s f. 

5=1 

According to Theorem 93, p. I533L the Pfaffian equation: dz — pdx — qdy = 
admits, simultaneously with the two infinitesimal transformations: XP'f andX^f 
also the following: xP'xP' f — xP'xP' f, which has visibly the form: 
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From this, it results that the infinitesimal transformation: X^X^/ —X^X^f is 
obtained by prolongation of: 

r 

XiX k f-X k Xif = ^ Cik s X s f, 

5=1 

so that the relations: 

X^f-X^f=ic lks X^f 



hold. 

From this, we yet see that the prolonged group (21) is holoedrically isomorphic 
to the group (19), which is coherent with the fact that the two groups have the same 
parameter group (Proposition 4, p. 1537b . 

The group: 

(19) x' = E(x,y,z, ai,...,a r ), y = H, z=Z 

can still be prolonged further, namely by taking also differential quotients of order 
higher than the first order. Here, we only want to consider also the prolongation by 
means of the addition of differential quotients of second order. 

Since z is considered as a function of x and y, apart from p and q, we have to take 
also account of the three differential quotients: 

d 2 z d 2 z d 2 



z a z a z 

r, — — = s, = t. 



dx 2 dxdy dy 2 

Through the transformations of our group, x' \y' \z' depend in the known way 
upon x,y,z, and according to what precedes, p',q' depend likewise upon x,y,z,p,q. 
As should at present be shown, r',s',t' can also be represented as functions of 

x,y,z,p,q,r,s,t: 

r' =P(x,y,z,p,q,r,s,t;ai,...,a r ), s' = Z, t' = T. 

The quantities r', s', t' are defined by: 

dp' - r' dx - s' dy' = 0, dq'-s dx - 1' dy = 0. 

Here, if the dx' , dy', dp', dq' axe expanded with respect to dx, dy, dz, dp, dq, 
and next, if the values for dz, dp,dq are inserted from: 

dz — pdx — qdy = 0, dp — rdx — sdy = 0, dg — sdx — tdy = 0, 
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then one obtains two equations of the form: Adx + Bdy = whose coefficients, 
apart from x 1 ,y' ' ,z' and their differential quotients, yet contain also p' , q', r', s', t' , p, 
q, r, s, t. Since dx and dy are independent of each other, A and B must in the two 
cases vanish individually, and hence we find the four equations: 

,(dz dz\ Jdw dw\ dn dn dn dn 

r'(—+p—)+s'[—+p—)=—+p — + r — + s- 



\dx dz J \dx dz J dx dz dp dq 

Jds ds\ Jdw dH\_dn dn dn dn 

\dy ^ dz J S \ dy ^ dz J dy ^ dz S dp dq 

and so on. 

Of these equations, the first two are solvable with respect to r' and s', the last two 
with respect to s' and t', exactly as the equations (16) were solvable with respect 
to p' and q' . Still, the question is only whether the two values which are found in 
this way for s' coincide with each other. But as is known, this is indeed the case, 
since otherwise, we would receive a relation between x, y, z, p, q, r, s, t not holding 
identically which should be satisfied identically after the substitution: z= (p(x,y), 
and this is impossible, because <p is submitted to absolutely no restriction. 

Similarly as before, we realize also here that the quantities r' ',s',t' are defined 
uniquely as functions of x, y, z, p, q, r, s, t by the condition that equations of the 
form: 

dp — r dx — s' dy' = a\(dz — pdx — qdy) +/3i(dp — rdx — sdy) 

+ Yi(dq-sdx-tdy) 
dq' - s' dx' - 1' dy' = a 2 (dz- pdx- qdy) + fi 2 (dp - rdx- sdy) 

+ Y2(dq- sdx-tdy) 

hold identically in d p, dq, dz, dy, dx. For this, if we remember the former identity: 

dz' — p dx — q dy' = a(dz — pdx — qdy) 

which determine p' and q' , we can say that for given E, H, Z, the transformation 
equations: 

(23) x = E(x,y,z,ai,...,a r ), . . . , t' = J{x,y,z,p,q,r,s,t, ai, . . . ,a r ) 

are completely and uniquely determined by the condition that they should leave 
invariant the system of Pfaffian equations: 

(24) dz — pdx — qdy = 0, dp — rdx — sdy = 0, dq — sdx-tdy = 0. 

From this, it becomes clear that after the succession of two transformations (23), 
a transformation comes into existence with again leaves invariant the system (24). 
But by assumption, the equations: 
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x = E(x,y,z, a\,...,a r ), / = H, z =Z 

x" = E(x , ,y',z',b h ...,b r ), y" = H, z" = Z 

have as a consequence: 

(19') x" = Z(x,y,z,c h ...,c r ) y"=H, / = Z, 

where the c depend only on the a and on the b. Therefore, the two transformations: 

x = E(x,y,z,a\,...,a r ), t' = T(x,y,z,p,q,r,s,t, a\, . . . ,a r ) 

II " t I I I 1 7 \ J' Tt I I I I I I I J 7 7 \ 

x =£.{x ,y ,z,bi,...,b r ), t =J{x,y,z,p,q,r,s,t,bi,...,b r ) 

when executed one after the other, give a transformation which results from (19') 
by the same prolongation as the one by which (23) comes into existence from: 

(19) x? = S(x,y,z,ai,...,a r ), y' = H, z' = Z, 

a transformation therefore which belongs in the same way to the family (23). Thus, 
the transformations (23) form an r-term group. 

We will convince ourselves directly that the group (23) is generated by r inde- 
pendent infinitesimal transformations. 

To begin with, we again assume that r = 1 and that the group (19) is generated 
by the infinitesimal transformation Xf. Then obviously, we need only to prove that 
there is a prolonged infinitesimal transformation: 

(?) df df df df df 

op oq or os ot 

which leaves invariant the system of the Pfaffian equations (24). But there is no 
difficulty to do that; for % and %, we find the same values as before, and for p, a, T, 
we obtain in a similar way expressions which depend linearly and homogeneously 
in the , r] , £ and their differential quotients of first order and of second order. 

Also, we find here at first four equations for p, o, T; but it can easily be proved 
that these equations are compatible with each other. We postpone the realization of 
this proof to the consideration of the general case, which appears to be clearer than 
the case at hand here. 

From the existence of X^ 2 'f, it naturally follows that the group (23) is just gener- 
ated by X^ 2 ' f in the case r = 1. 

One realizes in the same way that for an arbitrary r, the group (23) is generated 

(2) (2) 

by the r infinitesimal transformations: X} /, . . . ,X) f which are obtained by pro- 
longation of the infinitesimal transformations: Xif,... ,X r f. As a result, it is proved 
at the same time that relations of the form: 

X^f-X^f=ic' 1 ' ks xPf 
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hold. 

(2) (2) 

It can be seen easily that c" iks = c^. In fact, together with / and X k 'f, the 
system of the Pfaffian equations (24) also admits the infinitesimal transformation: 

xj®xj®f-xj®xj®f = [xj®,xj®], but this transformation obviously has the 
form: 

hence it comes into existence by prolongation of the transformation: 

r 

[Xii Xk] = 52 c iksX s f, 
s=l 

and it can be represented in the following way: 

[X?\xV] = £c lks xPf. 

5=1 

Here lies the reason why the prolonged group (23) is equally composed with the 
original group (19). 

§ 130. 

After the realization of the special studies of the preceding paragraph, the general 
theory of the prolongation of a finite continuous group by addition of differential 
quotients will cause us no more difficulty. 

To begin with, we consider an individual transformation in the n + m variables: 
xi , . . . ,x n , z\ , . . • , z m , say the following: 

Xi=fi(xi,...,X n ,Zl,...,Zm) (i=l-n) 
4 = F k(Xh---,X n ,Zl,...,Zm) (k=l-m). 

If we want to prolong this transformation by adding differential quotients, then we 
must at first agree on how many and which of the variables jq, . . . ,x n , z\, ■ ■ -,Zm 
should be considered as independent, and which ones should be considered as de- 
pendent. This can occur in very diverse ways and to each such possible way there 
corresponds a completely determined prolongation of the transformation (25). 

In the sequel, we will always consider xi,...,x n as independent variables and 
Zi, ■ ■ ■ ,Z m as functions of 'x\, . . . ,x n , but which can be chosen arbitrarily. Under this 
assumption, x' 1 ,...,x f n are in general mutually independent, while z\,--.,z' m are 
functions ofx\ , . . . ,x' n . 

For the differential quotients of the z with respect to the x and of the z' with 
respect to the x', we introduce the following notation: 
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dzy = ^' + - + °% _ , 

dx k Zv ^ dx?-~d& ZM ' 0!l '•••' 0! " , dx\ a '---dx' n a " ^,«i,-,<v 

and we claim that ai ^ can be expressed by means of x\, . . . ,x n , zi, ■ ■ -,Zm, and 

by means of the differential quotients Zv,ft of fi rst order up to the [ct\ H h 

a„)-th order: 

fn.^ Z M, a u ...,a„ = ^jti,«iv,a« (*1> • • • ) x n, Zl, • • • ,Z m , Zv,j8i,...,0j 

(26) 

(v=l— m; /5i H h/3„<aH ha„). 

If we set «i H h 0C n = N, then the existence of equations of the form (26) is 

clear for N = 0; in order to establish this existence for an arbitrary N, we therefore 

need only to show that equations of the form (26) hold also for ct\ H V a„ = N + 1 

as soon as such equations hold for a\ H h a n ^ N. 

Thus, let the functions F„ (0Ci H h«„ ^ AO be known; then the values 

of the z'n i(Xj a„ ( a i H h a„ = 1) are to be determined from the equations: 

n 

( 27 ) 0%, (*!....,«„ - E zj» > ai.-,«ft+l,-,«%. d ^ = (ai + - + «„=W), 

i=l 

and to be precise, (27) must hold identically by virtue of the system of equations: 

/; 

,.o, dz v,ft,..,A, - L -v./i, /i. • i A, d - V ' = 

(/oJ i=l 

(v = l-m; 0<j3i+-+j3„^iV), 

while d^i,...,dx„ are fully independent of each other. For z'^ tt] a . +1 an , we 
therefore obtain the equations: 



n ( J r m 



( 29 ) L w.^+i,...^ L^v,*^ j = dXk <*=i»»), 

where the right-hand side means the complete differential quotient: 

ax k v =l az v v =l J3 az v,Pu-& 

(1<J3i + -+J3„ <«i+- + a„) 

of ^u, «!,...,«„ with respect to x*. 

If the equations (29) would not be solvable with respect to the z'^ ai an 
(i = 1 , . . . , n), then the determinant: 
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^7 + L M =i Zfi,!-^ 



df„ 



°J" _i_ r ffl -7 , ° 
^7 + L M =i Z/t,ij 



dx n i "^M=l Z ^' n dz M 



would necessarily be zero, whichever functions of x\ , . . . , x n one could substitute for 
Zi, ■ ■ - ,Z m , that is to say: this determinant should vanish identically for every value 
of the variables X{, z^, z^i. One convinces oneself easily that this can happen only 
when all m x m determinants of the matrix: 





. ZL 




. iA 


dx\ 


dx„ 


dz\ 


dim 


df n 


dfn 


dfn 


Zk 


dx\ 


dx„ 


dz\ 


dz„, 



vanishes identically, hence when the functions fi,...,f n are not independent of each 
other. But since this is excluded, it follows that the equations (29) are solvable with 



respect to the z[ 



pL,ai,...,a.i+\,...,an 



(i=l, 



,ri). 



It still remains to eliminate an objection. Apparently, the equations (29) provide 



in general different values for the differential quotients z[ 



H,ai,...,ai+1, 



But in re- 



ality, this is only fictitious, because otherwise this would give certain not identical 
relations between the x,-, the z^ and their differential quotients which should hold 
for completely arbitrary functions z\ , . . . , z m of x\ , . . . , x n , which is impossible. 

We therefore see: the equations (29) determine all z'^ ai a . +1 an completely 
and uniquely, and consequently, there are, under the assumptions made, equations 

of the form (26) also for a\ H h a n = N + 1, whence their general existence is 

established. But in addition, we yet realize that the transformation: 
(30) 



X\ fi(x\,... ,X n , Z\ i • • • i Zm) Z^i Ffi (%l i • • • t^ni Z\i 



^fiai, ...,a„ ( x l> • • • i x m Zl, ■ ■ ■ iZmi Zv,J3i,...,J3„) 
[i=\—n; fi = l- -m; 0< ct\ H \-a„ <iV) 



leaves invariant the system of equations: 

n 

(31) dz M;j8l) ... A - £ ."„.,,. /), • I /i,.'l-V, = 0* = l-«m; 0^ x p x <N) 

i=\ 

and that it is completely defined by this property. Lastly, it is yet also clear that the 
succession of two transformations (30) which leave invariant the Pfaffian system of 
equations (31) again provides a transformation having this constitution. 

At present, we assume that the original transformation equations (25) contain a 
certain number, say r, of parameters: 
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(32) 



fi(x\,. . .,X n , Zl, ■ ■ -,z m , ai,...,a r ) (i=l-n) 
F^(x\ , . . . ,x n , z\ , ■ ■ ■ ,z m , a\ , . . . , a r ) (n=i-m) 



and that they represent an r-term group generated by r independent infinitesimal 
transformations. From (32), we imagine that all equations of the form (26) are de- 
rived, in which a\ H \- a n ^ N; we claim that these equations taken together 

with (32): 

4 = M x ^,a), z' M =F, l (x,z,a) 

(33) { z'^ au ..., an = F M) oi 1 ...,04,(jC,Z,Zv ) ft,...,A, > a ) 

(i=l—n; jx = 1 —m; 0<aj H \-a„^N) 

represent again an r-term group. 
The proof is very simple. 
The transformations: 

*?i = fi(x,z,a), z k = F k (x,z,a) 
x'! = fi{x',z',b), z'l = F k (x',z',b) 

executed one after the other give a transformation: 

A = fi ( x iZ, c ) j 4 = F k(x,Z,c) 

in which the c are certain functions of the a and of the b. According to what has 
been said above, the zji ai ^ express in terms of the x,-, Zk, Zv,j8i,...,j8„ an d °f me 
Cy in exactly the same way as the z' tt] an express in terms of the Xj, z k , Zv,j8i,...,j8„ 
and of the a. As a result, our claim is proved. 

It still remains to prove that the prolonged group (33) is generated by r infinites- 
imal transformations, just as the original group (32). In order to be able to perform 
this proof, we make at first the following considerations: 

We start from an arbitrary infinitesimal transformation: 

and we attempt to form a prolonged infinitesimal transformation from it: 

v=i a OZv,au...,a„ 
which leaves invariant the Pfaffian system of equations: 
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,, n dz v,j8 lr .. ;J 8 n -L z v,j3 1) ...,A+l,...A d ^ = 

(P 1 ) (=1 

(v = l-m; 0< J 8i + ---+ft,<yV) 

For Af = and N =1, there certainly exists an infinitesimal transformation X^f of 
the constitution just described, and this does not require any justification. Hence we 
can conduct the general proof for the existence of 1^/ in the way that we show 
that, as soon as X( N ~ l )f and X W/ exist, then X^ N+l ^f also exists. 

So the assumption is that X^ N ~^f and X^)/ exist. Now, if there is an infinitesi- 
mal transformation X^ N+ ^f which leaves invariant the system of equations: 

n 

c\a\ dz v, J 8 lr .. 5j 8„-L z v, J 8 1 ,...,fi+l r ..A d ^ = 

(v = l-w; (Kft +■■■ + #, <W+1) 
then the coefficients still unknown: 
5z L 



"V,YU-;Yn 



8t 

must satisfy certain equations of the form: 



Cm,7i,-,7« (Yi + - + 7n=N+l) 



n n 

dC^,ai,...,a„ — £ Zjii,ai,...,a;+l,...,a„d<f;i — £ C/i,ai v ..,a,+l,...,a„d;£:,- 
i=l i=l 
m f n ^ 

= £ £ P v,/3 lv ..,/3„ S dz V) ft,...,A, - L Zv,j8 lr .. I A+l,... lJ 8„ d ^ f 
v=l p ^ ,=i J 

(ai+- + c^=Ar; 0<j8i +-+j3„<iV+l), 

and to be precise, independently of the differentials: dx ; , dz v & « . 

From this at first, the P v , /?!,.. .,/3„ determine themselves uniquely and it remains 
only equations between the mutually independent differentials: dx\ , . . . , dx n . Hence 
if one inserts the values of the Py,^,...^,, and if one compares the coefficients of the 
dxi in both sides, one obtains for Cn,ai,...,a i +i,...,a n the following expression: 

5 -r 

^Zjii,ai,...,ai+l, ...,On — ■••,«/+!, ••■,«„ 

(35) dC^«i,-,Qh v , 

^7 l^a, 

(ai + - + c%,=JV), 

where d/dxi denotes a complete differential quotient with respect to x^ 



t The formula (35) is fundamentally identical with a formula due to POISSON in the Calculus of Variations. 
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But now, it yet remains a difficulty; indeed, in general, we obtain for each 
C/i,ai,...,o%+l,...,cfe a series of apparently different expressions. 

The expression in the right-hand side of (35) is the derivation of ^^ai,...,ai+i,...,a n 
from the value of: 

St d Xi ~ 5t Z ^u-,a i+ l,...,a„- 
But on the other hand, we also have: 

S 8 dzp,,a u ...,a ll -i,...,a i +i r ..,g n 

dt Z^ au ..., ai+ i,...,a n - 5t ^ 

( 36 ) d r i,i n c\ h ■ 

_ "b/i,«i,...,«))-l.-^i+lr-«» V 1 

— r- L Z ^,cc u ...,aj+l,...,a h -l,...,ai+l,...,a„ -7—, 

axh ; fr, axh 

where h denotes an arbitrary number amongst 1,2, ... ,n different from i. Thus, all 
possibilities are exhausted. Therefore, it only remains to prove yet that the latter 

value of jjZn,ai,...,a i +i,...,a H coincides with the value (35). 

In order to prove this, we remember that the following equations hold: 

r _ 8 dz^^a u ... : a h -i,...,g n 

dC/i.ai, -,a h -\, ...,a„ d£j 



and: 



Cfi,ai,-,a h -l,...,ai+l,...,a n 



7=1 

5? dxi 



— t— ^ Z/i.a^.-.jay+l,...,^-!,...,^ ^rj-- 

i 7=1 1 

If we insert the value of a,,... m (35), we obtain: 
5 dz M , ai ,...,g, _ d d " d^- 

57 ^ d^d^ W] ' L '4 1 *•+] 

A d§j A d d^ 

2^ ^:«ir-aj+lv.a» ~T~ L Zli,a l ,...,a j +\,...,a h -\,...,a n ~T~ T~- 

j = l UA; ._j UA/ UA/, 

On the other hand, if we insert the value of Cfi,ai,...,o^-i,...,ai+l,...,a„ m (36) and if 
we take into account that ^-^- = ^-^-,we find: 

axj dx/, axk axi ' 

S_ ^^,«i,...,«/,-l,...,a,+l,...,a„ _ S_ Z/z.o!!,...,^ 
8t dxh St dxi 
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But this is what was to be shown. 

At present, it is shown that under the assumptions made, the C^yi,-.^ 

Yn = N+ 1) really exist and are uniquely determined; consequently, it is certain that, 
according to what was said above, to every Xf and for every value of N, there is 
associated a completely determined prolonged infinitesimal transformation X^ N > f. 

The coefficients ofX^f are obviously linear and homogeneous in the ^, ^ and 
their partial differential quotients with respect to the x and the z. Hence if Xjf and 
Xjf are two infinitesimal transformations of the form Xf, and moreover, 

and Xjf are the infinitesimal transformations prolonged in the way indicated, 
then: 

results from C[X[f + cjXjf by means of the prolongation in question. In addition, 
sraceX^Xjf—XjXj- N ^f leaves invariant the Pfaffian system of equations (31) 
simultaneously with X^f and Xjf, it follows that: 

X (N) X {N) f-X {N) X {N) f 

must come into existence from XjXjf — XjXif by means of this prolongation. 

Lastly, let X\f,... ,X r f be independent infinitesimal transformations of the r-term 
group (32) so that they satisfy the known relations: 

r 

XjXjf — XjXif = ^ c ijsX s f. 

5=1 

If we form the prolonged infinitesimal transformations: X x /,..., X r /, then 
x (N) x (N)j._ x (N) x (N)j. alsQ cQmes from xjXjf -XjXif by means of this prolon- 
gation, and consequently, it comes from £ c^Xg, which again means that we have: 

X WxWf-xWxWf=±c iJl xWf. 

5=1 

Therefore, the r infinitesimal transformations X^' f generate, for every value of 
N, a group equally composed with the group Xif; the former group is obviously 
identical to the group (33) discussed earlier on which was obtained by prolongating 
the finite equations (32) of the group: X\f, . . . ,X r f. 

Theorem 94. If the °° r transformations: 

x i = fi(xu- ■ ■ ,x n , zi, ■ ■ -,z m , a\, ...,a r ) (£=l-n) 
z k = Fk(xi,- ■ ■ ,x n , zi,...,z m ,ai,...,a r ) (k=l-m) 

in the variables x\ , . . . , x n , z\ , . . . , z m form an r-term group and if one considers the z\ 
as functions of the x/ which can be chosen arbitrarily, then the differential quotients 
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of the Zk with respect to the x\ are also subjected to transformations. If one takes 
together all differential quotients from the first order up to, say, the N-th order, then 
one obtains certain equations: 

Zn,a u ...,a n = Fn,ai,...,otn{xi,- ■ ■ ,X n , Zl, ■ ■ .,Z m , Zv,^i,...,j3„ > a li---i a r) 
(j3i + -+j3„<ai+- + c&,^iV) 

which, when joined to the equations of the original group, represent an r-term group 
equally composed with the original group^\ 

Above, we already mentioned that every given group can be prolonged in very 
many different ways; indeed, it is left just as one likes which variables one wants to 
choose as the independent ones. 

In addition, one can, from the beginning, substitute the given group for a group 
equally composed with it by adding a certain number of variables: t\,...,t a which 
are absolutely not transformed by the group, or said differently, that are transformed 
only by the identity transformation: 

t[=ti, . . . , t a = t a . 

Now, if one regards as the independent variables an arbitrary number amongst the 
original variables and amongst the tu one can add differential quotients and prolong; 
one always comes to an equally composed group. 

As one sees, the number of possibilities is very large here. 

§ 131. 

The theory of the invariants of an arbitrary group developed earlier on in Chap. [13] 
can be immediately applied to our prolonged groups. 

Since one can always choose the number Af so large that the infinitesimal transfor- 
mations X^f contain more than r independent variables, one can always arrange 

that the r equations X^f = form a complete system with one or more solutions. 
These solutions are functions of the x, of the z and of the differential quotients of 

the latter, they admit every finite transformation of the prolonged group X^f and 
hence are absolute invariants of this group; they shall be called the differential in- 
variants [Differenti alinvarianten] of the original group. 

A function £2 ofx\, . . .,x n , zi,---,Z m and of the differential quotients of the z with 
respect to the x is called a differential invariant of the r-term group: 

Xj fi {x\ , . . . , X n , Zl ) • • • ) Zm j 0,\ i • • • i &t) 

4 = F k( x \i ■ ■ ■ , x n, Zl, ■ ■ ■ ,z m ', ai,...,a r ) 
when a relation of the form: 



t LIE, Math. Annalen Vol. XXIV, 1884; Archiv for Math., Christiania 1883. 
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,...,a n ) — ^2(^1; • • • ,x n , 




holds identically. 

Since we can choose N arbitrarily large, we have instantly: 

Theorem 95. Every continuous transformation group: X\f, . . .,X r f determines an 
infinite series of differential invariants which define themselves as solutions ofcom- 



If one knows the finite equations of the group: Xi/, . . . : X r f, then in the way ex- 
plained above, one finds the finite equations of the prolonged group and afterwards, 
under the guidance of Chap. [131 the differential invariants of any order without 
integration. But in general, this method for the determination of the differential in- 
variants is not practically applicable. In most cases, the direct integration of the 

complete system: Xi. f = is preferable. 

We shall not enter these considerations here. Still, we should only observe that 
from sufficiently well known differential invariants, one can derive new differential 
invariants by differentiation and by formation of determinants. 

In the variables x\,. . . ,x„, zi, ■ ■ ■ ,z m , if a group is represented by several systems of equations, 
each one with r parameters, then naturally, there are in the same way prolonged groups whose 
differential invariants are those of the original group. The former general developments not only 
show that each such group possesses differential invariants, but also at the same time, they show 
how these differential invariants can be found. 



One can also ask for possible systems of differential equations which remain invariant by a given 
group. The determination of a system of this sort can obviously be carried out by prolonging the 
concerned group in a suitable way and by applying the developments of Chap. [14] on the basis of 
which all systems of equations invariant by the group can be determined. Each system of equations 
found in this way then represents a system of differential equations invariant by the original group. 

However, in each individual case, it must yet be specially studied whether the concerned system 
of differential equations satisfies the condition of integrability. — 

Conversely, one can imagine that a system of differential equations is given — integrable or not 
integrable — and one can ask the question whether this system admits a given group. The answer 
to this question also presents no difficulty at present. One only has to prolong the given group in 
the right way and afterwards, to study whether the given system of equations admits the prolonged 
group; according to Chap. [7] this study can be conducted without integration. 



In order to give a simple application of the preceding theory, we want to seek the conditions under 
which a system of differential equations of the form: 




§ 132. 
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A k (p = £ a ki {x l: ... 



;=1 




admits the r-term group: 



t LIE, Gesellsch. d. W. zu Christiania 1882; Math. Ann. Vol. XXIV, 1884. 
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x jf = E U^i-aIt- U=l-r) 

in the variables x\,...,x„\ here naturally, the g equations A^cp = are assumed to be mutually inde- 
pendent. 

In order to be able to answer the question raised, to the variables x\,...,x n of the group X^f, we 
must add yet the variable <p which is not at all transformed by the group. The x are to be considered 
as independent variables, <p as dependent and the group: Xif, . . . ,X r f is thus to be prolonged by 
adding the n differential quotients: 

dtp 

— = 9/ (i=i ..-«). 

OXi 

Afterwards, one has to examine whether the system of equations: cfy., q>j = allows the prolonged 
group. 

To begin with, we compute the infinitely small increment 8 <p; that <p, is given by the infinitesimal 
transformation Xjf. This increment is to be determined so that the expression: 

5 ( d <p - <Pv d-Vv ) = d 8 <p - ^ { <Pv d 8 x v + 8 <p v dx v } 

V v=l / v=l 

vanishes by virtue of d<p = £ <p v d;ty But since, as remarked above, 8q> is zero, we obtain for the 
5 (p v the equation: 

n 

{(p v d£,j V 8t + 8(p v dx v } = 

v=l 

which must hold identically. Consequently, we have: 

8 <Py = - E 3^"<?V 5 '> 
and the prolonged infinitesimal transformation Xy/ has the shape: 

,tl ^ S l M =i <^ J <5<P; 

Now, if the system of equations: a^; (x) <p, = in the 2 « variables x\,...,x n , q>i,...,(p n is sup- 
posed to admit the infinitesimal transformation Xjf, then all the q expressions: 

dxi 



x} '[ E a <« w = E x > «*; <Pi - E i E ^ r ^ {k= 1 ■ <?) 

w=l / (=1 p.= \ I 1=1 



must vanish by virtue of the system of equations. This necessary, and at the same time sufficient, 
condition is then satisfied only when relations of the form: 



X f ] ( E ) = E P/ferM E a ^ ( Pi 



9 

(=1 / CT=1 1=1 



hold, where the p^ c denote functions of jci, . . . ,x n only which do not depend on the <p,-. 
With these words, we have found the desired conditions; they can be written: 



§ 133. 



553 



r 



£ (Xja ki -A k 



Zji)<Pi= £ Pjka E "all* 



•i, 



(7=1 1=1 



or, if we insert again d(p/dxj in place of <p,-: 



Xj(A k (q>))-A k (Xj(<p)) = £ p jka (x)A a (p. 



Relations of this sort must be satisfied for every arbitrary function (p(x\, . . . ,x n ). The system of 
the q linear partial differential equations: A\ (p = 0, . . . , A q q> = always remains invariant by every 
transformation of the group: X\f, . . . ,X r f when these relations hold, and only when they hold. 

In the case where the q equations: A k q> = form a g-term complete system, this result is not new 
for us. Indeed, in this special case, we have already indicated in Chap. [8] Theorem 20, p. 11511 the 
necessary and sufficient condition just found. However, our present developments accomplish more 
than the developments done at that time, for we have shown at present that the criterion in question 
holds generally, also when the equations: A k (p = do not form a g-term complete system. 



The origins of the theory of the differential invariants goes back long ago; indeed, mathematicians 
of the previous century already have considered and integrated the differential invariants associated 
to several specially simple groups. 

For instance, it is known long since that every differential equation of first order between x and y in 
which one variable, say y, does not explicitly appear, can be integrated by quadrature; but obviously: 



is nothing but the most general differential equation of first order that admits the one-term group: 



with the parameter a. The most general integral equation [INTEGRALGLEICHUNG] can be deduced 
from a particular integral equation, and in fact, as we can now say, in such a way that one executes 
the general transformation of the one-term group (37) on the particular solution in question; thanks 
to this, one indeed obtains the equation: X) = +a with the arbitrary constant a. 
Furthermore, the homogeneous differential equation: 



is the general form of a differential equation of first order which admits the one-term group: y = ax, 
rj = ay; here, f(y/x, y') is the most general first order differential invariant associated to this group. 

It has been observed since a long time that every particular integral equation: F(x,y) = of a 
homogeneous differential equation: / = can, by executing the general transformation: j: = ax, 
X) = ay, be transferred to the general integral equation: 




(37) 



l = x 



n = y + a 





However, the equation xy' — y = must be disregarded here. 

A third example is provided by differential equations of the form: 
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/(£.p)-o-/ow 

nevertheless, it is not necessary here to write down the group of all equations of this form. 

In the invariant theory of linear transformations, there often appear true differential invariants 
relatively to all linear transformations. They have been considered by Cayley for the first time. 
Nevertheless, it is to be observed on the occasion firstly that the differential invariant of Cayley are 
not the simplest ones which are associated to the general linear homogeneous group, and secondly, 
that Cayley has not considered invariants of differential equations, and even less has integrated 
such equations. 

In a prized essay [PREISSCHRIFT] achieved in 1867 and published in 1871 (Determination of a 
special minimal surface, Akad. d. W. zu Berlin), H. SCHWARZ considered differential equations of 
the form: 

y'y'"- I y" 2 

J = a -/(/)= 

y 

which, as he himself indicated, had already appeared occasionally apud LAGRANGE. SCHWARZ 
observed that the most general solution can be deduced from every particular solution: y = (p(x), 
namely the former has the form: 

a + b(p 
} '~ c + d<p' 

with the arbitrary constants: a: b: c: d. Thus, as we can say, the expression J is a differential invari- 
ant, and to be precise, the most general third order differential invariant of the group: 

a + by 
c + dy 

But now, although all these special theories are undoubtedly valuable, it is however still to 
be remarked that the inner connection between them, the general principle from which they flow 
[FLIESSEN], was missed by the mathematicians. They have not observed that differential invariants 
are associated to every finite continuous group. 

In the years 1869-1871, Lie occupied himself with differential equations which allow inter- 
changeable infinitesimal transformations and in 1874, he published a work already announced in 
1872 about a general integration theory of ordinary differential equations which admit an arbitrary 
continuous group of transformations^ 

Afterwards, Halphen computed the simplest differential invariants relatively to all projective 
transformations and he gave in addition nice applications to the theory of the linear differential 
equations 

After that, Lie developed in the years 1882-1884 a general theory of the differential invariants 
of the finite and infin ite continuous groups, where he specially occupied himself with finite groups 



in two variables !^! As far as it relates to finite groups, this general theory is explained in what 
precedes. 

Finally, after 1884, SYLVESTER and many other English and American mathematicians have 
published detailed but special studies about differential invariants. 



t Verhandlungen der Gesellsch. d. W. zu Christiania 1870-1874; Math. Ann. Vol. V, XI; G6tt. Nachr. 1874. 

tt These sur les invariants differentiels 1878; Journal de l'Ecole Pol. 1880. Cf. also Comptes Rendus Vol. 81, 1875, 

p. 1053; Journal de Liouville Novemb. 1876. Memoire sur la reduction des equat. diff. lin. aux formes integrables 

1880-1883. 

ttt Verh. d. Gesellsch. d. W. zu Christiania, 1882, 1883 and February 1875; Archiv for Math. 1882, 1883; Math. 
Ann. Vol. XXIV, 1884. 
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Chapter 26 

The General Projective Group 



The equations: 



(1) 



(v = l-n) 



Xy 



H h^n+l-^n + ^n+l^+l 



determine a group, as one easily convinces oneself, the so-called general projective 
group of the manifold x\ , . . . ,x n . In the present chapter, we want to study somehow 
more closely this important group, which is also called the group of all collineations 
[Collineationen] of the space xi, . . . ,x n , by focusing our attention especially on its 
subgroups. 



The (n + l) 2 parameters a are not all essential: there indeed appears just their ra- 
tios; one of the parameters, best a n+ \ M+ i, can hence be set equal to 1. The values 
of the parameters are subjected to the restriction that the substitution determinant 
[Substitutionsdeterminant] £ ±#11 •■ • a n +i n +\ should not be equal to zero, be- 
cause simultaneously with it, the functional determinant [Functionaldeterminant]: 

Y ± 4-^ ... 3^- would also vanish. 

The identity transformation is contained in our group, it corresponds to the pa- 
rameter values: 



for which indeed it comes x\ = x;. As a consequence of that, one obtains the in- 
finitesimal transformations of the group by giving to the a^ v the values: 



§ 134. 







0,V=l--n+l,jU^v), 



a vv = 1 + c» 



«n+l,n+l — 1) 



where the co^y mean infinitesimal quantities. Thus one finds: 
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or by leaving out the quantities of second or higher order: 

n n 

X y —X v = £ CQnv x n + ®n+l,v ~~ x v £ ®fj,ji+l x fi- 
/i=l ^=1 

If one sets here all the cfyv with the exception of a single one equal to zero, then one 
recognizes gradually that our group contains the n (n + 2) independent infinitesimal 
transformations: 

d f d f £ d f 

(2) X,— , XiLXj-^— {i,k=\-n). 
OX{ uX]^ j | OXj 

The general projective group of the n-times extended space x\, . . . ,x n therefore 
contains n(n + 2) essential parameters and is generated by infinitesimal transfor- 
mations. The analytic expressions of the latter behave regularly for every point of 
the space. 

From now on, we will as a rule write Pifor df/dxj. In addition, for reasons of 
convenience, we want in this chapter to introduce the abbreviations: 

/; 

XiPk = Tit, Xi Y^ x kPk = Pi- 

k=l 

Lastly, we still want to agree that should mean zero whenever i and k are distinct 
from each other, whereas by contrast £,-, is supposed to have the value 1 ; this is a 
fixing of notation that we have already adopted from time to time. On such a basis, 
we can write as follows the relations which come out through combination of the 
infinitesimal transformations pu T{ k , Pf- 

n 

[Pi, Pk] = 0, [P h P k ] = 0, [ Pi , P k ] = T ki + e lk £ T vv , 

v=l 

[Pi, T kv ] = £i k Pv, [Pi, T kv ] = -£ iv P k , 
Pik-, Pfiv] = £ k fi Tiv ~ £vi T^ k . 

One easily convinces oneself that these relations remain unchanged when one 
substitutes in them the pi, T ik and Pi by the respective expressions standing under 
them in the pattern: 

Pii Tiki Pi 

Pu -T ki , Pi- 

Thus in this way, the general projective group is related to itself in a holoedrically 
isomorphic way. 

One could presume that there is a transformation: x\ = <Pj(xi ,x„) which transfers the infinites- 
imal transformations: 
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Pi, Xip k , XiJ^XkPk 

k=l 

to, respectively: 

n 

I V -1 ' ' ' ' ' 

x i L x kPh -*kPu Pi- 

k=\ 

But there is no such transformation, and this, for simple reasons, because the n infinitesimal trans- 
formations pi,...,p„ generate an «-term transitive group, while: x\ £ x'tpi, ■ ■ ■ , x' n Y^x' k p' k generate 
an «-term intransitive group. 

First in the next Volume we will learn to see the full signification of this impor- 
tant property of the projective group, when the concept of contact transformation 
[Beruhrungstransformation] and especially the duality will be introduced. 

The general infinitesimal transformation: 

n n n 

i=l i,k=\ i=l 

of our group is expanded in powers of x\, . . . ,x n and visibly contains only terms of 
zeroth, first and second order in the x. One realizes easily that the group contains 
n independent infinitesimal transformations of zeroth order in x, out of which no 
infinitesimal transformation of first or second order in the x can be deduced linearly. 
For instance, p\ , . . . , p n are n such infinitesimal transformations. From this it follows 
that the general projective group is transitive. 

Besides, there are n 2 infinitesimal transformations of first order in the xu for in- 
stance all XiPk = Tn, out °f which no transformation of second order can be deduced 
linearly. Finally it yet arises n transformations of second order in the x: 

n 

Xi x kPk = Pi- 
k=\ 

In agreement with the Proposition 9 of the Chap. [15] on p. I272L the P\ are pairwise 
interchangeable and in addition, the together with the P ; generate a subgroup in 
which the group of the Pi is contained as an invariant subgroup. 

As one sees, and also as it follows from our remark above about the relationship 
between the p, and the Pi, the pi are also interchangeable in pairs and they generate 
together with the T ik a subgroup in which the group of the p, is invariant. 

§ 135. 

For the most important subgroups of the general projective group, it is advisable to 
employ special names. If, in the general expression (1) of a projective transforma- 
tion, one lets the denominator reduce to 1, then one gets a linear transformation: 



x v — aiyXi -\- ■ • ■ -\- a n v x n -\- a n -\-\y 



(v = l-n); 
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all transformations of this form constitute the so-called general linear group. We 
have already indicated at the end of the previous paragraph the infinitesimal trans- 
formations of this group; they are deduced by linear combination from the the fol- 
lowing n(n+ 1) ones: 

Pi, XiPk (i,k=l-n). 

If one interprets x\, . . . ,x n as coordinates of an rc-times extended space R n and 
if one translates the language of the ordinary space, then one can say that the gen- 
eral linear group consists of all projective transformations which leave invariant the 
infinitely far [n — 1) -times extended straight manifold, or briefly, the infinitely far 
plane [unendlich ferne ebene] M n _i. 

Next, if one remembers that by execution of two finite linear transformations 
one after the other, the substitution determinants: £ ±an • • -a nn multiply with each 
other, then one realizes without difficulty that the totality of all linear transforma- 
tions whose determinant equals 1 constitutes a subgroup, and in fact, an invariant 
subgroup, which we want to call the special linear group. One finds easily that, as 
the n(n+ 1) — 1 independent infinitesimal transformations of this group, the follow- 
ing ones can be chosen: 

Pi, XiPk, XiPi-X k pk (i^k). 

If, amongst all linear transformations, one restricts oneself to those homogeneous 
in x, then one obtains the general linear homogeneous group: 

x' v =a\ v x\A Ya nV x n (v=l— n), 

all infinitesimal transformations of which possess the form: £ bikXiPk and hence 
can be linearly deduced from the n 2 transformations: Xip^- Also this group visibly 
contains an invariant subgroup, the special linear homogeneous group, for which: 
Y, ±«n • • -cinn has the value 1. The n 2 — 1 infinitesimal transformations of the latter 
group are: 

XiPk, XiPi-x k p k {i^k); 

hence, the general infinitesimal transformation of the group in question has the 
form: k a ik x iPh where the n 2 arbitrary constants cc^ are only subjected to the 
condition £ an = 0. 

Since the expression: [xiPk, L; x jPj] always vanishes, it is obvious that the last 
two named groups are systatic and consequently imprimitive. Indeed, if one sets: 

X\ X: , 

— = yu —=yi («=i-«-i), 

x n x n 

then one receives: 

, aivjH hOn-l.vyn-l +«nv 

y v = ■ (v=l-«-l). 

ai, n yi H Ka„_i 5 „y„_i +fl n ,n 
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From this, it results that in both cases the y are transformed by the (n 2 — l)-term 
general projective group of the (n — 1) -times extended manifold yi, . . . ,y n -i- Con- 
sequently, this group is isomorphic with the general linear homogeneous group of 
an ft-times extended manifold and with the special linear homogeneous group as 
well, though the isomorphism is holoedric only for the special linear homogeneous 
group, since this one contains n 2 — 1 parameters. 

Theorem 96. The special linear homogeneous group: 

XiPk, XiPi-X k p k (i^k=l-n) 

in the variables x\, . . . ,x n is imprimitive and holoedrically isomorphic with the gen- 
eral projective group of an (n — \ )-times extended manifold. 

The formally simplest infinitesimal transformations of the general projective 
group are pi,...,p n ; these generate, as already observed, a group actually: the 
group of all translations: 

X-=X( + fl( (i=l-n), 

which obviously is simply transitive. 

In fact, m arbitrary infinitesimal translations, for instance p\, . . . ,p m , always gen- 
erate an m-term group. For all of these groups, the following holds: 

Proposition 1. All m-term groups of translations are conjugate to each other inside 
the general projective group, and even already inside the general linear group. 

Indeed, the m independent infinitesimal transformations of such a group always 
have the form: 

n 

£ b livPv (M=l -»«), 

v=l 

where not all m x m determinants of the b^ v vanish. 

But we can very easily show that by means of some linear transformation, new 
variables x[ 1 ... ,x' n can be introduced for which one has: 

n 

P'li=Y* b ^vPv (jii=l-m). 
v=l 

In fact, let p'^= p\ H Yp n §^r', then we only need to set: 

dx v 

~fcT =b V-V (v = l-n; ju = l-m), 

while the ^ f y , . . . , remain arbitrary. We can give to these last ones some values 

dX m+\ dX n 

such that the equations: 
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n 11 

*v=£fyiv*Ji + c xv x 'n (v = l-n) 

)X=l 7t=m+\ 

determine a transformation, and then, this transformation transfers the given group 
of translations to the group p\, . . -,p' m . From this, our proposition follows immedi- 
ately. 

We want to at least indicate a second proof of the same proposition. As already observed, the gen- 
eral linear group leaves invariant the infinitely far plane M„_i, and in fact, it is even the most general 
projective group of this nature. Now, every infinitesimal translation is directed by an infinitely far 
point and is completely determined by this point; every m-term group of translations can therefore 
be represented by an m-times extended, infinitely far, straight manifold M m . But two infinitely far 
straight M m always can be transferred one to the other by a linear transformation which leaves in- 
variant the infinitely far plane. Consequently, all m-letm groups of translations are conjugate to each 
other inside the general linear group, and in the same way, inside the general projective group. 

The correspondence indicated earlier on which takes place between the pi and 
the Pi yields, as we prove instantly, the 

Proposition 2. All m-term groups, whose infinitesimal transformations possess the 
form £ ejPi, are conjugate to each other inside the general projective group. 

For the proof, we start from the fact that two subgroups are conjugate inside a 
group G r when the one can be, by means of a transformation of the adjoint group of 
G r , transferred to the other; here, we have to imagine the subgroup as a straight man- 
ifold in the space e\ , . . . , e r which is transformed by the adjoint group (cf. Chap.[T6l 
p. 12881) . If we now write the transformations of the projective group firstly in the se- 
quence pi, Tik, Pi and secondly in the sequence Pi, — T^, pu then in the two cases we 
get the same adjoint group. But since two m-term groups of translations can always 
be transferred one to the other by the adjoint group, this must also always be the 
case with two m-term groups whose infinitesimal transformations can be deduced 
linearly from the Furthermore, it even immediately comes out that two m-term 
groups of this sort are already conjugate to each other inside the group Pu T^. With 
that, our proposition is proved. 

§ 136. 

We consider now one after the other the general projective group, the general linear 
group and the general linear homogeneous group, and to be precise, we want to 
examine whether there are invariant subgroups and which one are contained in these 
three groups. 

To begin with, the general projective group. Let: 

n n n n n 

S=Y< OiPi + Y* H Pik x iPk + £ YiXi £ X k p k 
i=\ j=l k=\ i=\ k=l 

be an infinitesimal transformation of an invariant subgroup; then necessarily [p v , S] 
and [pu, [p v , S]] are also transformations of the same subgroup. Consequently, in 
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our invariant subgroup, there would certainly appear an infinitesimal translation 
LpiPi- 

But because all infinitesimal translations are conjugate to each other inside the 
general projective group, they would all appear. Furthermore, since it is invariant, 
the subgroup would necessarily contain all transformations: [/?,-, xi £y XjPj] , or after 
computation: 

n 

Xip k {i%k), XiPi+Y^ X jPj- 

7=1 

Adding the n transformations: XjPi + E 7 - Xjpj, one obtains: (n+1) Y, x jPj, hence 
XiPi and therefore actually all Xip\. Finally, the invariant subgroup would yet con- 
tain all transformations: \xfPi, x\ Y,k x kPk\ > hence all Xj Y,k x kPk an d thus it would be 
identical to the general projective group itself. Thus, our first result is: 

Theorem 97. The general projective group in n variables is simple^ 

Correspondingly, the special linear homogeneous group: 

(4) XiPk, XiPj-XkPk (i^k) 

is also simple. 

The general linear homogeneous group with the n 2 infinitesimal transformations 
xipk contains, as we saw above, an invariant subgroup with n 2 — 1 parameters, 
namely the group (4) just named. 

If there is yet a second invariant subgroup, then this subgroup obviously can- 
not comprise the group (4), and in the same way, it even cannot have infinitesimal 
transformations in common with the same group, since such transformations would 
constitute an invariant subgroup in the simple group (4) (cf. Proposition 10 of the 
Chap. [15] on p. 1273b . Taking the Proposition 7 of Chap. [121 on p. 12 191 into account, 
it hence follows that a possible second invariant subgroup can contain only one 
infinitesimal transformation, and to be precise, one of the form: 

n l-n 

£ x iPi + £ "ft XiPk ( £"= i «»' = o) • 

;'=1 i,k 

In addition, according to Proposition 11 of Chap. [15] on p. 12731 the same transfor- 
mation must be interchangeable with every transformation of the group (4), from 
which it follows that the transformation: 

l-r 

£ UikXiPk (l'U ote=o) 

/. k 



t Lie, Math. Ann., Vol. XXV, p. 130. 
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must be excellent inside the group (4). But there is no such transformation, whence 

all the Ufa vanish and it shows up that xip\ H Yx n p n and (4) are the only two 

invariant subgroups of the group XiPk- 

Theorem 98. The general linear homogeneous group x\pk in n variables contains 
only two invariant subgroups, namely the special linear homogeneous group and 
the one-term group: x\p \ H Vx n p n . 

At present, one easily manages to set up all invariant groups of the general linear 
group. Let: 

n n n 

i=l i=i k=l 

be a transformation of such a subgroup. Then together with S, also belongs 
to the invariant subgroup; hence this subgroup certainly contains a translation, and 
because of Proposition 1, p. 156 1 L it contains all of them. The smallest invariant sub- 
group therefore consists of the translations themselves; every other subgroup must 
contain, aside from the translations, yet a series of infinitesimal transformations of 
the form: £ ; Y,k ^ik^iPk- But these last transformations visibly generate an invariant 
subgroup, the linear homogeneous group xtpk- So we find: 

Theorem 99. The general linear group: pi, xipk contains only three invariant sub- 
group^ namely the three ones: 

Pi Pi, Xlpi-\ YXnPn Pi, *iPk, XiPi-XkPk O'^*0, 

with respectively n, n + 1 and n 2 + n — 1 parameters. 

If, as already done several times, we employ the terminology which is common 
for the ordinary space, we can say: the three invariant subgroups of the general linear 
group are firstly the group of all translations, secondly the group of all similitudes 

[Aehnlichkeitstransformationen]: (jci — x®)p\ H \- (x n —x®)p n , and lastly the 

most general linear group which leaves all volumes unchanged. 

§ 137. 

Before we pass to determining the largest subgroups of the general projective group, 
we put on ahead an observation which will find several applications in the sequel. 

Let X\f, . . . ,X r f be independent infinitesimal transformations of an r-term group 
G r and let a family of oo' - '" -1 infinitesimal transformations of this group be deter- 
mined by m independent equations of the form: 

;• 

(5) E%' e / =0 (*=l~m). 

7=1 

Assume furthermore that one knows from some reason that amongst the infinites- 
imal transformations: e\X\f -\ \-e r X r f, no infinitesimal transformation of the 



t Lie, Math. Ann., Vol. XXV, p. 130. 
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form: e\X\f -\ \-e m X m f is contained in this family. Then at first, it can be de- 
duced that the equations (5) are solvable with respect to ei, . . . , e m , for if one sets: 
e m +\ = • • • = e r = in these equations, it must follow: e\ = ■ ■ ■ = e m = 0, which 
happens only when the determinant: £ ± an • • • a mm does not vanish. Hence if one 
chooses e m+ \ , . . . , e r arbitrary, though not all zero, it follows that e\,...,e m receive 
determined values and therefore, the family contains r — m mutually independent 
infinitesimal transformations of the form: 

X m +jf + e\jXif-\ h e m j X m f (j=l-r-m). 

Thus, the following holds: 

Proposition 3. If amongst the infinitesimal transformations: £ e^X^f of the r-term 
group: Xif, . . . ,X r f, a family is sorted by means ofm independent linear equations: 

r 

Y,akjej = (k=l-m) 
7=1 

which embraces no infinitesimal transformation of the form: eiXif-\ h e m X m f, 

then this family contains r — m infinitesimal transformations of the shape: 

in 

X m +j+ e jvX v f {j=1-r-m). 
v=l 

§ 138. 

After these preparations, we turn ourselves specially to the general projective group. 
We denote for its number n(n + 2) of parameters shortly by N and we seek at first 
all subgroups with more than N — n parameters, hence some Gw- m for which m < n. 
Naturally, this way of putting the question is meaningful only when the number n is 
larger than 1 . 

According to an observation made earlier on (cf. Chap. [121 Proposition 7, p. |219l) , 
the sought Gpj- m has at least n — m independent infinitesimal transformations in 
common with the n-term group p\ , . . . ,p n . So Gjv- m contains in any case n — m in- 
dependent infinitesimal translations. If it contains no more than n — m translations, 
then thanks to Proposition 1 , we can assume that p m +i, . . . , p„ are these translations, 
while no translation of the form: e\ p\ H V e m p m is extant. From the Proposi- 
tion 3, it then follows that there appears a transformation: 

x m +lPl+eiPl-\ VemPm-, 

but by combination with p m +\, it would give p\, which would be a contradiction. 
Hence in our G^_ m there are surely more than n — m, say n — q(q<m) infinitesimal 
translations, and we want to assume that these are: p q+ i , . . . , p m , . . . ,p n ; by contrast, 

when q > 0, there appear no translations of the form: e\p\-\ Ye q p q . Now in any 

case (cf. Chap.[l2l Proposition 7, p. 12 1 91) . there is in the G^-m one transformation: 
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H h pi + H \-eipi 

in which, according to what precedes, the A cannot vanish all. By combination with 
one of the translations p q +i, . . . ,p n , we therefore obtain at least once pi, but this 
was excluded. Hence the number q cannot be bigger than zero, so q = and the 
sought Gjv_„, therefore comprises, when m < n, all translations. 

Thanks to completely analogous considerations, one realizes that the G^- m (m < 
n) must contain all transformations Pj. These considerations coincide even literally 
with those undertaken just now, when one replaces the pt, xipk, Pi by Pi, —x^pu pu 
respectively, and when one relates to Proposition 2, p. 15621 

Thus, our Gn-,ii contains all pi and all P, simultaneously, but then as was already 
shown earlier on some occasion (on page 15621 ), it contains yet also all XiPk and is 
hence identical to the general projective group itself. Consequently: 

Theorem 100. The general projective group of the manifold x\,...,x n contains no 
subgroup with more than n (n + 2) — n = n (n + 1) parameters. 

§ 139. 

At present, the question is to determine all subgroups contained in the general pro- 
jective group having N — n = n(n + \ ) parameters. In order to be able to settle 
completely this problem, we must treat individually a series of various possibilities. 

At first, we seek all n (n+ 1 ) -term subgroups which contain no infinitesimal trans- 
lation £ e^Pk- According to Proposition 3, p. 15651 there surely exists a transforma- 
tion: 

n n n 

U = x iPi ~ ai Pi = H ~ a i) Pi 
i=\ (=1 i=l 

and for every value of i and k, there is in the same way a transformation of the form: 

n 

T = (Xi - OCi) Pk+Y PikjPj- 

By combination of the two infinitesimal transformations U and T, we obtain the 
expression: [U, T] = — £ ; PikjPj, and because our group contains no infinitesimal 
transformation of this form, all jSjjy must vanish. 
Lastly, there are yet n infinitesimal transformations: 

/; 

P i+Y Y*Pki 
k=\ 

or, what amounts to the same: 



n n 
P'i = (Xi - (Xi) Y ( X J - a i)Pj + Y d ikPk- 
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If we make the combination of P[ with Y,( x k — Pk = U , we obtain: 

n n 
[U, P[\ = ( Xi - Cti) £ (Xj - <Xj) Pj~Y, 5 ikPk, 
7=1 k=l 

so that all 5% vanish. 

Thus, in the sought n(n+ l)-term subgroups, the following n (n + 1) independent 
infinitesimal transformations must appear: 

n 

(6) {pa - CCi) p k , (Xi - Otj) Y (xj - (Xj) Pj (i, k = 1 -n). 

y=i 

Thanks to pairwise combinations, one easily convinces oneself that these infinitesi- 
mal transformations effectively generate an n (n + l)-term group. Besides, this also 
follows from the fact that all the infinitesimal transformations (6) leave invariant the 
point Xi = a, lying in the domain of the finite. Indeed, they are mutually indepen- 
dent and their number equals n (n + 1), that is to say, exactly equal to the number of 
independent infinitesimal transformations there are in the n(n + 2) -term projective 
group that leave invariant the point X[ = a,-. According to Proposition 2, p. 12141 the 
infinitesimal transformations (6) therefore generate ann(n+ l)-term group. 

As a result, every n(n+ l)-term projective group of the R n in which no infinites- 
imal translation £ et Pk appears consists of all projective transformations that fix a 
point located in the domain of the finite. 

If, in the above computations, we would actually have written P{, —xtpk, Pi in 
place of pu XkPu Pi, respectively, then we would have found all n(n+ l)-term 
subgroups which contain no infinitesimal transformation £ e^Pk- We can therefore 
make exactly the same exchange in the expressions (6) and we obtain in this way: 

n n 

X k pi + diP k , Pi + CLi Y XjPj + Y a J ( x JPi + a i P i)- 

7=1 7=1 

Here, we may clearly take away the the term £ (Xj (xjPi + OCiPj) and we therefore 
obtain the general form of the n(n + l)-term subgroups which contain no transfor- 
mation £ ekPk as follows: 

(7) pi + (Xi Y Xjpj, Xip k + a k Pi. 

7=1 

The fact that these infinitesimal transformation generate a group follows from their 
derivation, but naturally, one could also corroborate this directly. 

If all a, vanish, then we have the general linear group already discussed earlier on 
which leaves invariant the plane M„_i located at infinity. Hence we are very close to 
presume that in the general case where not all oc ; are equal to zero, there exists in the 
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same way a plane M n _i : k\x\-\ h X n x n + A = which admits all infinitesimal 

transformations (7). 

By execution of the infinitesimal transformations: pi + oc ; £ x jPj> we obtain the 
following conditions for the A,-: 

n 

A; + CCi Y ^j x j = = A; — 0£; A . 

;=i 

The quantity A can hence in any case not vanish and may be set equal to 1 ; so if 
there actually is an invariant plane M n _i, this plane can only have the form: d\ x\ + 
h OC n x n + 1 = 0. In fact, this latter plane yet admits also the infinitesimal trans- 
formations: XiPk + oc^Pj. 

Every subgroup (7) therefore leaves invariant a plane M„_i of the R n and is in 
addition the most general projective group of the R n which leaves at rest the plane 
M„_ i in question. Every further infinitesimal projective transformation which would 

leave invariant the plane: M n -\ : U\x\ H h 0C n x n + 1 = could indeed be given 

the form: 

n n n 

E e k P k = E ekXk E X 'P'- 
k=\ k=\ (=1 

But if one executes this infinitesimal transformation on the M„_i, it comes: 

n n n 

E e k x k Y aiXi = = ~ E ekXk ' 
k=\ i=\ k=l 

whence e\ = ■ ■ ■ = e n = 0. 

Thus, if an n(n + l)-term projective group of the R n contains no infinitesimal 
transformation £ e^Pk, it consists of all projective transformations which leave in- 
variant a plane M, 7 _i not passing through the origin of coordinates. 

From the previous results, we can yet derive, thanks to a simple transformation, 
a few other results which will be useful to us in the future. Indeed, if we transfer to 
infinity the former origin of coordinates by means of the collineation: 

1 X^ X n 

\ ' ) x l ~T i x 2 77" 5 • • ■ 5 x n ~f •> 

X \ X \ 

we then obtain: 

Pi = E ^37 = [Pi +lL x iPi )> 

i=l dX l x \ V i= 2 J 

and hence: 

n 

P'\ = ~ x l Y Xi Pi = 
;=1 

n 

Ap'\ = ~ X k Y Xi Pi = ~ P k (k = 2-n). 

;=1 
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In the same way, we obtain: 

n 

AY,APi=-Pli APk = -Pk (k = 2-n), 

i=l 

as every infinitesimal projective transformation is actually transferred to a transfor- 
mation of the same kind after the introduction of the xf (cf. Chap. [31 Proposition 4, 

P-S5J). 

From this, we see: our collineation (V) converts every n(n + l)-term projective 
group in which no infinitesimal transformation Y* e kPk appears into a projective 

group which contains no transformation e\pi +£2*2 Pi H \-e n x n p\. In the same 

way, every projective group free of all £ p^ is transferred to a projective group 
which contains no transformation: e\ P\ + e2X\ P2 H h p M . 

Thus, if in ann(« + l)-term projective group, there are no infinitesimal transfor- 
mations: e\ p\ + e2X2P\ -\ h e n x n pi, then this group consists of all projective 

transformations which leave invariant a certain plane M n -\. By contrast, if in the 

group there are no infinitesimal transformations: e\ P\+e2X\ p2-\ \-e n x\ p n , then 

this group consists of all projective transformations which leave invariant a certain 
point. 

The general projective group possesses the property of being able to transfer ev- 
ery point of the R n to every other point, and every plane M„_i to every other plane. 
From this, it results that every n (n + 1 ) -term projective group of the R n which leaves 
invariant a point is conjugate, inside the general projective group of the R n , to every 
other group of the same sort, and likewise, it follows that every n (n + l)-term pro- 
jective group of the R n which leaves invariant a plane is conjugate to every 
other projective group of this sort. 

Finally, we can at present look up at all n (n + l)-term groups of the R n . 

Since we know all groups that contain no translation, it only remains to find the 
groups in which some infinitesimal translations appear. We assume that there are 
exactly q independent such infinitesimal translations, say p n , . . . ,p n - q+ i, so that, 
when n — q is > 0, no translation of the form: e\p\-\ h e n - q p n - q is extant. 

Then in our group, there surely exists an infinitesimal transformation of the form: 

q n—q 

(8) x *-q+i L ^kPk + eipi^ h ^n—qPn—q-i 

i=\ k=l 

only when the number (n — q) (q + 1) of terms contained in this infinitesimal trans- 
formation is larger than n. 

This is the case only when (n — q) (q + 1 ) — n = q (n — q — 1 ) is larger than zero, 
from which it follows that we must temporarily disregard the cases q = n — 1 and 
q = n. But if we assume that q is smaller than n — 1 and if we make a combination 
of the transformation (8) — in which obviously not all vanish — with each one 
of the extant translations p„- q +i, . . we then obtain in all circumstances a not 
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identically vanishing transformation of the form /ir p\ H V \i n -qPn-q, and this is 

a contradiction. Thus, the number q cannot be smaller than n — 1 . 

Therefore, if an n(n + l)-term projective group contains one infinitesimal trans- 
lation £ e/tPk, h contains at least n — 1 independent translations. 

In this result we can again, as so often before, replace the pi by the Pi and find 
that there always exist n — 1 independent transformations £ in every group of 
the said sort as soon as there exists only a single transformation of this form. 

At present, we seek all n(n + l)-term projective groups with exactly n—1 inde- 
pendent infinitesimal translations £ e^Pk, say with p 2 , ■ ■ - ,p n - No such group can 
contain a transformation of the form: 

eip\ +e 2 x 2 pi H \-e n x n pi, 

because by combination with p2,...,p n , we would obtain p\, what is excluded. 
According to what has been seen above, all these groups belong to the category 
of the n [n + l)-term projective groups which leave invariant a plane M n -\. Corre- 
spondingly, it results that every n (n + l)-term group which contains exactly n — 1 
independent transformations £ e^Pk leaves invariant a point. 

It still remains to determine the n(n + l)-term projective groups which contain 
all the n translations pi,. . .,p n - Besides, the Pj cannot yet appear all, because other- 
wise, the group would coincide with the general projective group itself. 

Therefore, according to what has been said above, there are only two possibilities: 
either there is absolutely no transformation £ ekPk, or there are n — 1 independent 
such transformations. Both cases are already settled above. 

As a result, our study is brought to a conclusion. The result is the following: 

Theorem 101. The largest subgroups of the general projective group of an n-times 
extended manifold contain n (n + 1) parameters. Each such subgroup consists of all 
projective transformations which leave invariant either a plane M n _i, or a point. In 
the first case, the subgroup is conjugate inside the general projective group to the 
general linear group pi, xipk, and in the second case, to the group XkPu 

Because the groups of the one category come from the groups of the other cate- 
gory through the exchange of p\, XiPk, Pi with P t , —XkPu Pi, all n (n + l)-term sub- 
groups of the general projective group are holoedrically isomorphic to each other. 
From what precedes, it follows in addition the 

Proposition 4. The general projective group of the space x\,...,x„ can be related 
to itself in a holoedrically isomorphic way so that the largest subgroups which leave 
invariant one point correspond each time to the largest subgroups which leave in- 
variant a plane M n -\. 

If n = 1, the difference between point and plane M„_i disappears; the general 
three-term projective group of the once-extended manifold therefore contains only 
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one category of two-term subgroups, and all of these are conjugate in the three-term 
projective group. 

According to the previous developments, the general projective group of an n- 
times extended space contains n(n+l) independent infinitesimal transformations 
which leave at rest a given point, and to be precise, these infinitesimal transforma- 
tions generate a subgroup which is contained in no larger subgroup. From this, it 
follows (Chap. [211 Theorem 91, p. 15221 ) that the general projective group is primi- 
tive and all the more asystatic. 

§ 140. 

We derive here a few general considerations about the determination of all sub- 
groups of the general linear group p,-, xip^ (i, k= l ■■■n) of the R n . 

The general infinitesimal transformation of a linear group of the R n can be writ- 
ten: 

a ik Xip k + bi{xiPi-x n p n ) 

(9) J i,k <=1 

+ C Y XkPk+Y d ^Pk- 
k=l k=l 

If one makes combination between two infinitesimal transformations of this shape, 
one obtains a transformation: 

i^k n—1 n n 

Y Aik*iPk+Y< Bii-XiPi-XnPn) +C Y x kPk + C Y D kPk, 
i,k i=l k=l k=l 

in which the Bj and C (C = 0) depend only of a&, b[ and c. Consequently, the 
reduced infinitesimal transformation: 

i^k n—l n 

(10) £ a ik*iPk + Y bi ( x iPi ~ x >iPn) + C Y X kPk 
i,k (=1 k=l 

is in turn the general infinitesimal transformation of a linear homogeneous group in 

From this, we realize that the problem of determining all subgroups of the general 
linear group decomposes in two problems which must be settled one after the other. 
At first, all subgroups of the general linear homogeneous group xtpk (i, fc=i •••«) have 
to be sought; afterwards, to the infinitesimal transformations of each of the found 
groups, one must add terms £ fikPk m me most general way so that one again ob- 
tains a group. Thus, if X\f, . . .,X r f is one of the found linear homogeneous groups, 
one has to determine all groups of the form: 
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n n 

7=1 /=1 
(k=l---r; [1 = 1 - -m, m^n). 

We do not want here to say anything more about the further treatment of these two 
reduced problems; rather, we refer to the third volume where the detailed studies 
about the projective groups of the plane and of the thrice-extended space will be 
brought. 

By contrast, we do not want to neglect to draw attention to the geometrical signi- 
fication that the decomposition just said of the problem in question has. 

To this end, we imagine that the group (9) is prolonged, by regarding, as in 
Chap.|25l p. !526l sq.. the x as functions of an auxiliary variable t and by taking with 
them the differential quotients dxt/dt = x[. In the process, we obtain the group: 

Y a ik x iPk + Y bi ( Xi P> ~ x nPn) + cY x kPk + Y d kPk 
+ Y Q ik x 'i Pk + Y bi ( X iPi ~ X 'nP'n) + c Y X 'kP'h 

in which the terms in the x\ determine for themselves a group, namely precisely the 
group (10) just found. But now, as we have seen loc. cit., the x\ can be interpreted 
as homogeneous coordinates of the directions through the point x\, . . . ,x n of the R n . 
The fact that the x\ are transformed for themselves by the above group therefore 
means nothing else than the fact that parallel lines are transferred to parallel lines 
by every linear transformation of the x; the directions which a determined system 
of values x\ associates to all points of the R n are indeed parallel to each other. But 
every bundle [Bundel] of parallel lines provides a completely determined point on 
the plane M n _i at the infinity of the R n , hence x[ , . . . ,x' n can be virtually interpreted 
as homogeneous coordinates of the points on the infinitely far plane M„_ i and the 
group: 

(11) Y a ik x 'iPk + Y bi ( X 'iPi - X 'nP'n) + c Y X kPk 

therefore indicates how the infinitely far points of the R n are transformed by the 
group (9). At the same time, it is yet to be observed that the infinitesimal transforma- 
tion £ x' k p' k leaves fixed all infinitely far points, so that these points are transformed 
by the last group exactly as if c would be zero. 

At present, we have the inner reason for the decomposition indicated above of 
the problem of determining all linear groups of the R n . The groups in question are 
simply thought to be distributed in classes, and in each class are reckoned all the 
groups for which the group (1 1) is the same, so that the infinitely far points of the 
R n are transformed in the same way (cf. for this purpose Theorem 40, p. 12391) . 

§ 141. 

In order to give at least one application of the general considerations developed 
just above, we want to determine all linear groups of the R n which transform the 
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infinitely far points of the R n in the most general way. For all of these groups, the 
associated group (11) has the form: 



/ / 



ii ii 

XiPi-XkPk 



(i,k—l--n, i-^k). 



where in certain circumstances, the transformation x\ p\-\ \-x' n p' n can yet occur, 

which leaves individually fixed all infinitely far points. The infinitely far points 
are thus transformed by an [n 2 — l)-term group and to be precise, by the general 
projective group of an (n — 1) -times extended space. 

Each one of the sought groups must contain n 2 — 1 infinitesimal transformations 
out of which none can be linearly deduced which leaves invariant all infinitely far 
points, hence none which possesses the form: YT,j *jPj + L YkPk- Therefore, the 
group surely contains n 2 — 1 infinitesimal transformations of the form: 



(12) 



xiPk + Oik Y* x jpj + Y* $ ikv Px 



v=l 



Xi Pi - X n p n + Cti Xj Pj + A v P V ■ 
7=1 V=l 



In addition, one or several infinitesimal transformations of the form: yY*jXjPj + 
Lv 7v Pv can yet occur. 

If a group of the demanded sort contains a translation, then it contains all trans- 
lations. Indeed, if p\ + eiPi H h e n p n is the translation in question, we make a 

combination of it with: 



xiPk + CC\k Y x iPJ + H PuvPv 

7=1 



(jfe=2-n) 



v=l 



and we obtain in this way p2,---,p n and therefore all p\. 

Consequently, we want at first to assume that all translations appear. Then if 
there is yet the transformation Y, x j Pj, we have the general linear group itself. By 
contrast, if the transformation £ xjpj is not extant, we obtain by combination of the 
transformations (12) in which we can set beforehand the /3,£v and /3 ;V equal to zero: 



XiPk + OCik Y x jPh XkPi + CCki Y x jPj 
7=1 7=1 



so that all the a, are zero. But in addition, it comes: 



XiPi-X k p k , 



Xi Pi-x k p k , Xi p k + a ik Y x JPj 

7=1 



2xip k . 



The concerned group is therefore the special linear group. 
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If in the sought group there is absolutely no translation, but by contrast a trans- 
formation: 



(13) 



Y x JPj - Y YvPv Y (xj + Yj) Pj, 

j=\ v=l 7=1 



then all a% and all a, can be set equal to zero. If we yet write the infinitesimal 
transformations (12) in the form: 



(xi + n)p k + £ j8 

ikvPv ('^ k ) 

v=l 

n 

(Xi + Yi) Pi - (X„ + Yn) Pn + Y PiV PV, 



V=l 



we then realize immediately by combination with £ (xj + Yi) Pi mat a ^ Alv an( ^ A'v 
vanish and we thus find the group: 



(xi + Yi)Pk 



(i, k=l ■■■n). 



Lastly, if there also occurs no transformation of the form (13), then one obtains 
at first by combination from (12) that all <Xi k and oc, are equal to zero. Furthermore, 
it comes: 



XiPk+ Y fakvPv, XkPi+ Y PkivPv 



v=l 

and in addition: 



v=l 



XiPi~X k p k + fa kk Pi - fail Pk , 



(Xi + fakk) Pi - (x k + fan) Pk, Xip k + Y Pikv Pv 

v=l 

= 2 Xi p k + 2 fa kk p k - fa ki pi , 

so that all jS^v vanish with the exception of the fakk an d fan, by means of which also 
the fa v can be expressed. 

Now, if n > 2, the fi ikk could vary with k; however, this is not the case. Indeed, if 
we replace i and k firstly by k, j and secondly by j, i in: 

(xi + fakk) Pi ~ (x k + fan) Pk 

and if we add together the three obtained infinitesimal transformations, then the sum 
must vanish, since no translation should occur. So we obtain: fi ikk = /3, 77 and so on. 
Thus, if we write shortly /3 ; for fi ikk , we have the group: 



(Xi + pj) p k , (Xi + fa) Pi - {x k + fa) p k 



(i^k). 



§ 142. 



575 



With that, all cases are settled. If, in the two latter forms of groups [Gruppenfor- 
men], we yet introduce x,- + Yi and Xj + /3, as new xu respectively, we may recapitulate 
our result as follows: 

Theorem 102. The general linear group in n variables contains only three different 
sorts of subgroups which transform the points of the infinitely far plane in an (n 2 — 
\)-term way, as does the general linear group itself: firstly, the special linear group 
and secondly all groups that are conjugate to the two homogeneous groups^ 

XiPk', *iPk XiPk-XkPk 

Here, we thus have a characteristic property which is common to all these groups 
already known to us. By contrast, the distinctive marks of the four groups in ques- 
tion are briefly the following: The general linear group leaves invariant the ratios of 
all volumes; the special linear group leaves invariant all volumes. The general and 
the special linear homogeneous groups differ from the general and the special linear 
groups, respectively, in that they yet leave invariant the point x t = 0. 

§ 142. 

In the beginning of the previous paragraph, we have seen that the determination of 
all linear groups of the R n is essentially produced as soon as all linear homogeneous 
projective groups of the R n are determined. There is no special difficulty to settle 
this last problem when one knows all projective groups of the R n -\- At present, we 
yet want to show that. 

As we know, the general linear homogeneous group of the R n : Xjp k (i,k=i-n) 
contains an invariant subgroup with n 2 — 1 parameters, namely the special linear 
homogeneous group: 

XiPk, XiPi-XkPk (i,k=l-n,i^k). 

This last group is equally composed with the general projective group of the R n u 
so its subgroups can immediately be written down when all projective groups of the 
R n i are known (cf. about that the next chapter). After that, one finds the subgroups 
of the group Xip k thanks to the following considerations: 

An r-term subgroup G, of the group XiPk is either contained at the same time in 
the group XiPk, *iPi — %kPk (R*) or it is not. In the first case it would be already 
known, and in the second case, according to Proposition 7, p. 12 191 it would have a 
G r i in common with the special linear homogeneous group. Hence, in order to find 
all linear homogeneous groups G r of this sort, we need only to add, to every G r i : 
X\f, . . . ,X r _if of the group x t p k , X[p\ — x k p k (Rifc), an infinitesimal transformation 
of the form: 

n l---n 

Y/ = £ XiPi + £ a kj x k pj (E* ote=o), 

i=\ k,j 



t LIE, Archiv for Math, og Nat. Vol. IX, p. 103 and 104, Christiania 1884. 
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and to determine, by combination with Xt/, . . . ,X r _i/, all values of the a k j 
which produce a group. Here, it is to be observed that the (r — l)-term group 
Xif, . . .,X r -if must obviously be invariant in the sought r-term group; we there- 
fore find, so to say, the most general values of the OCjh when we seek the most 
general linear homogeneous infinitesimal transformation Yf which leaves invariant 
the given (r— l)-term group. Besides, we always find one r-term group, namely 
when we choose all Cfy 7 - equal to zero. 

By taking into consideration the infinitesimal transformations Xi/, . . . ,X r _i/, 
one realizes that r — 1 of the a^j can be made equal to zero. Hence the smaller the 
number r is, the more some constants must be determined. But for small values of 
r, the following method is otherwise often more convenient: 

Indeed, the r-term subgroups of the group Xip^ can yet in another way be dis- 
tributed in two categories; firstly, in the category of subgroups which contain the 
transformation ^ x iPi — me Y can > under the assumptions made, be written down 
instantly — and secondly, in the category of subgroups which do not contain the 

transformation x\p\ H Yx n p n . The r infinitesimal transformations of a group 

from the latter category must have the form: 

n 

(14) Xkf+Okj^XiPU 

where the X^f represent infinitesimal transformations of the special linear homoge- 
neous group. Because the transformation £ X[p\ is interchangeable with all X^f, for 
the execution of the bracket operation [Klammeroperation], it is completely indif- 
ferent whether the a, vanish or not; hence X\f,... ,X r f must themselves generate a 
group and to be precise, an r-term subgroup of the group Xjp^, xipi — x^ p^ (i^k), one 
of those which we assume as known. Therefore, it only remains to determine the 
OCk in the most general way so that the infinitesimal transformations (14) generate 
a group. In certain circumstances, one can realize easily that certain of the must 
vanish; indeed, if there is an equation of the form: 

[X, X k ] — Xjf, 

then a,j must necessarily be zero. 

If all [X;,Xjfc] generate a p-term group (Chap. [151 Proposition 6, p. 12701) . then we 
can assume that the infinitesimal transformations are chosen so that all [X,, Xj can 
be linearly deduced from Xi/, . . . ,X p /. Then we have Ot\ = ■ ■ ■ = a p — 0, while all 
other a,- can be different from zero. It must be specially studied in every individual 
case whether the different values of these parameters produce different types of 
linear homogeneous groups, or in other words, whether the concerned parameters 
are essential. The settlement of this problem for n = 2 and for n = 3 appears in the 
third volume. 
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§ 143. 

If an arbitrary linear homogeneous group G, is presented which is not contained in 
the special linear homogeneous group, then as we have already observed above, this 
G r comprises an invariant (r— l)-term subgroup whose infinitesimal transforma- 
tions are characterized by the fact that they possess the form: 

i^k 

52 a ik Xip k + 52 ai(xiPi-x n p n ). 

i,k i=\ 

If we now apply this observation to the adjoint associated to an arbitrary r-term 
group: Zi/,...,Z r /: 

l-r gj- 
E v f = C kvs^k^~ (v = l-r), 

k, s des 

then we recognize immediately that this adjoint group, when the r sums J^ k c^k do 
not all vanish, contains an invariant subgroup whose infinitesimal transformations: 
X\E\f-\ \-X r E r f are defined by means of the condition-equations: 



52 ^ v H c kvk = 0. 



v=l k=l 

Lastly, if we remember that every group is isomorphic with its adjoint group, we 
obtain the 

Proposition S.Ifr independent infinitesimal transformations Xif,.. .,X r f of an r- 
term group stand pairwise in the relationships: [X;, X^] = £ 5 c^Xsf and if at least 
one of the r sums Y*k c vkk is different from zero, then all infinitesimal transformations 
X\ X\f H h X r X r f which satisfy the condition: 



52 x v 52 c vkk — o 



v=l k=l 



generate an invariant (r — I) -term subgroup^ 



For a thorough study of the general projective group, one must naturally devote a special attention 
to its adjoint group Y* e kEkf and to the associated invariant systems of equations in the as well. 
Here only two brief, but important observations. 

If, as usual, one interprets the as homogeneous point coordinates of a space with n +2n — 1 
dimensions, then amongst all invariant manifolds of this space, there is a determined one whose 
dimension number possesses the smallest value. This important manifold consists of all points 
which represent either translations or transformations conjugate to translations. This manifold is 
contained in no even [EBEN] manifold of the space in question. Besides, the known classification of 
all projective transformations naturally provides without effort all invariant manifolds of the space 
ei,...,e r . 



t LIE, Archiv for Math., Vol. IX, p. 89, Christiania 1884; Fortschritte der Mathematik, Vol. XVI, p. 325. 
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For every infinitesimal projective transformation which is conjugate to a translation, all points 
of a plane M„_i in the space x% remain invariant and simultaneously, all planes M„_i which pass 
through a certain point of this M„_i. Every transformation of this sort is completely determined by 
means of the firstly said plane M„_i and by the distinguished invariant point of this plane. 

If n = 2, then as we can say, every projective transformation of the plane x\ , which is conjugate 
to an infinitesimal translation is completely represented by means of a line element. Accordingly, 
in thrice-extended space x\, X2, *3, every projective transformation conjugate to an infinitesimal 
translation is represented by a surface element, and so on. These observations will be exploited in 
the third volume. 



Chapter 27 

Linear Homogeneous Groups 



In the previous chapter, p. 15751 we have characterized the general linear homoge- 
neous group in n variables x\,...,x n as the most general projective group of the 
77-times extended space x\, . . . ,x n , or shortly R n , that leaves invariant the infinitely 
far plane M n -\ and simultaneously the point x\ — ■ ■ • =x n = 0. This group receives 
another meaning when one interprets x\, . . . ,x n as homogeneous coordinates in an 
(n — 1) -times extended space R n -\. In the present chapter, this interpretation shall 
be led at the foundation. 

§ 144. 

We imagine that the transition from the ordinary Cartesian coordinates yi, . . . ,y n _i 
of the (n — 1) -times extended space R n \ to the homogeneous coordinates x\, . . . ,x n 
of the same space is procured by means of the equations: 

y k =— {k=\-n-\). 

x n 

To the ft 2 -term general linear homogeneous group: 

n 

(1) x 'i=H a ik x k (i=l-«) 

k=\ 

then corresponds, in the variables yi, . . . ,y n _i, the meroedrically isomorphic group: 

(2) yi r^\a lk y k + ai „ {k ^ ih 

Lk=l a nkyk + OCnn 

the (n 2 — l)-term general projective group of the R n \. Thus, to every linear ho- 
mogeneous transformation (1) corresponds a single projective transformation (2), 
hence a completely determined collineation of the R n -i, whereas conversely, to 
every projective transformation (2), there correspond in total different linear ho- 
mogeneous transformations (1). 
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In addition, one can also establish a univalent invertible association between 
linear homogeneous transformations inxi, . . . ,x n and projective transformations in 
y i , . . . , y n - 1 when one submits the constants to the condition £ ± G5i i • • • 0t nn = 1 , 
hence when one considers instead of the general the special linear homogeneous 
group which is holoedrically isomorphic to the general projective group (2) (cf. 
Chap. [261 p. 15611) . We want to develop in details this association for the infinitesimal 
transformations of the two groups. 

The special linear homogeneous group in x\ , . . . , x n contains the following n 2 — 1 
independent infinitesimal transformations: 

(3) Xip k , XiPi-x k p k (i^k). 

In order to find the corresponding infinitesimal transformations in yi, . . . ,y«-i, we 
only have to compute, for each of the individual infinitesimal transformations just 
written, the increment: 

c %n & %i %i Sx n 

byj = j (i=1-h-1). 

In this way, we find the following table: 

{x n pk = qk, *kPn = -yk(y\qi-\ \-y n -iq n -i) 
xkPk-x n p n = ykqk+yiqi-\ Vy n -\q n -\, Xip k = yiq k 
(i,k=l-n-l; i^k), 

where qi is written for df/dyj. This table also provides inversely the infinitesi- 
mal transformations of the special linear homogeneous group (3) corresponding 
to every infinitesimal transformation of the projective group (2); indeed, from the 
equations (4), we obtain without effort: 

n(yiqi-\ hy^-i^-i) =x\p\-\ Yx n p n -nx n p n 

ny k q k = nx k p k — (x\ p\ H \-x n p n ). 

At present, it is also easy to indicate which °° l infinitesimal transformations of the 
general linear homogeneous group (1) correspond to a given infinitesimal transfor- 
mation of the projective group (2). Indeed, the infinitesimal transformation x\ p\ + 

Yx n p n reduces in the variables yi, . . . ,y n _i to the identity, for all increases of 

the y k vanish. Consequently, if the infinitesimal transformation Yf of the projec- 
tive group (2) corresponds to the infinitesimal transformation Xf of the special 
homogeneous group (3), then all oo 1 infinitesimal transformations of the general 
homogeneous group (1) which correspond to Yf are contained in the expression 
Xf + c(x\ p\-\ \-x n p n ), where c denotes an arbitrary constant. 

If a system of equations: 



&k(yi,---,yn-l) =0 (k=l-m) 
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in yi , . . . , y n _ i admits a finite or an infinitesimal projective transformation, then nat- 
urally, the corresponding system of equations in the x: 



admits the corresponding finite or infinitesimal transformation of the group (3); but 
in addition, because of its homogeneity, it also admits yet the infinitesimal transfor- 
mation: x\ p\ H \-x n p n . 

Conversely, every system of equations in x\, . . . ,x n which admits x\ p\ H h 

x n p n is homogeneous. But now, when we write a projective group of the R n \ in 
the homogeneous variables x\ , . . . , x n , we are concerned only with the ratios of the x, 
hence also, we are concerned only with systems of equations that are homogeneous 
in the x. So, when we have written in a homogeneous way the infinitesimal trans- 
formations of a projective group of the R n i with the help of the table (4) and when 
we want to look up at the associated invariant systems of equations, that is why we 

will always add yet the infinitesimal transformation x\ p\ H Yx n p n . The group 

in x\, . . . ,x n obtained in this way is the true analytic representation in homogeneous 
variables of the concerned projective group of the R n \. 

For the study of a projective group, if one also wants to take the infinite into 
consideration, then one must write the group in homogeneous variables. 



In the preceding paragraph, we have shown that the infinitesimal projective trans- 
formations of the R n i can be replaced by infinitesimal linear homogeneous trans- 
formations in n variables. At present, we want to imagine that an arbitrary transfor- 
mation of this sort in xi , . . . ,x n is presented, say: 



and we want to submit it to a closer examination. Namely, we want to look for plane 
manifolds of the R n -i which admit the infinitesimal transformation in question. In 
this way, we will succeed to show that Xf can always be given a certain canonical 
form after the introduction of appropriate new variables: x\ = £ c^x^. 

If a plane: M„_2 : E c i x i = of the R n -\ admits the infinitesimal transformation 
Xf, then according to Theorem 14, p. I123L it admits at the same time all finite trans- 
formations of the associated one-term group. Now, fheM„_2 admits the infinitesimal 
transformation if and only if the expression X(£ qjc;) vanishes simultaneously with 
£ CiXi. Since X(£ CjXj) is linear in the Xj, this condition amounts to the fact that a 
relation of the form: 
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holds identically, where p denotes a constant. The condition-equation following 
from this: 

( L a ki c k -pci)xi = 

decomposes in the n equations: 



(5) auc\ H V (an — p)c ; H Ya ni c n = 

which can be satisfied only when the determinant: 



(«=!•••»), 



(6) 



an-p a 2 i 
ai2 a 2 2-p 

" In @2n 



a„i 

«n2 



*(p) 



vanishes. This produces for p an equation of degree n with surely « roots, amongst 
which some can be multiple, though. Therefore in all circumstances, there is at least 

one plane M„_2 : c\X\-\ h c n x n = which remains invariant by the one-term 

group Xf. 

It is known that one sees in exactly the same way that every finite projective transformation, 
or, when written homogeneously, every transformation xj = Y.bikXk likewise leaves fixed at least 
one plane M„_2- In addition, this follows from the fact that every transformation x\ = Y^b^k is 
associated to a one-term group Xf. 

If the equation A(p) =0 found above has exactly n different roots p, then there 
are in total n separate planes M„_2 which remain invariant by the group Xf; indeed, 
two distinct roots pi and p2 of the equation for p always provide, because of the 
form of the equations (5), two distinct systems of values c\ : C2 : ■ ■ • : c n . By con- 
trast, if there are multiple roots p, then various cases can occur. If, for an /n-fold 
root p, the determinant (6) vanishes itself, but not all of its (n — 1) x (n — 1) deter- 
minants, then for the concerned value of p, exactly n — 1 of the equations remain 
independent of each other and the ratios of the c ; are then determined all. To the 
/ft-fold root is hence associated only a single invariant plane M„_2, but this plane 
counts m times. By contrast, if for an m-fold root not only the determinant (6) it- 
self is equal to zero, but if all its (n — 1) x (n — 1), . . . , (n — q + 1) x [n — q + 1) 
subdeterminants also vanish, whereas not all (n — q)x(n — q) subdeterminants do 
(q ^ m), then the equations (5) reduce to exactly n — q independent equations and 
amongst the ratios of the c ; , there remain q — 1 that can be chosen arbitrarily. Thus 
in this case, the /M-fold root p gives a family of oo^ 1 planes M„_2 which remain 
individually invariant. 

It is easy to realize that a root of the equation A (p) = is at least g-fold when all 
(n — q+l) x (n — q+l) subdeterminants of A (p) vanish for this root. Indeed, the 
differential quotients of order (q — 1) of A (p) with respect to p express themselves 
as sums of the (n — q+ 1) x (n — q+ 1) subdeterminants of A(p). 
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If we would assume that the duality theory is already known at this place, then 
we could immediately conclude that the infinitesimal transformation Xf leaves in- 
variant at least one point in the R n i- But we prefer to prove this also directly, 
particularly because we gain on the occasion a deeper insight in the circumstances. 

In the homogeneous variables x\ , . . . ,x n , a point is represented by n — 1 equations 
of the form x;x? — x^x®; so the point will admit all transformations of the one-term 
group Xf when x®Xxj — xf Xxi< vanishes by virtue of the equations XjX® — x^xf = 0, 
hence when n relations of the form: 

Xxi = OXi 0'=i-n) 

hold. For the Xj and for o, we therefore obtain the n condition-equations: 

H h {an — o)xi-\ YatnXn = (/=i-«). 

x n = 0,o must be a root of the 

@nl @n2 ' ' ' &nn a 

and each such root produces an invariant point. The determination of the points 
which stay fixed by Xf therefore conducts to the same algebraic equation as does 

the determination of the invariant plane: M„_2 : c\x\ H V c n x n = 0. 

Thus, if this equation of degree n has n different roots, then in the R n -\ '■ 
x\ : X2 : • • • : x n , not only n different planes M„_2 : £ c^x^ = remain invariant, 
but also simultaneously, n separate points. In the process, these n points do not lie 
all in one and the same plane M ;1 _2, because if n points stay fixed in a plane M„_2, 
then necessarily, infinitely many points of the M„_2 keep their positions, which is 
excluded under the assumption made. We can express briefly this property of the n 
invariant points by saying that a nondegenerate «-frame [«-Flach] remains invariant 
hyXf. 

If there appear multiple roots, then two cases must again be distinguished. If, for 
an m-fold root, not all (n — 1 ) x (n — 1 ) subdeterminants of the determinant (6) van- 
ish, then this root gives an invariant plane M„_2 counting m times and an invariant 
point counting m times. By contrast, if, for the root in question, all (n — 1) x (n — 1), 
(n — q+1) x (n — q+l) subdeterminants are equal to zero (q ^ m) without all 
(n — q) x (n — q) subdeterminants vanishing, then to this root is associated a family 
of oo^ 1 individually invariant planes M„_2 and a plane manifold of co"? -1 individu- 
ally invariant points. Therefore, the following holds 

Proposition 1. Every infinitesimal transformation: 



If we disregard the nonsensical solution x\ 
equation: 

an — a a\2 



Ma) 



an ail - a 
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£ akiXiPk 

i, k 

in the homogeneous variables xi,...,x n , or, what is the same, every infinitesimal 
projective transformation in n — 1 variables: 

X\ x n — 1 

; • ■ ■ ) i 
Xn X n 

leaves invariant a series of points x\ : X2 '■ ■■■ : x n and a series of planes M n _2 '■ 

c\X\ H V c n x n = 0. The points which stay fixed fill a finite number, and to be 

precise at most n, separate manifolds. Likewise, the invariant planes M n _2 form a 
finite number, and to be precise at most n, separate linear pencils. 

If the infinitesimal transformation Xf has the form: £ x& Pk, then it actually leaves 
invariant all points x\ : X2 '■ ■■■ : x n and naturally also, all planes M n _2 : L c i x i — 0. 

From what has been found up to now, one can now draw further conclusions. 
At first, we consider once more the special case where the equation of degree n 
discussed above has n different roots. Then there are n separate invariant planes 
M n -2 '■ L; c ki x i — which form a true n-frame according to what precedes. We can 
therefore introduce: 

n 

4 = £ C & X i (k=l-n) 

as new homogeneous variables and in the process, we must obtain an infinitesimal 
transformation in x' 1 , . . . , x' n which leaves invariant the n equation x' k = 0, hence 
which possesses the form: 

Xf = a' l x J l p\ + --- + a , n x , n p'n- 

Under the assumptions made, Xf can be brought to this canonical form. Naturally, 
no two of the quantities a\,...,a' n are equal to each other here, for the equation: 

(ai-p)--- (a' n -p) = 

must obviously have n distinct roots. 

Now, similar canonical forms of Xf also exist when the equation for p possesses 
multiple roots. However, we do not want to get involved in the consideration of 
them, and we only want to show that there is a canonical form to which every 
infinitesimal transformation: 

l-n 

Xf=Y< a ki x iPk 
i. k 
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can be brought thanks to an appropriate change of variables: x! k = £ h^Xj, that is 
to say hence, thanks to an appropriate collineation of the R n -\, completely without 
paying heed to the constitution of the equation A (p) =0. 

Since Xf always leaves a point invariant, we can imagine that our coordinates are 
chosen so that the point: x\ = ■ ■ ■ = x n -\ = stay fixed. On the occasion, we find: 

n— 1 n—l n n 

(V) Xf = £ £ a' ik x k pi + £ a' nk x k p n = X'/+ £ a'„k x kPn- 

k=\ !=1 k=\ k=\ 

To the linear homogeneous infinitesimal transformation X'f in the n — l variables 
xi, . . . ,x n _i we can apply the same process as the one which provided us with the 
reduction of Xf to the form (7), and we obtain in this way: 

n—2 n—2 n—l n 

X f= E E a"k x kPi + £ a'n-\,k x kPn-\ + £ a nk x k p n . 

k=l i=\ k=l k=l 

Here, we can again treat in an analogous way the first term of the right-hand side. 
Finally, we obtain the 

Theorem 103. In every linear homogeneous infinitesimal transformation with n 
variables, one can introduce as new independent variables n linear homogeneous 
functions of these variables so that the concerned infinitesimal transformation 
takes the form: 

a n x\ pi + (a 2i xi + a 22 x 2 ) p 2 -\ h(a n l*H \-a im x n )p n . 

It is of a certain interest to interpret the way in which this result has been gained. 

Since Xf leaves a point invariant in any case, if we chose above such a point 
as corner of coordinates [Coordinateneckpunkt]: x\ = ■ ■ ■ = x n -\ = 0. The ratios 
x\ : X2 : • • • : x n -\ then represent the straight lines through the chosen point; simul- 
taneously with the points x\ : x 2 '■ ■ ■■ : x„, these straight lines are permuted with each 
other by the transformation Xf, and to be precise, by means of the linear transforma- 
tion X'f in the n—l variables x\ , . . . , x n - 1 . But according to what precedes, a system 
of ratios x\ : • • • : x n ^\ must remain unchanged by X'f, that is to say, a straight line 
through the point just said. If we choose this line as edge x\ = ■ ■ ■ = x n - 2 = of our 
coordinate system, then the ratios x\ : ■ ■ ■ : x„- 2 represent the planes M 2 passing 
through this edge. In the same way, these M 2 are permuted with each other by Xf; 
one amongst them surely remains invariant and gives again a closer determination 
of the coordinate system, and so on. 

In this way, one realizes that the coordinate system can be chosen so that Xf 
receives the normal form indicated above. However, we want to recapitulate yet 
in a specific proposition the considerations just made, since they express a general 
property of the infinitesimal projective transformations of the R n -\: 

Proposition 2. By every infinitesimal projective transformation of the R n i there 
remain invariant: at least one point; through every invariant point: at least one 
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straight line; . . . ; and lastly, through every invariant plane M n _2." at least one plane 
M n - 2 . 

§ 146. 

In the essence of things, the results of the previous paragraph are known long since 
and they coincide in the main thing with the reduction to a normal form, due to 
Cauchy, of a system of linear ordinary differential equations with constant coeffi- 
cients. 

In what follows, we will generalize in an essential way the developments con- 
ducted up to now, but beforehand, we must insert a few observations which, strictly 
speaking, are certainly subordinate to the general developments in Chap. [291 p. 14841 
sq. 

Let an arbitrary r-term group G, with an (r — m)-term invariant subgroup G r - m 
be presented, and let T denote an arbitrary transformation of the G r , while S denotes 
an arbitrary transformation of the G r - m . Then according to the assumption, there are 
certain equations of the form: 

T- l ST = S u TS 1 T~ 1 =S, 

where Si is again a transformation of the G r - m , and in fact, a completely arbitrary 
one, provided only that one chooses the S appropriately. 

Now, if every transformation S leaves invariant a certain point figure [Punkt- 
hgur] M, so that: 

(M)S=(M), 
then the following equation also holds: 

(M)TT 1 ST = (Af) T, 

and it shows that the figure (M) T admits every transformation T ST, hence actu- 
ally, every transformation S. 

Proposition 3. If G r is an r-term group, if G r - m is an invariant subgroup of it, and 
lastly, ifM is a point figure which admits all transformations of the G r - m , then every 
position thatM takes by means of a transformation G r also remains invariant by all 
transformations of the G r - m . 

Now in particular, let the two groups G, and G r - m be projective groups of the 
R n -\ and let them be written down in n homogeneous variables. Let the figure M be 
a point. Then every individual point invariant by all S is transferred, by the execution 
of all transformations T, only to points which again admit all transformations S. 
Consequently, the totality of all points invariant by the group G r - m also remains 
invariant by the group G r , though in general, the individual points of this totality 
are permuted with each other by the G r . 

Above, we saw that all the points which remain invariant by a one-term projective 
group can be ordered in at most n mutually distinct plane manifolds. Naturally, this 
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also holds true for the points which keep their position by our G r - m . Hence, let M\, 
Mi, . . . , M p (p ^ n) be distinct plane manifolds all points of which remain fixed by 
the G r - m , whereas, out of these manifolds, there are no points invariant by the G r - m . 
Now, if the group G r were discontinuous — the considerations made remain valid 
also for this case — , then the manifolds M\, . . . ,M p could be permuted with each 
other by the G, . Not so when the G, is continuous, hence when it is generated by 
infinitesimal transformations, because if for instance M\ would take new positions 
by means of the transformations contained in the G r , then these positions would 
form a continuous family. But now, we have just seen that M\ can at most be given 
the finitely different positions Mi, . . . ,M p . Consequently, no transformation of the 
G r can change the position of Mi . In the same way, every other of the p Mk naturally 
stays at its place by all transformations of the G r . 

At present, we want to add yet the assumption that m has the value 1. Let 
X\f,... ,X r -if be independent infinitesimal transformations of the G r \ invariant 
in G r , and let X\f, . . . ,X r -if, Yf be the transformations of the G r ; moreover, let 
x\ = 0, . . . , x q = be one of the plane manifolds Mi, . . . ,M p all points of which 
remain invariant by X\f, . . . ,X r -if. 

Since, as we know, Yf surely leaves invariant the manifold xi = 0, . . . , x q = 0, it 
must have the form: 

l—q n n 

Yf = a ki*iPk+ Y a i vXv Pj- 

i,k j=q+\V=\ 

The points of the manifold in question are transformed by Yf (cf. Theorem 40, 
p. 12391) and to be precise, by means of the transformation which is comes from Yf 
after the substitution x\ = ■ ■ ■ = x q = 0, namely: 

n n 

(8) Y L a jvx v pj; 

j=q+\ V=q+\ 

here, the variables x 9 +i, . . . ,x n are to be considered as coordinates for the points 
of the manifold. Now, the transformation (8) leaves invariant at least one point 
x Q q+l : • • • : x„ inside the manifold x\ = ■ ■ ■ = x q = 0, further, it leaves invariant a 
straight line passing through this point, and so on. 
Saying this, we have the 

Theorem 104. If an (r+\)-term projective group X\f, . . . ,X r f, Yf of the R n -i con- 
tains an r-term invariant subgroup X\f, . . . 7 X r f and if there are points of the R n -i 
which remain invariant by all X^f, then every plane manifold consisting of such 
invariant points which is not contained in a larger manifold of this sort also admits 
all transformations of the (r + l)-term group. Besides, the points of each such man- 
ifold are are permuted with each other, but so that at least one of these points keeps 
its position by all transformations of the (r + \)-term group. 
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Now, we will apply this theorem to a special category of linear homogeneous 
groups. 

Let Xif,... ,X r f be the infinitesimal transformations of an r-term linear homo- 
geneous group, and let, as is always possible, X\f, . . . ,X p f generate a p-term sub- 
group which is invariant in the (p + l)-term subgroup X\f,.. .,X p+ \f, when p is 
smaller than r. Analytically, these assumptions find their expressions in certain re- 
lations of the form: 

i+k-i 

[Xi,X i+k ]= C iks X s f (i=l-r-l;k=l-r-i). 

Now, if we interpret as before x\, . . . ,x n as homogeneous coordinates of an R n -\, 
we then see that there always is in this R n \ a point invariant by X\f, moreover 
that there always is a point invariant by X\f and by Xif as well, and finally, a point 
which actually admits all transformations Xif, . . .,X r f, hence for which relations 
of the form: 

XfrXj = OCkXi {k=\ — r;i=\-n) 

hold. If we choose the variables x,- so that x\ = ■■■ = x n -\ = is this invariant point, 
then in each of the r expressions: 

Xkf = ^kiPi H y^knPm 

the n — 1 first coefficients <^i, . . . , <^ ; n-l depend only upon xi,...,x n -\. Conse- 
quently, the reduced expressions: 

%kf = ^k\P\-\ V%k,n-\ Pn-l 

stand again in the relationships: 

i+k- 1 

Xi+k\ ~ H c iksKf- 
s=l 

However, X[f, . . . ,X' r f need not be mutually independent anymore, but neverthe- 
less, we can apply to them the same considerations as above for X\f, . . . ,X r f, be- 
cause on the occasion, it was made absolutely no use of the independence of the X k f. 
Similarly as above, we can hence imagine that the variables chosen 
in such a way that all <^i, . . . , E,k,n-2 depend only on x\, . . . ,x„-2- At present, the 
expressions: 

%k'f =£>k\P\-\ 1" %k,n-2 Pn-2 

can be treated in exactly the same way, and so on. 
We therefore obtain the 

Theorem 105. IfXif,.. .,X r f are independent infinitesimal transformations of an 
r-term linear homogeneous group in the variables x\, . . . ,x n and if relations of the 
specific form: 
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i+k-1 



X i+k] = 52 c iks X sf 



(i=l-r-l; k=\-r-i) 



s=\ 



hold, then one can always introduce linear homogeneous functions ofx\,. ..,x n as 
new independent variables so that all X k f simultaneously receive the canonical 
formal 

akllXiPl + (a k 2\Xi+a k 22X 2 )p2-\ h («fail-*l H l-afezn*n)/>n- 

On the other hand, if we remember that X\f, . . .,X r f is also a projective group of 
the R n -\, we can say: 

Proposition 4. IfX\f, . . . ,X r f is an r-term projective group of the R„ i having the 
specific composition: 



then in the R n i, there is at least one point Mq invariant by the group; through every 
invariant point, there passes at least one invariant straight line; . . . ; through every 
invariant plane M n _3, there passes at least one invariant plane M„_2- In certain 
circumstances, several (infinitely many) such series of invariant manifolds Mq, M\, 
. . . , M„_2 are associated to the group. 

If we maintain the assumptions of this last proposition and if we assume in ad- 
dition that in the space x\ : %2 '■ ••• x n , already several invariant plane manifolds 
M pi , . . ., Mp f/ are known, about which each one is contained in the one following 
next, then amongst the series of invariant manifolds Mq, M\, . . . , M n -% mentioned 
in Proposition 4, there obviously is at least one for which M P] coincides with M P] , 
at least one for which M P2 coincides with Mp 2 , . . . , at least for which M Pq coincides 
with IVL . 



Apparently, the studies developed above certainly have a considerably special char- 
acter, but this special character is the very reason why they nevertheless possess a 
general signification for any finite continuous group, because for every such group, 
an isomorphic linear homogeneous group can be shown, namely the associated ad- 
joint group (Chap.[T6l). 

Amongst other things, we can employ our theory mentioned above in order to 
prove that every group with more than two parameters contains two-term sub- 
groups, and that every group with more than three parameters contains three-term 
subgroups. 

Let X\f, . . . ,X r f be an arbitrary r-term group and let: 




i+k-l 
52 c iksX s f 



(j= 1 ... r _ 1 ; k=l-r-i), 



5=1 



§ 147. 



t LIE, Archiv for Math., Vol. 3, p. 1 10 and p. 1 1 1, Theorem 3; Christiania 1878. 
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1-r 



Ekf= C Jki e j 



i- .1 



(k=\-r) 

be the associated adjoint group, so that the relations: 

r r 
[Xi, X k ] = £ CiksX s f, [Ei, Ek] = ^ Cik s E s f 



s=l 



s=l 



hold simultaneously. 

We claim that in any case, X\f belongs to one two-term group, hence that an 
infinitesimal transformation A2X2/ H h KX r f exists for which one has: 



[Xi , X 2 X 2 + ■ ■ ■ + A r X] = p Xi/ + /x £ A fc X fe /. 
This condition represents itself in the form: 

r r r 

£ 4 £ ci fa X,/ = pXif + n £ A***/, 



£=2 5=1 

and it decomposes itself in the r equations: 

£ hem =P 

k=2 
r 

£ ^k C lks = H^s 
k=2 



k=2 



(9) 



< 



(s = 2-r). 



Here, this obviously amounts to satisfying only the last r — 1 equations; but one 
sees directly in the simplest way that this is possible. Indeed, one obtains for /! the 
equation: 

C122-M C132 • • • C\ r2 

cm C133-M • • • Cb-3 



Cl2r 



which always possesses roots; for this reason, there always exists a system of Xk not 
all vanishing which satisfies the above conditions and which also determines p. 

But the fact that the equations (9) may be satisfied is also an immediate con- 
sequence of our theory mentioned above; although this observation seems hardly 
necessary here, where the relationships are so simple, we nevertheless do not want 
to miss this, because for the more general cases that are to be treated next, we will 
not make it without this theory. 

In the infinitesimal transformation: 
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(=1 yt=l ^ i=l 

of the adjoint group, all e, are free of e\, since cn ; is always zero. Now, the cut linear 

homogeneous infinitesimal transformation £ 2 p 2 H h £cPr m the r — 1 variables 

e2,...,e r surely leaves invariant a system e2 : • • • : e r ; so it is possible to satisfy the 
equations: 

r 

Y, C kH e k = °ei (i=2-r), 

but these equations differ absolutely not from the last r — 1 equations (9), since one 
has Cku = —c\ki indeed. 

At present, we can state more precisely our claim above that every group with 
more than two parameters contains two-term subgroups, in the following way: 

Proposition 5. Every infinitesimal transformation of a group with more than two 
parameters is contained in at least one two-term subgroup^ 

At present, we want to assume that X\f and X 2 f generate a two-term subgroup, 
so that a relation of the form: 

[X h X 2 ]=c 121 X 1 f + c l22 X 2 f 

holds; we claim that, as soon as r is larger than 3, there also always exists a three- 
term subgroup in which X\f and X 2 f are contained. 

At first, of the constants c\2\ and c\22, when the two are not already zero, we can 
always make one equal to zero. In fact, if, say, c\2\ is different from zero, then we 
introduce Xif+^X 2 f as new X\f and we obtain: 

[X h X 2 }=c U iX 1 f. 

Thus, every two-term group can be brought to this form. 

If A3X3/-I h X r X r is supposed to generate a three-term group together with 

X\f and X 2 f, then one must have: 



[Xi, A3X3 + • • • + KX r ] =a l X l f + a 2 X 2 f + \l (X 3 X 3 f + ■ ■ ■ + X r X r f) 
[X 2 , X 3 X 3 + --- + KX r ] =p l X l f + p 2 X 2 f+v(X 3 X 3 f+--- + KX r f). 



(10) 

From this, we obtain the following condition-equations: 



t LIE, Archiv for Math. Vol. 1, p. 192. Christiania 1876. 
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(ID 



52 hem = cci, 

k=3 
r 

52 ^* c 2Jfcl = A, 



52 hem = «2, 

k=3 
r 

52 ^k c 2k2 = $2, 



k=3 



52 c lfa^/t = 



k=3 
r 



k=3 



52 c 2ksh = vA. v 
£=3 



(j=3- 



As one has observed, it is only necessary to prove that the 2 (r — 2) equations in 
the last row can be satisfied, since the remaining equations can always be satisfied 
afterwards. 

In order to settle this question, we form the infinitesimal transformations: 

(=1 jfc=i i 1=1 

E 2f=L L c ^ e ^ = L 2/ "5 ? 

which, as we know, stand in the relationship: 

[Ei,E 2 ] = c m Eif. 

Since all cm, c 22 i and the C122, • • • ,ci2r are equal to zero, both e\ and e 2 do not 
appear at all in £13, ... , £\ r , £23, ... , £2 r - The reduced expressions: 



;=3 



!=3 



therefore are linear homogeneous infinitesimal transformations in 63, . . . ,e r and they 
satisfy the relation: 

[£1,^2] =ci2i£ r i/. 

According to what precedes, it follows from this that there exists at least one system 
ey. •■■ : e r which admits the two infinitesimal transformations E\f and E 2 f, hence 
which satisfies conditions of the form: 



k=3 



52 C k2i?k = lei 
k=3 



(i = 3-r). 



But this is exactly what was to be proved, for these last equations are nothing else 
than the last equations (11), about which the question was whether they could be 
satisfied. Naturally, the quantities a\, a 2 , j8i, fi 2 are also determined together with 
the Xi. 

Since we can choose in all circumstances Ag,...,A r so that equations of the 
form (3) hold, we can say: 
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Theorem 106. Every infinitesimal transformation and likewise every two-term sub- 
group of a group with more than three parameters is contained in at least one three- 
term subgroup)^ 

One could be conducted to presume that every three-term subgroup is also con- 
tained in at least one four-term subgroup, and so on, but this presumption is not 
confirmed. Our process of proof could be employed further only when every three- 
term group Xif, X 2 f, X 3 f could be brought to the form: 

[X h X 2 )=c m X 1 f, [X h X 3 ]=c m X 1 f + c 13 2X 2 f 

[X 2 ,X 3 ]=C 23 iXif + C 232 X 2 f, 

hence not only when X\f would be invariant in the group X\f, X 2 f, but when this 
last group would also be invariant in the entire three-term group. 
But for all three-term groups of the composition: 

[X h X 2 ] = Xif, [X h X 3 ] = 2X 2 f, [X 2 , X 3 ] = X 3 f, 

this is not the case (Chap.[T5l Proposition 12, p. 12771) . 

Still, we want to briefly dwell on a special case in which an m-term subgroup is 
really contained in an (m+ l)-term subgroup. 

Let an arbitrary r-term group Xif,. .. ,X r f be presented which contains an m-term 
subgroup Xif, . . . ,X m f having the characteristic composition: 

i+k-l 

[Xi,X i+k ]= ^2 Ci )i+ k, s X s f {i<m,i+k^m) 
s=l 

already mentioned. We claim that there always exists an (m+ l)-term subgroup of 
the form: 

Xif, ■ ■ ■ ,X m f, Kn+\ X m +if H h X r X r f. 

Our assertion amounts to the fact that certain relations of the form: 

m r 

[Xj, x m+ iX m+ i-\ — = 2^ (XjkXkf+nj 52 h s x s f 

k=l s=m+l 
(;'=l-m) 

hold. By decomposition, it comes: 



(12) 



52 k c jik = a jk U, k=l - m ) 



i=m+ 1 



52 ^i c jis — Hj h (J=l—m;s=m+l — r). 

k. i=m+l 



t LIE, Archiv for Math. Vol. 1, p. 193, Vol. 3, pp. 114-1 16, Christiania 1876 and 1878. 
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Thus, the question is whether the last m(r — m) equations can be satisfied; then 
always, the first m 2 equations can be satisfied. 

In order to settle this question, we form the m infinitesimal transformations: 

E kf=LL C jki e j^~ = h £ki T~ 

(k=\-m) 

which satisfy in pairs the relations: 

i+k-l 

[Ei,E i+ k}= ^ CiJ+k^Egf (i + k^m). 

5=1 

We observe that all c/ * m +i, . . . , cj kr vanish for which j and k are smaller than 
m+ 1, and from this we deduce that in E\f, . . . ,E m f, all coefficients Skm+li ■ ■ -i £ kr 
are free of e\, . . . , e m . The reduced infinitesimal transformations: 

— r df 

Ekf = 52 £ki !T~ ik=\-m) 
i=m+l dei 

in the variables e m+ \ , . . . , e r therefore stand pairwise in the relationships: 

i+k-l 

\Ei,E k ]= £ c i,i+k,sE s f (i+k^m) 

5=1 

and consequently, according to Proposition 4, p. |589[ there is a system e m +\ : ••• : e r 
which admits all infinitesimal transformations E\f, . . .,E m f. But this says nothing 
but that it is possible to satisfy the equations: 

r 

Cj ks ej = O k e s (fe=l-m; s = m+\-r). 

j=m+l 

But these equations are exactly the same as the equations (12) found above and thus, 
everything we wanted to show is effectively proved. 

Theorem 107. If in an r-term group X\f, . . . ,X r f, there is an m-term subgroup 
X\f, . . .,X m f having the specific composition: 

i+k-l 

[Xi,X i+k ]= ^ c i,i+k, s X s f (i<m,i+k^m), 
s=l 

then this m-term subgroup is always contained in at least one (m+ \ )-term sub- 
group^ 



t LIE, Archiv for Math., Vol. 3, pp. 1 14-1 16, Christiania 1878. 
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We yet want to derive the theorem stated just now also thanks to conceptual consid- 
erations, by interpreting, as in Chap.[16l the infinitesimal transformations e\X\f + 
h e r X r f of our group as points of an (r — 1) -times extended space with the ho- 
mogeneous coordinates ei,...,e r . 

Since the group Xif,...,X m f,...,X r f is isomorphic with its adjoint group: 
Eif, . . . , E m f, . . . , E r f, then under the assumptions made, Eif,..., E m f satisfy 
relations of the form: 

i+k-1 

[Ej 1 E i+k ]= ^ Ci t i + k jS E s f {i+k^m), 

5=1 

hence they generate a subgroup which, in the space e^, is represented by the (m— 1)- 
times extended plane manifold: 

e m +\ =0, e r = 0. 

This plane manifold naturally admits the subgroup Eif, . . - ,E m f, and the same ob- 
viously holds true of the family of all m-times extended plane manifolds: 

"m-\-\ _ _ 

which pass through the manifold e m+ i = 0, . . . , e r = 0. But since the parameters 
c,„ + i : ■ ■ • : t r are transformed by a linear homogeneous group which is isomorphic 
with the subgroup Eif, . . .,E m f (Chap. [23l Proposition 5, p. 14781) . then amongst 
the /M-times extended manifolds of our invariant family, there is at least one which 
remains invariant by the subgroup Eif,.. . , E m f. This m-times extended manifold is 
the image of an (m+ l)-term subgroup of the group: Xif, . . . ,X r f (cf. Proposition 5, 

The conceptual considerations made just now which have again conducted us to 
Theorem 107 are in essence identical to the analytical considerations developed ear- 
lier on. However, the synthetical explanation is more transparent than the analytical 
one [Doch 1ST die synthetische Begrundung durchsichtiger als die analytische]. 

For the studies about the composition of transformation groups, it is actually ad- 
visable to set as fundamental the interpretation of all infinitesimal transformations 

eiXif-\ V e r X r f as the points of a space which is transformed by the linear 

homogeneous adjoint group. Thanks to a example, we will yet put in light the fruit- 
fulness and the simplicity of this method which shall also find multiple applications 
in the third volume, and at the same time, we will derive a new remarkable state- 
ment. 

We consider an r-term group Xif, . . .,X r f, the infinitesimal transformations of 
which are linked together by relations of the form: 
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i+k-1 

[Xi,X j+ j c \= ^ c i,i+k,sX s f. 
s=l 

The infinitesimal transformations E\f, . . .^Eyf of the adjoint group then satisfy the 
analogous equations: 

i+k- 1 

[Ei,Ei + k]= 52 c iJ+k,sE s f. 
s=l 

Consequently (Proposition 4, p. 15891 ), the space contains at least one point 
invariant by the adjoint group. Through every point of this sort, there passes at least 
one invariant straight line M\, through every such straight line, there passes at least 
one invariant plane M%, and so on. 

Now, if we interpret the points as infinitesimal transformations, we see that 
our r-term group: X\f, . . . ,X r f contains at least one invariant one-term subgroup; 
next, that every invariant one-term subgroup is contained in at least one invariant 
two-term subgroup; next, that every invariant two-term subgroup is contained in at 
least one invariant three-term subgroup; and so on (cf. p. 1288b . 

Thus, the following holds true. 

Theorem 108. If an r-term group contains r independent infinitesimal transforma- 
tions Yif,..., Y r f which satisfy relations of the form: 

i+k- 1 

\Xh Yi+k] — 52 c iJ+k,sY s f, 

5=1 

then at the same time, it contains r independent infinitesimal transformations 
Zif,..., Z r f between which relations of the form: 

i+k- 1 

[Zi , Zi+k\ = 52 C; ' s ^sfi 

hold; then Z\f,.. .,Zif generate for every i < r an i-term subgroup (J5j and to be 
precise, every (J5,- is invariant in every (5 i+k an d in the group itself Y\f , . . . , Y r f as 
welM 

If we maintain the assumptions of this theorem and if we assume in addition 
that by chance, several invariant subgroups, say G Pl , G Pl , G Pq are known, of 
which each one comprises the one following next, then it becomes evident (cf. the 
concluding remarks of the § 146) that the subgroups (5,- discussed in Theorem 108 
can be chosen in such a way that (5 Pl coincides with G P] , that <3 po coincides with 
G P2 , . . . , that 0p coincides with G p . 

On the other hand, when an r-term group: X\f, . . . ,X r f of the specific compo- 
sition considered here is presented, it is always possible to derive certain invariant 



t LIE, Archiv for Math., Vol. 3, p. 1 12 and p. 1 13, Christiania 1878; cf. also Vol. IX, pp. 79-82. 
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subgroups by differentiation. Indeed, all [X^XjJ generate a firstly derived invari- 
ant subgroup with say r\ < r independent infinitesimal transformations. If, as in 
Chap.[l5l p. I274I we denote them by X[f, . . -,X^f, then all [X[, X^] generate a sec- 
ondly derived invariant subgroup of the r-term group with, say, r^ < r\ independent 
infinitesimal transformations X['f, . . - ,X" 2 f, and so on. 

It is therefore possible to bring our group to a form Uif,..., C/;/, . . . , U r f such 
that firstly for every i, the infinitesimal transformations U\f,...,Uif generate an 
invariant subgroup, such that secondly all [U(, U%] can be linearly deduced from 
U\f,...,U n f, such that thirdly all [[£/,, E/jJ, [U a , Up]] can be linearly deduced from 
Uif,...,U r f, and so on. 



Chapter 28 

Approach [Ansatz] towards the Determination 
of All Finite Continuous Groups 
of the ft-times Extended Space 



It is unlikely that one becomes close to be in the position of determining all finite 
continuous transformation groups; indeed, it is even uncertain whether this will ever 
succeed. Therefore, instead of the general problem to determine all finite continuous 
groups, one would do well to tackle at first more special problems which concern 
the determination of certain categories of finite continuous groups. Namely, more 
special problems of this kind are the following three: 

Firstly the determination of all r-term groups in n variables. 

Secondly the determination of all r-term groups in general. 

Thirdly the determination of all finite continuous groups in n variables. 

In Chap. [22l P- 14371 sq., we have shown that the settlement of the first of these 
problems, aside from executable operations, requires in any case only the integration 
of simultaneous systems of ordinary differential equations. Moreover, we found that 
the second of our three problems can be led back to the first one (Theorem 84, 
p. 14631. 

By contrast, the third problem is not at all settled by means of the developments 
of the Chap. |22] Namely if n > 1, then for every value of r, how large can it be 
though, there always are r-term groups in n variables. For instance, if one chooses 
r functions F\, . . . ,F r of xi, . . . ,x„_i so that between them, no linear relation of the 
form: 

c l F l + --- + c,F r = 
with constant coefficients holds, then the r infinitesimal transformations: 

. df , , df 

Fi(xi,...,x„_i)^— , F r (xi,...,x„_i)^— 

are mutually independent and pairwise exchangeable, hence they generate an r-term 
group in the n variables x\,...,x n . 

In spite of the important results of the Chap. [22l the third one of the problems 
indicated therefore still awaits for a solution. This is why we will tackle this problem 
in the present chapter and at least provide an approach towards its settlement. 
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In the sequel, we decompose the problem of determining all groups of an n-times 
extended space R n in a series of individual problems which are independent of each 
other. We make it to thanks to a natural division of the groups of the R n in classes 
which are selected in such a way that the groups of some given class can be deter- 
mined without it to be necessary to know any of the groups of the remaining classes. 
Admittedly, we cannot indicate a general method which accomplishes in every case 
the determination of all groups of a class; nonetheless, we provide important state- 
ments about the groups belonging to a given class and on the other hand, we develop 
a series of considerations which facilitate the determination of all groups in a class; 
in the next chapter, this shall be illustrated by special applications. For these gen- 
eral discussions, we essentially restrict ourselves to transitive groups, because our 
classification precisely is of specific practical meaning for the transitive groups. 

This finds good reasons in the fact that later (in the third Volume), for the deter- 
mination of all finite continuous groups in one or two or three variables, we will 
exploit only in part the developments of the present chapter. For the determination 
of the primitive groups of a space, the process explained here is firmly effective; 
not so for the determination of the imprimitive groups, and rather, it is advisable 
to take a different route. Every imprimitive group of the R n decomposes this space 
in an invariant family of manifolds and transforms the manifolds of this family by 
means of an isomorphic group in less than n variables. From this, it results that one 
would do well to tackle at first the determination of all imprimitive groups of the R n , 
when one already know all groups in less than n variables. Applying this fundamen- 
tal principle, we shall undertake in Volume III the determination of all imprimitive 
groups of the R2 and of certain imprimitive groups of the R3. 

§ 149. 
Let: 

" df 
%kf= 2l ^ki(xi,---,X n ) -3— (*=l-r) 
i=l dXi 

be a completely arbitrary r-term group of the n-times extended space x\, . . . ,x n , or 
briefly of the R n . 

Under the guidance of Chap. [25l p. I5251 we prolong this group by viewing 
x\, . . . ,x n as functions of an auxiliary variable t which is absolutely not transformed 
by our group and by considering that the differential quotients: dxi/dt = x\ are 
transformed by the group. In the 2n variables: xi, .. . ,x n , x' v . . . ,x' n , we then obtain 
the prolonged group: 

As we know, this prolonged group indicates in which way the oo 2 " -1 line elements: 
xi, . . . , x n , x\ : x' 2 : • ■ ■ : x' n of the space xi, . . . ,x„ are permuted with each other by 
the group: X x f, ...,X r f (cf. p. [527]). 
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Every point: jq, . . . ,x„ in general position remains invariant by a completely de- 
termined number of independent infinitesimal transformations: e\X\f-\ h e r X r f 

and to be precise, at least by r — n such transformations, and at most by r — 1. We 
want to denote by r — q the number of these independent infinitesimal transforma- 
tions and to suppose that: X®f, . . . ,X®_ f are such independent infinitesimal trans- 
formations; then they certainly generate an (r — g)-term subgroup of the group: 
Xif, ...,X r f (cf. Chap. \m p.HHsq.). 

In the series expansions of X®f, . . . ,X®_ q f with respect to the powers of the x ( - — 

x?, all terms of order zero are naturally lacking and there appear only terms of first 
or higher order: 

X kf= E ff;0fev(^--^)(^-^) + ---)|^ (k=l-r- q ). 
v=l W=l J dXv 

The group: Xff, . . . ,X®f leaves the point x\, . . . ,x„ invariant, but it permutes 
the line elements which pass through this point; how? this is what the associated 
prolonged group shows: 

n f n ~\ ~\ r 



X°kf=t {tafev(x i ,...,x0)(x ! --x9) + 

v=l W=l 



<9x v 



V=l W=l 

v=l W=l J 

and it transforms the oo 2,1 ~ 1 line elements of the space xi , . . . , x n in exactly the same 
way as the group: X®f, . . . ,X®_ q f. Hence, if one wants to restrict oneself to the line 
elements which pass through the point x® , . . . ,x^, and to disregard the remaining 
ones, then under the guidance of Chap. Q31 p. 12401 sq., one has to leave out, in the 
X*lf, all terms with the differential quotients of / with respect to xi, . . . ,x n and to 
make the substitution: x\ = x\, . . . , x„ = x^ in the terms remaining. The so obtained 
reduced infinitesimal transformations: 

(1) L k f= £ a kiv {x° l ,...,X° n )x i j- T (k=l-r-q) 

i, v ax v 

generate a linear homogeneous group in the n variables x\ , . . . ,x' n ; this group, which 
is isomorphic with the group: X^f, . . . ,X r _ q f, and naturally also, with the group: 
X®f, . . . ,X®_ q f, indicates in which way the two groups said just now transform the 
oo" _1 line elements: x[: x' 2 : ■■■ x' n through the point Xj, . . . ,x^. 

Visibly, the linear homogeneous group: L\f, . . . , L r - q f is perfectly determined by 
the terms of first order in the power series expansions of X®f, . . . ,X~!_ q f, and there- 
fore, it contains as many essential parameters as the group: X®f, . . . ,X®_ q f contains 
independent infinitesimal transformations of first order out of which no transfor- 
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mation of second order, or of higher order, can be linearly deduced. From this, it 
follows that one can set up the group: L\f, . . .,L r - q f as soon as one knows how 
many independent infinitesimal transformations of first order the group: Xi, . . . ,X r 
contains in the neighbourhood of X®, . . . ,x„ out of which no transformation of sec- 
ond or higher order can be linearly deduced, and in addition, as soon as one knows 
the terms of first order in the power series expansions of these infinitesimal transfor- 
mations. Conversely, as soon as one knows the group: L\f, . . .,L r f, one can indicate 
the number of and the terms of those independent infinitesimal transformations of 
first order in the group: X\f,.. .,X r f out of which no transformation of second or 
higher order in the — jc? can be linearly deduced. 

One can derive the linear homogeneous group: L\f, . . . ,L r - t/ f also in the following way: 
Since the question is about the way in which the directions through the fixed point: X®, . . . ,x® are 
transformed, one may substitute the group: X®f, . . . ,X®_ q f for the following: 

£ Gfe v (*?,..., {k=\-r-q) 

which is obtained by leaving out all terms of second and higher order. Now, x\ — jq, . . . , x„ — can 
here directly conceived as homogeneous coordinates of the line elements through the point Xj, . . . ,x„, 
whence the group: 

l-n 

£ a fci - v (*?,..., (*/-*?)— — (k=l-r-q) 

j V 0[X V — Xy) 

indicates how these line elements are transformed. This is coherent with the above. 

We have seen that the r-term group: Xif,...,X r f associates to every point 
x9,...,jc„ in general position a completely determined linear homogeneous 
group (1) which, though, turns out to be different for different points. At present, 
we study how this linear homogeneous group behaves after the introduction of 
some new variables. 

In place of x\ , . . . ,x n , we introduce the new variables: 

n 

(2) yi=y Q i + £ a /v (*v-*v) + -" (i=i-n) 

v=l 

which are ordinary power series of x\ — x\, . . . , x n — x„; as always, we assume on 
the occasion that the determinant: 

£ ±an •• • a nn 

is different from zero, so that inversely also, the xi are ordinary power series of 
y\ -y°i, ...,y,,-y°. 

In yi , . . . , y„, let the X® receive the form: 
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v=i ii=i j a yv 

Then it is clear at first that the group which comes into existence from X\f, . . . ,X r f 
after the introduction of the new variables yi , . . . ,y„ associates to the point y^ , . . . ,y® 
the linear homogeneous group: 

(i') £*/=E/w|4- (k=i- r - q ). 

But on the other hand, it is clear (cf. Chap. QT1 p. 12051 sq.) that the terms of first 
order: 



E Pki V (yi-yi 



dy x 



of Y® can be obtained from the terms of first order: 



1-71 

tv dxv 
of ZP/ after the introduction of the new variables: 

n 

yi=y < i + E a «*v(*v-*J) (i=l-n). 
v=l 

Consequently, it follows that the linear homogeneous group (1') comes into exis- 
tence from the linear homogeneous group (1) when one introduces in (1), by means 
of the linear homogeneous transformation: 

n 

y'i= E aivX 'v ( ;=l •••«); 

v=l 

the new variables: y[, . . . ,y' n in place of the x' . 

In this lies the reason why the linear homogeneous group (1) is essentially inde- 
pendent from the analytic representation of the group: X\f, . . .,X r f, that is to say, 
from the choice of the variables; indeed, if, by means of a transformation (2), one 
introduces new variables in the group: X\f, . . . ,X r f, then the linear homogeneous 
group (1) converts into another linear homogeneous group (1') which is conjugate 
to (1) inside the general linear homogeneous group of the R n (cf. Chap.[16l p. 12881) . 
Thanks to an appropriate choice of the constants a, v in the transformation (2), one 
can obviously insure that the group (1') associated to the point y® becomes an arbi- 
trary group conjugate to (1). 

Now, we specially assume that the transformation (2) belongs to the group: 
Xif, . . . ,X r f itself. In this case, (!') is visibly the linear homogeneous group that 
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the group: X\f,...,X r f associates to the point: and consequently, (1') 

comes from (1) when one replaces the x° in the cervix®, . . . ,x°) by the y°. But since 
the two groups (1) and (1') are conjugate inside the general linear homogeneous 
group of the R n , we have the following 

Theorem 109. Every r-term group: Xif, . . .,X r f of the space xi, . . . ,x n associates 
to every point X®, . . . ,x„ in general position a completely determined linear homo- 
geneous group oftheR n which indicates in which way the line elements through this 
point are transformed, as soon as the point is fixed. To those points which can be 
transferred one to another by means of transformations of the group: X\f, . . . ,X r f 
are associated linear homogeneous groups which are conjugate inside the general 
linear homogeneous group of the R n . In particular, if the group: Xif,... ,X r f is 
transitive, then to all points which lie in no invariant manifold, it associates lin- 
ear homogeneous groups that are conjugate to each other inside the general linear 
homogeneous group. 

The above theorem which recapitulates the most important result up to now, pro- 
vides now the classification of all groups of the R n announced in the introduction. 
We consider at first the transitive groups. 

We reckon as belonging to the same class two transitive groups G and F when the 
linear homogeneous group that G associates to an arbitrary point in general position 
is conjugate to the linear homogeneous group that T associates to such an arbitrary 
point. In the opposite case, we reckon G and F as belonging to different classes. 

Thus, we differentiate as many classes of transitive groups of the R n as there are 
types of subgroups of the general linear homogeneous group of the R n (cf. p. 12891) . 
Later, we will see that to each one of such classes, there belongs in any case a 
transitive group of the R n . 

If two transitive groups G and F of the space xi, . . . ,x n belong to the same class, 
then in the neighbourhood of any point Xj, . . . ,xjj in general position, they obviously 
contain the same number of independent infinitesimal transformations of first order 
in the x, — x> out of which no transformation of second or of higher order can be 
linearly deduced. In addition, since one can always, by introducing new variables, 
reshape F so that it associates to the point Xj, . . . ,x„ exactly the same linear homo- 
geneous group as does G, then in all cases, one can insure that the terms of first 
order in the infinitesimal transformations of first order in question are the same for 
the two groups. In addition, because they are transitive, G and F contain, in the 
neighbourhood of x° , . . . ,x°, n independent infinitesimal transformations of zeroth 
order out of which no transformation of first or higher order can be linearly deduced; 
by contrast, the numbers of terms and the initial terms of second, third, . . . orders 
can very well be different for F and for G. Here lies the reason why two transitive 
groups of the space xi, . . . ,x„ which belong to the same class need absolutely not 
have the same number of parameters. 

We now turn ourselves to the intransitive groups. 

To every transitive group of the R n was associated a completely determined type of linear homo- 
geneous group of the R n ; for the intransitive groups, this is in general not the case. Every intransitive 
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group G of the R„ decomposes this space in a family of oo"~<? (0 < q < n) individually invariant 
g-times extended manifolds M q , but so that the points of every individual M q are transformed transi- 
tively (cf. Chap. Qj] p. I224t . From this, it follows that G associates to all points of one and the same 
M q always conjugate linear homogeneous groups, but not necessarily to the points of different M q . 

In general, our oa"-i M q are gathered in continuous families so that conjugate linear homoge- 
neous groups are associated only to the points which belong to the M q in the same family. If each 
such family consists of exactly °°" ! M q , then the whole R„ decomposes in oa n ~ c i +m -f m)-times 
extended manifolds M q+m and to every M (/ + m is associated a completely determined type of linear 
homogeneous groups, while to different M q+m are associated different types too. So to our group 
is associated a family of oa n ^t^ m different types; the totality of all these types can naturally be rep- 
resented by certain analytic expressions with n — q — m essential arbitrary parameters. We can also 
express this as follows: all the concerned types belong to the same kind of types [TYPENGATTUNG] 
(cf.Chap.l22lp.l453Tl. 

Now, we reckon two intransitive groups of the R„ as belonging to the same class when the same 
kind of type of linear homogeneous groups of the R„ is associated to both of them. 
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We can use the classification of all groups of the R n just described in order to provide 
an approach [Ansatz] towards the determination of these groups. But we will only 
undertake this for the transitive groups. 

If we imagine the variables chosen so that the origin of coordinates: xi = 0, . . . , 
x n = is a point in general position, then every transitive group of the R n contains, 
in the the neighbourhood of the origin of coordinates, n independent infinitesimal 
transformations of zeroth order in the xi\ 

T (o) _ d f , ,. . , 

out of which no transformation of first or higher order can be linearly deduced. 

Furthermore, every transitive group of the R n contains in general also certain in- 
finitesimal transformations of first order in the x,- that depend, according to what pre- 
cede, on the class to which the group belongs. Now, since a completely determined 
class of transitive groups of the R n is associated to every type of linear homogeneous 
groups of this space, we want to choose any such type and to restrict ourselves to the 
consideration of those transitive groups which belong to the corresponding class. 

Let the mi -term group: 

1 '" df 

(3) a jiv x 'i^-T (;'=l-mi; O^mi^n 2 ) 

i, v dx v 

be a representative of the chosen type of linear homogeneous groups. Then accord- 
ing to the above, every transitive group of the R n which belongs to the correspond- 
ing class can, by means of an appropriate choice of variables, be brought to a form 
such that in the neighbourhood of: x\ = 0, . . . , x n = 0, it contains the following m\ 
independent infinitesimal transformations of first order: 
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E { £ a jiv xi + --- 



n f n 



df 



dx v 



(;=1 -mi). 



v=i L/=i 



These mi infinitesimal transformations Ty are constituted in such a way that out 
of them, no transformation of second or higher order can be linearly deduced and 
on the other hand, such that in every first order infinitesimal transformation of the 
group, the terms of first order can be linearly deduced from the terms of first order 

: nr (l) y(l) 
111 1 j , • • ■ , i\n\ ■ 

Besides, we already see now that in all circumstances, there is at least one transi- 
tive group which belongs to the class chosen by us; indeed, one such group can be 
immediately indicated, namely the [n + mi)-term group: 



and it is obtained by leaving out all terms of first, second, higher orders in the Pi and 
in the^ 1} . 

Aside from the infinitesimal transformations of zeroth and first order already in- 
dicated, every group which belongs to our class can contain, in the neighbourhood 
of: xi = 0, . . . , x n = 0, yet a certain number of independent infinitesimal transforma- 
tions of second order, out of which no transformation of third or higher order can be 
linearly deduced, and moreover, a certain number of infinitesimal transformations of 
third, fourth, . . . orders; but according to Theorem 29, p. 12021 there always is an en- 
tire number s ^ 1 characteristic to the group of such a nature that the group contains 
infinitesimal transformations of second, third, . . . , 5-th orders, while by contrast, it 
contains no transformations of orders (s + 1) or higherQ From this, it follows that 
the totality of all groups of our class decomposes in a series of subclasses: to each 
value of s there corresponds a subclass. 

Since there are infinitely many entire numbers s which are ^ 1 , the number of the 
subclasses just defined is infinitely large, though every subclass needs absolutely 
not be represented effectively by a group. We will show how it can be decided for 
every individual value of s whether some groups belong to the concerned subclass; 
for all that, the question fundamentally is about values of s larger than 1 only, for 
we already know that the subclass: s = 1 contains some groups. 

Let so ^ 1 be an arbitrarily chosen but completely determined entire number; we 
ask whether there are groups in our class which belong to the subclass: s = sq. 

If there are groups of this sort, let for instance G be one of them. If, for k = 
0, 1 , 2, . . . , sq, we leave out from the infinitesimal transformations of order k of G all 
terms of orders (k+ 1) and higher, then we obviously obtain independent infinites- 
imal transformations which generate a certain group F and to be precise, a group 
which belongs to the subclass s = sq just as G. 



dx\ ' ' dx n ' 



df df 




dx v 



df 



(y=l-mi), 



t What we denoted by s in Theorem 29 is called here s + 1 . 
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From this, it follows that the subclass: s = sq, as soon as it actually comprises 
groups, contains at least one group F having the following specific constitution: F 
is generated by the n + m\ infinitesimal transformations of zeroth and of first orders: 



dx{ ' J Jlv " 1 dx v 

(i=l— n; j=l — mi), 



and in addition, by ni2 independent infinitesimal transformations of second order, 
by m3 independent ones of third order, . . . , by m SQ independent ones of SQ-th order; 
the general form of these transformations is: 

T (*) = y £.(*) , x) lL 

v=l ox v 

(k = 2,3---s Q ; i k = l,2---m k ), 

where the <jj ^) are entire k-th order homogeneous functions of their arguments. At 
the same time, it results that to every group G which belongs to the subclass s = sq is 
associated a completely determined group F having the constitution just described. 

By executable operations, it can be decided whether there is a group F which 
possesses the properties just described; by means of executable operations, one can 
even determine all possibly existing groups F. 

In fact, the number of all possible systems: /«2, m^, m So is at first finite. 
Furthermore, if one has chosen such a system, one can always determine, in the 

most general way and by means of algebraic operations, m<i H V m SQ independent 

infinitesimal transformations: 

(£ = 2,3 ■•■so; 'A = l,2---m<:) 

which, together with the T- "*, generate an (n + mH hm^ )-term group. 

Indeed, for that, one only needs to determine in the most general way the coefficients 
in the functions % w so that every transformation: 



IT' 

L ik 



may be linearly deduced from: 



I ■ {k,n=2,3-s ) 



' % (rc=l-m* +M _i), 

as soon as k + /i — 1 ^ sq, and vanishes identically as soon as k + /i — 1 > sq. It 
is clear on the occasion that one obtains only algebraic equations for the unknown 
coefficients. 

In what precedes, it is shown that for every individual entire number sq ^ 1, it 
can be realized by means of executable operations whether there are groups of our 
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class which belong to the subclass: s = sq. But we possess no general method which 
accomplishes this for all entire numbers s > 1 in one stroke. Only in special cases, 
for special constitutions of the linear homogeneous group (3) did we succeed to rec- 
ognize how many and which ones of the infinitely many subclasses are represented 
by some groups. On the occasion, it happens that a maximum exists for the num- 
ber s, so that only the classes whose number s does not exceed a certain maximum 
really contain some groups (cf. the Chap. [291) ; however, for the existence of such 
a maximum, we do not have a general criterion. Nevertheless, we believe that it is 
possible to set up such a criterion. 

In consequence of that, we will restrict ourselves to explain how one can find 
all groups of our class which belong to a determined subclass, say in the subclass: 

S = Sq ^ 1 . 

According to p. 16061 to every group of the subclass: s = sq is associated a com- 
pletely determined group F of the same subclass with infinitesimal transformations 
which have a specific form described above. Now, since all groups F of this sort 
which belong to the subclass: s = sq can be determined, as we know, by means of 
executable operations, we yet need only to show in which way one can find the 
groups of the subclass: s = so to which are associated an arbitrarily chosen con- 
cerned group F. 



Let: 



(4) 



\(0)_df T (i)_v" df-rpM, \ d f 

(i=l — n; j— 1 ■■■;«] ; fj = 1 ■■■mj l ; k = 2 ■■■ sq) 



be the n + m\ H Yni So independent infinitesimal transformations of an arbitrary 

group amongst the discussed groups F, and let the composition of this group be 
determined by the relations: 

[ T (k) T (M)l _ V r T^" 1 ) 

(5) L 1 k ' iii J ~ L* c 'kiii^ 1 n 

{k,n = 0, I— so; ijt = l-»ijt; jn = l—m li ; m =n), 

in which the c of the right-hand side are to be considered as known and in particular, 
do vanish as soon as k + fi — 1 exceeds the number so- 

Every group <3 belonging to the subclass: s = sq to which is associated the 

group (4) contains n + mi + h m So parameters and is generated by the same 

number of independent infinitesimal transformations; these transformations have 
the form: 
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,(0) _ df 



(6) 



v=l 

(i= 1 ■■■n; i k = 1 ■■■m k ; £:= 1 •••*o)) 



dx v 



+ ■ 



where, generally, the left out terms are of higher order than those written. The 
question is nothing but to determine all groups, the infinitesimal transformations of 
which have the form (6). 

Evidently, the composition of a group with the infinitesimal transformations (6) 
is represented by relations of the form: 



ft 



(k) T <ji) 
in 



(7) 



71=1 

Sq 1 ■ • ■ ra T 
t=k+fl % 

(k,LL = 0, 1---sq; i k = l---m k ; ]'n = l—m ll ; mo=n). 



Here, the C are certain constants which, as is known, satisfy relations derived from 
the Jacobi identity (cf. Chap.[H p. H79l sq.). 

We imagine that the concerned relations between the C are set up and that the 
most general system of C which satisfies them is computed. Since all the relations 
are algebraic, this computation requires only executable operations. In addition, the 
form of the relations (7) can be simplified by replacing every infinitesimal transfor- 

(k) 

mation of k-th order: T by another transformation of order k: 



(8) 



(*) ^ T (k) 



so 



l—m 

E E p 

T=k+1 Kt 



(i k =l—m k ; k = 0, I— so) 



where it is understood that the P are arbitrary numerical quantities. Indeed, if one 
introduces the % in place of the T, one obtains in place of (7) relations of the form: 



(7') 



\q-(k) T Gu)] 



So l--m t 



(T) 



where, between the € and the C, a connection holds which can be easily indicated. 
Now, one will provide the P, which are perfectly arbitrary in order that the coeffi- 
cients £ receive the simplest possible numerical values; thanks to this, one achieves 
a certain simplification. 
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If, in the equations (8), all P are chosen fixed, then we say that the infinitesimal 

(k) 

transformation of k-th order: ' is normalized. 

If one knows all systems of C which satisfy the relations mentioned a short while 
ago, then one therefore knows at the same time all compositions that a group of 
the form (6) can possibly have. Still, the question is only whether, for each of the 
so defined compositions, there are groups of the form (6) which have precisely the 
composition in question, and how these groups can be found, in case they exist. 

Thus, we imagine that an arbitrary system of values C is given in the equations (7) 
which satisfies the relations discussed, so that the equations (7) represent a possible 
composition of an (n + mi H |-m,s )-term group (cf. p. 13041) . 

At first, we realize easily that if there actually are groups of the form (6) which 
have the composition (7), then they all are similar to each other, whence they all be- 
long to the same type of transitive groups of the space x\,...,x n (Chap. |22l p. 14411) . 

In fact, if we have two groups C5 and & which both possess the form (6) and 
the composition (7), then these two groups can obviously be related to each other 
in a holoedrically isomorphic way thanks to a choice of their infinitesimal transfor- 
mations so that the largest subgroup of & which leaves invariant the point: x\ = 0, 
. . . , x n = corresponds to the largest subgroup of &' which fixes this point. Now, 
since under the assumptions made, the point: x\ = 0, . . . , x n = is a point in general 
position, then according to Theorem 76, p. I432L these two transitive group (5 and 
<5' are similar to each other. But this is what was to be proved. 

Moreover, we will show that there always are groups of the form (6) which pos- 
sess the composition (7). 

We determine right at the front in a space Rpj of N = n+m\ H hm so dimensions 

a simply transitive group: 

(9) Wif, W t ff (i=l.:n;k=l-s ;i k = l-m k ) 

of the composition (7); according to Chap. |22l PP- I4371 - I4401 this is always pos- 
sible and this requires at most the integration of ordinary differential equations. 
Afterwards, we choose any manifold 97t of the R N which admits the (N — n)-term 
subgroup: 

(10) W^f (*=i... S0 ;*-*=i-m,), 

of the group (9), but no larger subgroup; this property is possessed by every charac- 
teristic manifold (p. II 121) of the (/V — n)-term complete system: 

Wf } / = (k=l-s -i k = l-m k ). 

Through the °o N transformations of the group (9), Wl takes precisely different 
positions whose totality forms an invariant family. If we characterize the individual 
manifolds of this family by means of n coordinates x\ , . . . ,x n , we obtain a transitive 
group in xi,...,* n : 
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(11) X^f, X^ f {i=\-n; k=l-s ; i k = l-m k ) 

that indicates in which way the manifolds of our invariant family are permuted with 
each other by the group (9). This new group is isomorphic with the group (9) so that 
relations of the form: 

r Y (*) y (m)i _ v n Y ( fe +M-i) f , V V r Y^f 

V' ) 71=1 T=k+H % 

(k,[i=0, l—s ; i k = l — m k ; y M = l--m M ; m =n). 

hold (cf. Theorem 85, p.l487l) 

It can be easily proved that the infinitesimal transformations of the group (11) 
receive the form (6) after an appropriate choice of the variables x\, . . . ,x n . 

In order to conduct the concerned proof, we imagine above all that the variables 
are chosen so that 9JT receives the coordinates: x\ = 0, . . . , x n = 0. Then obviously, 
all infinitesimal transformations: 

X^ f (k=l-s ; i k =\-m k ) 

in the x v are of first or higher order, while by contrast: X®f, . . . ,X®f are independent 
infinitesimal transformations of zeroth order, out of which no transformation of first 
or higher order can be linearly deduced; this last fact follows from the transitivity of 
the group (1 1). It is therefore clear that, notwithstanding our assumption just made, 
we can choose the variables x\, . . . ,x n so that X®f, . . .,X®f receive the form: 

y(0) f _ d f , ,. . , 

After these preparations, we want at first to determine the initial terms in the 

power series expansions of the m\ infinitesimal transformations Xj^f. 
We have: 

Xf ] f= t &\x l ,...,x n )p- + --- 

v=l ^ Xv 

where it is understood that the £w are linear homogeneous functions of their argu- 
ments. If we insert this expression in the n relations: 

[X?\ X^] = f c ijn X^f + t ''fc^X^f (;' = 1— n) 

7t= 1 T= 1 % 

and if we compare the terms of zeroth order in the two sides, it then comes: 
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» dffi df _ » 3/ 
dxi dx v ~ x ,jn dx n 

hence all first order differential quotients of are completely determined, and 
because of the known equation: 



dC {l) 



also C,^ itself is completely determined. Now, since £ obviously satisfies all 

differential equations which we have found just now, it results that: £y = £ y , and 
consequently: 

Xj 1) /=t^ ) (xi,... ! x n )|^ + --- 
v=i " x v 

In the same way, we find generally: 

X i^f = 52 £ifv(*lv--)*n)^-H (t=l-i ; «* = l-mt), 



v=l 



or in other words: we find that the infinitesimal transformations of the group (11) 
have the form (6). Evidently, here lies the reason why the ./V infinitesimal transfor- 
mations (1 1) are mutually independent, so that the group (1 1) is /V-term and has the 
same composition as the group (9). 

Since, as we have seen just now, the group (11) is A-term, the group: 

(9) W/°V, W^f (i=l-n;k=l- S0 ;i k =l-m k ) 
can contain no invariant subgroup which belongs to the group: 

(10) wjpf (*=i- S0 ;<* = i-m*) 



(Theorem 85, p. 14871 ). But one can also realize directly that there is no such invariant subgroup of 
the group (9); in this way, by taking the Theorem 85 into consideration, one obtains a new proof of 
the fact that the group (11) has N essential parameters. 

Every invariant subgroup of (9) which belongs to the group (10) obviously contains an infinitesi- 
mal transformation: 

z=\ k=p+\ r k 

in which not all the m p quantities p T vanish. Simultaneously with Wf, there appear in g also the n 
infinitesimal transformations: 

[<,22J], [<,2U]; 
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consequently, as one sees from the composition (7) of the group (9), there surely appears in g a 
transformation of the form: 

rrip—l sq l"-m* 

T= 1 k= p % 

in which not all the m p _i quantities p' T are zero. In this way, one realizes finally that g must contain 
an infinitesimal transformation which does not belong to the group (10); but this contradicts the 
assumption that g should be contained in the group (10), hence there is no group g having the 
supposed constitution. 

The developments achieved up to now provide the 

Theorem 110. In the variables x\,...,x n , let a transitive group be presented which, 
in the neighbourhood of the point: x\ = 0, . . . , x n = in general position con- 
tains the following infinitesimal transformations : firstly, n zeroth order independent 
transformations of the form: 

(0) _ df_ (0) _ df_ 

1 i — -v » • • • j 1 n — -> 7 
ax\ ox n 

and secondly, for every k = 1,2, . .. ,s, m^ > independent k-th order transforma- 
tions of the form: 

k n k d f 

where the ^ ^ denote completely homogeneous functions of order k. Also, let the 
composition of the group be determined by the relations: 

r-rW tWI — V n t^+^ _1 ) 

(k, H=0, 1 ■■■s; i k =\--m k \ jf 1 = \—m tl \ mo=n), 

where the c in the right-hand side vanish all as soon as k + /i — 1 is larger than s. 

Then one finds in th following way all (n-\-m\-\ \-m s )-term groups of the space 

x\, . . .,x n , the infinitesimal transformations of which possess the form: 



r (0)_d/ T (k)_Yz(k) ( Y \ d f + 

(6) Ti + ' ^ ] ^ 



1 v 

(i= 1 ■■■n; i k = 1 ■■■mi ; k = 1 •••*), 



z'n z/ze neighbourhood of: x\ = 0, . . . , x n = 0. 

One determines the constants C in the equations: 
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r T (k) T (fi)i _ r t^+^ _1 ) 



(7) 



K=l 

,?o 1 ■ ■ ■ m 

+ H H C'kjiiK-tT-, 

T=k+[1 % 



(fc, jU=0, l — j; i k = \--m k \ j M = l---m M ; m = n) 



in ?/ze mosf general way so that they satisfy the relations following from the Jacobi 
identity. If this takes place, then the equations (7) represent all compositions that 
the sought groups may have. To every individual composition amongst these com- 
positions correspond groups of the form (6) which are all similar to each other and 
which can be found in any case by integrating ordinary differential equations^ 
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In the preceding paragraphs, we have reduced the problem of determining all tran- 
sitive groups of the R n to the following four problems: 

21. To find all types of linear homogeneous groups in n variables. 

If one has solved this problem, then in the neighbourhood of any point in gen- 
eral position, one knows the possible forms of the initial terms in all infinitesimal 
transformations of first order which can appear in a transitive group of the R n . 

03. Assuming that, in the neighbourhood of a point in general position, the initial 
terms of the first order infinitesimal transformations of a transitive group of the R n 
are given, to determine all possible forms of the initial terms in the infinitesimal 
transformations of second and higher order. 

C To determine all compositions that a transitive group of the R n can have, a 
group which, in the neighbourhood of a point in general position contains certain 
infinitesimal transformations of first, second, . . . , s-th order with given initial terms, 
and which by contrast, contains no transformation of (s + \ )-th or higher order. 

£). Assuming that one of the compositions found in the preceding problem is 
given, to set up a transitive group which possesses this composition and whose 
infinitesimal transformations of first, . . ., s-th order have the form given in the pre- 
ceding problem. 

If one knows one group having the constitution demanded in the last problem, 
then one knows all such groups, since these are, according to Theorem 1 10, similar 
to each other. 

The settlement of the first one amongst these four problems requires only exe- 
cutable, or said more precisely: only algebraic operations (cf. Chap. [121 p. 12 181 and 
Chap. [231 p. !497| sq.). By contrast, we did not succeed to reduce the problem 03 to a 
finite number of executable operations. The problem £ again requires only algebraic 
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operations. Lastly, as we have shown in the previous paragraph, the problem D can 
in any case be settled by integrating ordinary differential equations. 

At present, we want to consider a special case which presents a characteristic 
simplification and we want to carry it out in details. 

Assume that the (n + raH h m i5 )-term group: 

(12) 1 dxt '* nj ^ v 

(/= 1 •• • n ; & = 1 ■ • ■ s ; = 1 • • • m^) 

which we imagined as given in Theorem 1 10, p. !613[ contains amongst its first-order 
infinitesimal transformations: 

eiT (1) + ... + e T (1) 

specially one of the form: 

df , df 

*1 ^ 1 VX n -— 

ax\ ax n 

and let, say, T^} have this form. We will show that under this assumption, it is 

always possible to determine all transitive (n + mi H hm s )-term groups of the 

space whose transformations, in the neighbourhood of the point: x\ = 0, . . . , x n = 
in general position, have the form: 

(12') ' dxj ' ' k LW Xl '---' XH) dXy + 



For: 



((=1 —n; k—l—s; (£ = 1 — m^). 



Tm) — 52 #V h ' 

V=l <** v 



we write U, a notation which we shall also employ on later occasions. 

At first, it is clear that between U and the infinitesimal transformations of order s 
of a group of the form (12'), the following relations hold: 

[Ti S) ,U] =(1- S )4 S) (n=l-m s ). 

In the same way, between U and the infinitesimal transformations of order (s — 1 ) , 
there are relations of the form: 



[T^KU] =(2-,)^- 1 )+£ K Js tP (, = 1-^), 

71=1 



where the K are unknown constants. In order to simplify these relations, we set (cf. 
p. 16091): 
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vr 1)=T r i)+ i, p j* T i 



s-l 



C/=i ■••»»,- 



K=l 



and we find: 

.(,-1) 



m s 

U]=(2- s) Z < f- l) +Z(K j7t + (l-s-2 + s) P jn ) T 



i?) 

jn ' 



hence when we choose the P in an appropriate way: 



U]={2-s)%) 



(5-1) 



As a result, the infinitesimal transformations of order (s — 1) of the group (12') are 
normalized. 

In exactly the same way, we can normalize the infinitesimal transformations of 
order (s — 2) by setting: 



%( f~ 2) = t j" 2) + E P 'in^i~ l} + L p%rt 



n=\ 
(7 = 1 • 



n=l 



and dispose appropriately of the P ; and of the P"; in this way, it comes: 



[% { ;- 2 \u] = (3s)%) 



s-2) 



By proceeding alike, we obtain finally, when we generally write T for 1: 



(13) 



[t£\u] = (1-*)7J 



(*) 



(k = 0, 1 ■ ■ ■ s ; i£ = 1 ■ • ■ m/i ; m.Q=n). 



As a result, the infinitesimal transformations of zeroth, first, up to 5-th order are 
all normalized, except for U itself. 

At present, we remember that because of the composition of the group (12'), 
between the T, there are relations of the form: 



Y T {k) T (/lh _ r T^ + ^ _1 ) 



(14) 



n=l 

s \—m z 

+ E E Q 



ik J n % 1 % 



(k,H = 0, l—s; i k = l-- m k ; j M = l---m M ; m =re), 



in which the c actually vanish as soon as k + — 1 > s. In order to determine the 
unknown constants C, we form the Jacobi identity: 
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which, because of (13), obviously takes the form: 

[[T^,T^],U]=(2-k-n) [7f,7f]. 

Here, if we insert the expression (14) and if we use once more the equations (13), it 
comes: 

m k+)i-l s l---m t 

7t=l T=k+[l Kt 

= (2-*- M ) [if, 7^], 
or, because the T are independent infinitesimal transformations: 

From this, it results that all the C vanish. 

Thus, under the assumption made, all groups of the form (12') have the same 
composition as the group (12), hence according to Theorem 1 10, p. 16131 they all are 
similar to each other and similar to the group (12). 

In consequence of that, we can say: 

Theorem 111. If a transitive (n + m\ + • • • + m s )-term group in the variables 
x\,...,x„ contains, in the neighbourhood of the point in general position: x\ = 0, 
. . . , x n = 0, aside from the n independent infinitesimal transformations of zeroth 
order in the x: 

T i = ^- + --- (i=i .-.«), 

OXi 

yet «% for k = 1,2, ... ,s, independent infinitesimal transformations of order k out 
of which no transformation of order k + 1 or higher can be linearly deduced, and if 
it specially contains a first order infinitesimal transformation of the form: 

£ df 

£ Xy — + ■ ■ ■ , 

v=l dx v 

then thanks to the introduction of new variables x\,.. .,x' n , it can be brought to the 
form: 

T.-T.-^L T {k) -T W - Y F {k) (r' rM 9f 

ox i v=1 ox v 

(£= 1 •••n; k=l ■■■s ; = 1 ■•■ m^) \ 

here, the £w are the entire homogeneous functions of order k which determine the 
terms of order k in the infinitesimal transformations of order k: 

T t )= £ 4v( X lv^n)^ + --- (k=l-s-i k = l-m k ) 



v=l 
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of the group. 



Chapter 29 

Characteristic Properties of the Groups 

Which are Equivalent to Certain Projective Groups 



In the preceding chapter, we gave a classification of all transtitive groups: 
X\f,.. .,X r f of the n-fold extended space %i, . . . ,x n . We chose a point jq, . . . ,jc~ in 
general position and considered all infinitesimal transformations of the group which 
leave this point at rest, hence all transformations whose power series expansion 
with respect to the Xj — x® have the form: 

£ aj iv (x° l ,...,x°)-(x i -x ( }) T ^ + --- = 1,2,...), 
i,v=l dXv 

where the left out terms are of second or of higher ordeiQ. Then the linear homoge- 
neous group: 

Ljf = 52 a jiv( x \i • • • »*n)*i 377" (; = 1 , 2 , ••■ ), 

i,v=l ax v 

showed in which way the oo' 1_1 line-elements -.x^: •■• '.x' n through the point 
jq\ . . are transformed by those transformations of the group: X\f, ...,X r f, 
which leave this point invariant. 

In the present chapter, to begin with, we solve the problem of determining all 
transitive groups: X\f,... ,X r f of the space x\, . . . ,x n for which the linear homoge- 
neous group: Li/,/^/, . . . assigned to a point in general position coincides either 
with the general linear homogeneous group or with the special linear homogeneous 
group 0. Then it comes out the curious result that every such group: X\f, . . .,X r f is 



Such terms are systematically written "H "by Engel and Lie. 

t It is easy to see that a group of R n which assigns the general or the special linear homogeneous group to a point 
Xj , . . . , x[J in general position, is always transitive. Indeed, in the neighborhood of Xj , . . . , xJJ, the group certainly com- 
prises an infinitesimal transformation of zeroth order in the x, — x?, hence a transformation: H , in which not 

all a, are equally null. In addition, the group surely comprises n(n — 1) first order transformations of the form: 

{xi-x°)p k + --- (i,k=l-n;i^k). 

If one makes Combination [bracketting] of the latter with £ a, p,- H , then one recognizes that n transformations of 

the form: p\ H , . . . , p„ H do appear, whence the group is actually transitive. 
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equivalent either to the general projective group, or to the general linear group, or 
to the special linear group of the space x\ , . . . ,x n . 

In addition, we yet show in the last paragraph of the chapter that in the space 
x\ , . . . ,x„ there is no finite continuous group which can transfer m > n + 2 arbitrarily 
chosen points in general position to just the same kind of m points; at the same time, 
we show that the general projective group and the groups that are equivalent to it are 
the only groups of the space x\, . . . ,x n which can transfer n + 2 arbitrarily chosen 
points in general position to just the same kind of n + 2 points. 

§ 152. 

Every transitive group of R n comprises, in the neighborhood of the point: jq, . . . ,x^ 
in general position, n independent infinitesimal transformations of zeroth order in 
the Xi —x®: 

P\ + ■■• , P2 + -" , Pn + "-, 

where, according to the fixation of notation on p. 555, pi is written in place of 

Now, if G assigns to the point jq, . . . ,x„ the general linear homogeneous group as 
group: Li/jZ^/, . . . , then it comprises in the neighborhood of x\ , . . . ,x„ the largest 
possible number, namely n 2 , of such infinitesimal transformations of first order in 
xi — Xj, . . . ,x n — x„, out of which no transformation of second or of higher order 
can be deduced by linear combination. These n 2 first order transformations have the 
form: 

(xi-x^)p k + --- (Z,*=l-n). 

If, on the other hand, G assigns to the point Xj,...,x|j the special linear homo- 
geneous group, then it comprises, in the neighborhood of the point, only n 2 — 1 
independent first order infinitesimal transformations out of which no transforma- 
tion of second or of higher order can be deduced by linear combination; the same 
transformations have the form: 

(xi -x^pk + ■ ■ ■ , (xi-x®) pi - (x k -x° k )p k + --- 

(i,k= 1 i^k). 

Therefore, when we yet choose the point X®, . . . ,x„ as the origin of coordinates, 
we can enunciate as follows the problem indicated in the introduction of the chapter: 

In the variables xi, . . . ,x n , to seek all groups Xif, . . . ,X r f, or shortly G, which, 
in the neighborhood of the point in general position: xi = 0, . . . ,x n = 0, comprise 
the following infinitesimal transformations of zeroth and of first order: either the 
n + n 2 : 

Pi-\ , XiPk-\ (i,k=l-n); 

or the n + n 2 — 1: 

Pi + ---, x { p k + ---, XiPj-X k p k + --- 
(i,k=l---n; i^k). 



§ 152. 
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To begin with, the two cases can be treated simultaneously; one must only, as long 
as possible, disregard the fact that in the first case, aside from the transformations 
which occur in the second case, yet one transformation appears: Y! *iPi- 

The group X\f, . . .,X r f comprises infinitesimal transformations whose expansion 
in power series begins with terms of second, or of relatively higher order in the x, 
shortly, infinitesimal transformations of second or higher order, respectively. We 
search for the highest order numbeiH s of the existing transformations and we even 
look for the determination of such transformations. 

We can suppose this number s to be bigger than 1, since we already know all the 
first order infinitesimal transformations that appear. Let 

K = $ lPl + --- + $ nPn + --- 

be a 5-th order infinitesimal transformation of the group; at the same time, the $'s 
are supposed to denote completely homogeneous functions of order s in x\, . . . ,x n , 
while the left out terms are of higher order. Obviously, #i , . . . , &„ do not vanish all, 
because there should not be given any infinitesimal transformation £ c^X^f whose 
power series expansion starts with terms of (s + l)-th or of higher order; so we can 
assume in any case that #i is not identically null. 

Let the lowest power of x\ which appears in $\ be the 0Cr -fh and let 

X\ %2 %n ^On=s) 

be a term of #i with nonvanishing coefficient. Now, we make Combination of the 

transformation x\ p2 H with K, and we make Combination of the result once 

more with x\ p2 H , and so on — in total (X2 times. We make Combination of 

the 5-th order infinitesimal transformation obtained this way with x\ pj H , and 

we then proceed (Xt, times one after the other, etc., and finally, we still apply a n 

times x\ p n H one after the other. In this way, we recognize in the end that a 

transformation of the form: 

K' = x{ Pl + ^ P2 + ■ ■ • + Kp n + ■ • • 

belongs to our group. 

All remaining terms of #1 are cancelled; indeed, the same terms contain either 
also the power x® 1 or a higher one, and in both cases, the power of a variable x\ 
(i > 1) is certainly not the 0£;-th, but a lowest one; consequently, the corresponding 
term vanishes by making a ; times Combination with x\pi~\ . As always, the 



2 Actually, s will be shown to be equal to 2, not more, and the corresponding transformations of second order to be 
necessarily of the form x,- (*i p\ H h x„ p„ ) H ,i = l,...,n. 
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terms of (s + l)-th and of higher order are, also here, left out of consideration^! (cf. 
Chap.QH Theorem 30, p. 12031). 

In order to determine more precisely the form of the transformation K' , we make 
use of an auxiliary proposition which can be exploited several times with benefit. 

Proposition 1. If the infinitesimal transformations Cf and B\f H h B m f belong 

to a group and if furthermore, there are m relations of the form [C, B^\ = e^B^f, 
where the constants £k are all distinct one another, then the group comprises all the 
m infinitesimal transformations . . . ,B m f. 

The proof of this auxiliary proposition is very simple. Aside from B\f -\ h 

B m f, the group yet obviously comprises the following infinitesimal transformations: 

[C, B\ H h B m \ = £\ B\f H h £ m B m f 

\C,£\B\A r-£m-Bm] = £\B\f -\ \- £^B m f 



[C, £™ 2 5iH he,™ 2 B m ] = e" 7 B\f-\ he™ B m f. 

But since the determinant: 



1 

£\ 



1 

£/u 



lite-**) 

i>k 



does not vanish by assumption, each individual transformation B^f can be deduced, 
by multiplication with appropriate constants and by subsequent addition, from the 
just found transformations. Thus the proposition is proved. 

In order to apply the same proposition, we now make Combination of the trans- 
formation K', written in detail: 

x\Pi + {LApxP 1 ---xl»}p 2 + --- + {LN v x v l l ---x v n »}p n + --- 

( J 8 1 + -+j3„ = - = vi + - + v„=s) 

with the transformation: 

xipi -Xi pi + -- - , 

on the understanding that i is any of the numbers 2, . . . ,n. Then one obtains: 



3 Here is an equivalent reformulation. Adapting slightly notation, let $1 = £| a | =1 A a x a and choose /3 € N" with 
j8 1 = s so that ft = infjoii : A a ^ 0}. For any other monomial A a x a withA a / Owe have either (X\ > ft or 0£i = /3i . 

In the first case, since c<i + -\ h 0% H h = ft + ft H h ft H H ft = J', there must exist a i with 2 ^ i ^ n 

such that en, < ft. In the second case, namely if d\ = ft , then (*2 H h «, H h «„ = ft H h ft H h ft, and 

again, there must exist a (' with 2 < / < n such that a, < ft, because otherwise, Ofa ^ ft, a„ ^ ft together with 
|a| = | ft! implies Oi = ft, . . . , a„ = ft, hence a = ft a contradiction. 



§ 152. 
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(s -1)4 pi + {LA p (ft - A + £ 2; ) x? 1 ■ • }p 2 + --- + 

+ {LNv (Vl - V/ + e^)^ 1 • ■ -xl" }p n + ---, 

where £„ has the value 1, while all e^,- (i ^ k) vanish. Therefore the s-th order terms 

of the infinitesimal transformation K' have the form B\f -\ V B m f discussed 

above, where the Bhf are reproduced through Combination with x\ p\ — xipu but 
with distinct factors^. 



4 Here are considerations about derived homogeneous groups. The next phrase of the text applies a fundamental 
observation of Chap. 28 that we must reconstitute just as a preparation. Let G be a finite continuous (locally) transitive 
homogeneous group acting on the (x\, . . . ,x„) -space and suppose that the origin is the central point, of course in 
general position whenever needed. Then G comprises n transformations of zeroth order: 

T,. -^ + - (.=i-») 

out of which no transformation of first or of higher order can be deduced by linear combination. Further, G contains a 
certain number, say m\ (possibly null), of infinitesimal transformations of first order: 



v=l l/=1 ) dx v 



that are linearly independent modulo transformations of order 2. Generally, for k = 1,2, . . . up to a finite maximal 
order .vo, the group G comprises a certain number (possibly null, and indeed null for k ^ so + 1 by definition of so) 
of infinitesimal transformations of £-th order: 



df 

(; = 1- m k ) 



that are linearly independent modulo transformations of order ^ + 1, where each ijjjj (x) is a homogeneous poly- 
nomial of degree m^, in x\, ■ . .,x n , and where the left out terms are of order ^ + 1. 
By bracketing (cf. Chap. fTTl Theorem 30, p. 1203b , we get: 



■■■}|f 



where the written terms are of order k\ + £2 — 1 (they might be null) and where the left out terms are of order ~^k\-\-ki. 
The linear combination of infinitesimal transformations to which the bracket [T^ 1 ', tJ* 2 '] should be equal can only 
contain transformations of order ^ k\ + £2 — 1, hence may be written: 

m t,+i 2 -l 

(b) [Tf\r^]= £ c^.-rf-" 4 - 1 ^..., 

/=1 

where the left out terms comprise linear combinations of transformations of order ^ k\ +£2. In particular, if k\-\-k% — 

1 > s + 1, the brackets [T^ , T^ 2> ] must vanish. 

For every k = 0, 1 , . . . , Sq and every j = 1 , . . . , m/,, we define the projected infinitesimal transformation: 

v=l 

defined by erasing all remainders, which is homogeneous of order m^. Equivalently, Ty = ^(TT') if, by we 
denote the projection of infinitesimal transformations (and of analytic functions) onto the vector space of all homoge- 
neous monomials of degree k. We notice that a reformulation of (a) simply says: 

Wt([Tf ',Tf >]) = ^(T^))^ 2 (T^))] = [ff\f™]. 

Finally, by taking the tt^+At-i -projection of both sides of (b), we obtain Lie algebra-type identities: 
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Now, since from the expansion in power series of our group a new group T can be 
derived in such a way that in each power series expansion, only the terms of lowest 
order are kept (Chap. 28, p. 607), then our Proposition 1 shows that each individual 
Bkf belongs to the group F. Next, there evidently is a B^f which embraces the term 
x\ p\ and hence is reproduced with the factor s — 1 . The remaining terms of this B^f 
are defined through the equations^: 

/3i - A + ea = • • ■ = vi - v ; - + e ni = s- 1. 

Since £23, ... , £2,1 vanish, from the same equations, we obtain immediately J83 = 
• • • = j8 n and consequently: 

j8 1 +j8 2 + --- + J 8 n = J 8 1 + J 8 2 +(n-2) J 8 3 =5, 

whence it yet comes: 

J 8 2 = j8 1 -5+2, J 8 3 = j8 1 -5+l. 

By elimination of /3 2 and fa, it follows: 



[t^t^]= Wi ([t£'>t^]) 

= ^ + ^.("'T 1 C^Tf.^- 1 + ...) 

nit,+t 2 -l 

S'i;'2' '< 

1=1 

which show that to the arbitrary initial group G is always associated a group G constituted by infinitesimal transfor- 
mations T, , k = 0, 1, . . . ,sq, j = 1, . . . , mj, having polynomial, homogeneous coefficients. 

5 Here is an enlightement. The derived homogeneous group G = F contains the infinitesimal transformations Z), = 
x\ pi — x/ pi, for i= I,.. .,n, and also: 

2' = x{ pi + {LA/j } p 2 + ■ ■ • + {EiV} P „ , 

all the remainders being suppressed (one must have a group for Proposition 1 to apply). At first, for fixed i, one looks at 
the Lie bracket, joint with Dj, of each monomial homogeneous infinitesimal transformation {By*''} p k , k 2, |y| = s, 
which appears in K' and which is distinct from x\ p\ : 

[D h {B yX f} p k ] = (y - 7, + e ki ) {Byx y } p k . 

One then collects all the monomials {By* 5 '} p^ of K' having the same reproducing factor 7i — 7 + = s — 1 as the 
infinitesimal transformation x\ p\, and one calls B\ the corresponding sum (it depends on f), which is a part of K'. 
On the other hand, there are finitely many other values of the integers 71 — 7 + %, say m(i), and one decomposes 

accordingly K' = B\ + B' 2 H \- B' m ^y Then Proposition 1 yields that B\ belongs to G. Other B\ are left out. 

Let i' 7^ i be another integer and consider bracketing with £),■/ . The same reasoning applied to B\ (instead of K') 

f^., s-^j jl jl jl -<™J jl 

yields a decomposition B\ = Bj j +Bj 2 H '~-®im(i') w ' tn ^ e ^ lst term ^1 1 C0 U ectm g monomials of B\ that are 

reproduced with the factor s — 1; clearly, jfj pi still belongs to Bj'j. Proposition 1, yields again that B^'j belongs to G. 

By induction, letting i = 1, { = 2 iW = n, one gets an infinitesimal transformation bJ'j " of G — denoted by 

B^/ in the translated text — such that [D;, b|'j' "'"] = (s — 1) B\'^'"''", for all i = 1,2, ... ,11. 
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hence jSi = j — 1, /3 2 = 1, j8 3 = • • • = j8„ = 0. 

In the same way, the determine themselves, and so on. In brief, we realize that 
our group: X\f, . . . ,X r f comprises an infinitesimal transformation of the form: 

K" = x\ pi +A 2 x\~ X2 P2-\ \-A n x\~ x n p n H . 

By making Combination of K" with p\-\ , we get: 

sx\~ l pi + (s — 1)A2X S {~ X2P2+ 

H \-(s- 1) A n x s { 2 x n p n H = L, 

and hence our group comprises an infinitesimal transformation, namely [L, K"] , 
which possesses the form: 

sxf~ 2 pi +772P2H hT?„p„H • 

But now, since 2s — 2 should not be larger than s and since, on the other hand, s is 
larger than 1, it follows that: 

5 = 2, 

so that we have: 

K" = x\p\ +A 2 xix 2 p 2 -\ \-A n x\x n p n -\ ■ 

Furthermore, it comes: 

[x lPi + ---,K"] = (A, -l)jcf /»,• + ■-.. 

If now A, were different from 1 , then we would obtain, one after the other, both 
transformations: 

[x\ Pi+---, XiPl +■■■] =x\pi- 2x\XiPi + ■ ■ ■ , 
[x\ pi - 2x\xi piA , x\ pi H ] =4x\piA . 

But since no infinitesimal transformation of third order should be found, all the A, 
are equal to 1 . Therefore K" has the form: 

x\ {x\ pi +X2P2A \-x>iPn) H 

and thereupon lastly, by making Combination with Xjpi H , we find generally: 

Xi (xi pi H \-x n pti) H • 

Consequently, if a group Xif,... ,X r f of the nature required on p. \620\ comprises 
infinitesimal transformations of order higher than the first, then it comprises only 
such transformations that are of order two, and in fact in any case, n of the form: 
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Xi(x\pi-\ \-x n p n ) + ■■ 

If we add up all the n transformations: 

Pi + -- - , XiY!k=iXkPk+ ■ ■ 



(i=l-n). 



: XiPi + Lk=l x kPk + 



together, then we obtain the transformation x\p\A \-x n p n -\ . Hence if the 

group Xif, . . . ,X r f contains infinitesimal transformations of second order, then the 
associated linear homogeneous group Lxf^Ljf,... is the general linear homoge- 
neous group. Or conversely: 

The group X\f,...,X r f never contains infinitesimal transformations of order 
higher than the first, when the associated group L\f,L,2f, ... is the special linear 
homogeneous group. 

For abbreviation, we write the infinitesimal transformation xi (xi p\ + • • • + 

x n Pn) H in the form H t H , on the understanding that //, denotes the terms of 

second order. Now, it could be thinkable that in one group X\f,.. .,X r f, except the 

n transformations H^A , there still appeared others of second order. Let such a 

one be for instance: 



TipH \~TnPn + - 



T+- 



where the T,- mean homogeneous functions of second order inxi, . . . ,x n and T the 
sum £ TkPk- Then the expression [Hi, T] must obviously vanish, since the lowest 
term of this bracket represents an infinitesimal transformation of third order. Con- 
sequently, Ti, . . . , % n satisfy the equation: 



Xi £ X k Pk, £ Tjpj 
7=1 



k=l 



0; 



this equation decomposes into the following n equations 



Xi 



dxi 



XjXi 







.k=\ " X k 

and from this it follows, aside from the natural equation: 



k% dx k 



2t 



./ 



yet also tj —Xj T, = 0. Therefore the T ; and T have the form: 



T/ = £ a k x k Xi 

k=l 



T 



k=\ 
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Thus we have proved that a group: Xif, . . . ,X r f of the indicated constitution can 
comprise no second order infinitesimal transformation apart from the n transforma- 
tions Hk H • 

In total, we therefore have the following cases: 

If the linear homogeneous group Lif,L2f, ... is the general linear homogeneous 
group, then the concerned group X\f, ...,X r f comprises exactly n infinitesimal 
transformations ofzeroth order: 

Pi = Pi + --- (i=l-») 

and n 2 of first order: 

Tik=XiPk^ (Z,*=l-n). 

Either transformations of higher order do not occur at all, or there are extant the 
following n: 

Si=Xi (x\ p\ H Vx n p n ) +■■■ (i=l-«). 

If the group: Lif,Lif,... is the special linear homogeneous group, then the 
group: X\f,...,X r f comprises exactly n infinitesimal transformations of zeroth 
order: 

Pi = Pi + --- (i=l-n) 
and in addition, n 2 — 1 of first order: 

Tik=XiPk + --' , T ii -Tkk=X i p i -XkPk + --- (i^k=l-n). 

but no one of higher order. 

We will treat these three cases one after the other. At first, we bring the Re- 
lations [brackets] between the infinitesimal transformations, and afterwards, even 
these transformations themselves, to a form which is as simple as possible. On the 
occasion, we remark that among the three cases, the first two are already finished off 
by the developments of the paragraph 151 on p. 616 sq. Nonetheless, we maintain 
that it is advisable to also treat in detail these two cases. 

§ 153. 

The first case, where n transformations of zeroth order and n 2 of first order do 
appear, is the simplest one. 

We can indicate without effort the Relations between the n 2 infinitesimal trans- 
formations. They are: 

7 Tyit] = £fcv Tin ~ £ni Tyki 

where vanishes as soon as i and k are distinct, whereas £,- ; has the value 1. In 
particular, it is of importance that each expression: 
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n 

Tiki 2ml ^ VV 

v=l 

vanishes. Further, if, for reasons of abbreviation, we introduce the symbol: 

v=l 

there exist Relations of the form: 

[i>-,£/]=J>-+£ £ a VJt T V7tl 

v=l n=\ 

or, when we introduce as new Pi the right-hand side: [Pj, U] = Pj. 
Lastly, there are Relations of the form: 

[P„ T kj ] = £ lk Pj + £ £ p v „ T VK , 
[P U P k ] = £ 7 V P v + £ £ 8 VK T VK . 

But the Jacobian identities: 

[[Pi,T kj ],U]-[Pi,T kj ]=0, 
[[P u P k ],U]-2[Pi,P k ] =0 

show immediately that all constants /3, 7, 8 do vanish, whence it is valid that: 

[P U T kj ] = e ik Pj, [P h P k ] =0. 

As a result, all the Relations between the infinitesimal transformations of our 
group are known. 

The r infinitesimal transformations Pj = pi + ■■■ generate a simply transitive 
group which has the same composition^ [gleichzusammengesetz istI as the group 
p\ , . . .,p' n and is hence also equivalent to it (Chap. 19, p. 339, Prop. l|Zl). So we can 

6 Namely here: they both have the same, in fact vanishing, Lie brackets. 

7 The so-called Frobenius theorem is needed in the phrase just below. Classically (cf. [TJ), one performs a preliminary 
reduction to a commuting system of vector fields, reducing the proof to the following concrete 

Proposition. If the r s independent infinitesimal transformations: 

Xkf = £ >••• >•*») (*=1 ■••>■) 

i=l 

sta/it/ m the Relationships: 

[Xi,X k ]=0 (l,k=l-r) 
without though being tied up together through a linear relation of the form: 

f gXk (x u ...,x s )XJ = 0, 

k=l 

then they generate an r-term group which is equivalent to the group of translations: 
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introduce such new variables x\ , . . . ,x' n achieving that: 

P i = p' i (*=l-n). 

The form t,\ p\ H + ^np'„ which U takes in the new variables determines itself 

from the Relations [.P,-, U~\ = Pi; the same Relations yield: 

n 
k=\ 

and, when x' k + a k is introduced as new Xk, which does not change the form of the 
Pi, one achieves U = Y.x k p k . From the Relations: 

[Pi, T kj ] = £ i k Pj 

one finds in the same way: 

Tkj=XkPj+ a kjvPv', 
v=l 

but since [T^j, U~\ must vanish, all the a^ /V are equally null. Therefore we have the 
group: 

Pi = Pi, T ik =Xip k {i,k=l-n), 

that is to say, all groups which belong to the first case are equivalent to the general 
linear group of the manifold x\ , . . . , x n . 

§ 154. 

We now come to the second case, where, apart from the n transformations of zeroth 

order Pi = pi~\ and the n 2 of first order T% =Xip k -\ , there still appear the n 

transformations of second order: 

Si=Xi (x\ p\ H \-X n p n ) + -- - . 

The following Relations are obtained without any effort: 

[S„ S k ] = 0, [T ik , Sj] = e kj S u [U, Sj] = Sj. 
Moreover, there are equations of the form: 

n 

[T^ U] = £ ObjSj. 



Yf- 9f Yf- 9f 
dy\ dy r 



(Namely, in a neighborhood of a generic point, there is a local diffeomorphism x i-> y = y(x) straightening each X/. to 
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If at first we suppose that i and k are not all both equal to n, then we can introduce 
Tik + Y. a ikjSj as new T ik and obtain correspondingly the Relation: \T ik , U] = for 
the concerned values of i and k. Since in addition [U, [/] = it comes generally: 

[T a ,U]=0 (i,k=l-n). 

Further, one has: 

n 

Tiki 7v7r] = £kv Tin ~ £xi T v k + £ fij^j) 

7=1 

but the identity: 

[[T ik ,T vn ],U] = 
enables to recognize that all /3 7 vanish, so it holds: 

5 TvTt] = &kv Tin ~ £%i Tvk- 

From the relation: 

[P h U] =Pi+ £ £ YvnT V n+ £ 5 V 5 V 
v=l tt=1 v=l 

when: ^ 

V=l 71=1 1 V=l 

is introduced as new P(, it comes: 

[Pi,U] =p. 

Furthermore, one has: 

n 

[Pi,S k ]=e ik U + T ki +Y,^ s v> 

v=l 

but if we form the identity: 

[[Pi,S k ],U] + [Pi,S k }-[Pi,S k ] = 0, 

we then find that the A v are null; consequently we have: 

[Pi,S k ] =£ ik U + T hi . 

Finally, there are relations of the form: 

[P h T kj ] = e ik Pj + £ £ a vn T V7Z + £ A v 5 V , 
[P i; i\] = £ g v P v + £ £ /i V7r r V7r + £ / v 5 V ; 
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but also here all constants do vanish because of the identities: 

l[P U T kj \,U]-[P h T k] ]=Q, 
[[P h P k ],U]-2[P h P k ] = 0. 



Therefore it comes: 



[P h T kj ] =e ik P h [P„P k ] = 0. 



All the relations between the infinitesimal transformations of our group are now 
determined. One will notice that the infinitesimal transformations Pi, Tj k generate a 
subgroup which possesses the form considered in the first case and hence takes the 
form: 

Pi = Pi, T ik =Xip k (i,*=l-n) 

by an appropriate choice of the variables. In the new variables, the infinitesimal 
transformations 5/ are, say, equal to £ t,i k p k , where the t, ik satisfy the relations: 

[P v ,Sj]=£ Vl U + T iv , [U,Si]=Si. 

We find from this: 

— = £yiX k + £ vk Xi, 2^ x v "5 = 2 C,i k , 

uXy y j uXy 

therefore ^ k = X[X k and: 

Si =Xi(x\p\ H Vx n p n ). 

Consequently we have the group: 

P\=PU T ik =Xip k , Sj = Xi(x\ pi H Vx n p n ) [i,k=\-n); 

that is to say, all groups which belong to the second case are equivalent to the 
general projective group of the manifold xi, . . . ,x n . 

§ 155. 

It remains the third and last case with n infinitesimal transformations of zeroth 
order: Pj = pi-\ and n 2 — 1 of first order: 

Ti k = Xip k + --- , T ii -T kk =x i p i -x k p k + --- (z,^*=i...n), 

while transformations of higher order do not occur. 

It is convenient to replace the infinitesimal transformations 7g — T kk by one of 

the form: GC\Tu-\ h a n T nn , thinking that the oc ; are arbitrary constants, though 

subjected to the condition a,- = 0. Then to begin with, the following Relations 
hold: 

[Ti k , T V7t \ = £ kv Tjx — £ K iT vk (i^fc, v^^:) 
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Tik, £ T vv 
v=l 



(a k -ai)T ik , 
Further, there is an equation of the form: 



Tu — Tkk-, £ a vT V \ 
v=l 



0. 



v=l 

Therefore if we set: 



Pi, £ a vT vv —0CiPj+ £ 52 ^'kjTkj 

J k=l j=l 



k=i j=i 



(LLi W=o), 



it comes: 



£ a v r vv = cdPl + £ £ - (a, + a k - aj) ] T kj . 



v=l 



fc=l J=l 



Now, we imagine that a completely determined system of values is chosen for 
which satisfies the condition £ a,- = and has in addition the property 
that no expression oc, + 0^ — CXj vanishes, a demand which can always be satisfied. 
Under these assumptions, we can choose the l jk j so that the equations: 

hkj - (ok + a k - ctj) l ik j = 

are satisfied, where the condition Y,k Ukk = is automatically fulfilled. Conse- 
quently, we obtain after utilizing again the initial designation: 



Pi, £ 0£ v Tvv 



v=l 



CdPi 



(Iv=l «v=0). 



If the expression: 



Pi, £ PkTkk =PiPi+ £ £ gVTcTvTC 
k=l J V=l 71=1 

(LPk=Lsw=o) 



is inserted into the identity: 



Ph £ PkTkk , £ MkTkk 
k=l k=l 



p„ £ J3*r tt 

k=l 



then it comes: 



£ £ {a n - a v - a,-) g V7t T V7t = 0. 

v=l n=\ 



§ 154. 
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Because of the nature of the a, it follows from this that all g vn are equally null, and 
therefore the equation: 



Pi, £ PkTkk 

k=\ 



PiTi 



holds for all systems of values ft,..., ft which satisfy the condition E ft = 0. 
Furthermore, there is a relation of the form: 

n n 

[P h T kj ] = e ik Pj+ £ £ h VK T VK 
v=l n=\ 

(k^j,Lv h vv =0). 



The identity: 



[P h T kj ], £ft7V 



-(p i + P j -p k )[p i ,T kj ]=0 



therefore takes the form: 



e lk (ft - AO Pj + £ £ (ft - ft - A + ft - ft) h ™ Pv* = 0; 

V=l 71=1 

consequently the h vn must vanish, since the ft, while disregarding the condition 
Ev ft = 0> are completely arbitrary: 



[Pi, T k j] — EikPj 



Finally, the relations: 



[Pi,Pk] = £ m v P v + £ £ m VK T VK 

V = l V=l 7t—\ 



(L" = i m vv =0) 



are still to be examined. By calculating the identity: 

-(A+ft)[^-,pJ =o, 



we find: 



[PuPk], £ftr TT 



E (ft- - ft - ft) '»v P v + t E (A. - J8v - ft - ft) «v* TV, = 0; 



because of the arbitrariness of the ft, all the m v and m VJZ must be equally null. 
Consequently, we have: 

[Pi,P k ] =0 

and we therefore know all Relations between the infinitesimal transformations of 
our group. 
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In the same way as it has been achieved in the first case, we bring P\ ,...,P n by 
means of an appropriate choice of variables to the form: 

Pj = Pi (i=l-n). 

From this, by proceeding as in the end of the paragraph 153, we conclude that all 
groups which belong to the third case are equivalent to the special linear group of 
the manifold x\,...,x n . 

By unifying the found results we therefore obtain the 

Theorem 112. If a transitive group G in n variables is constituted so that all of its 
transformations which leave invariant a point in general position do transform the 
line-elements passing through the point by means of the general or of the special 
linear homogeneous group L\f,L2f, then G is equivalent either to the general 
projective group, or to the general linear group, or to the special linear group, in n 
variable^ 

If we call m-fold transitive an r-term group of the space xi, . . . ,x„ when it con- 
tains at least one transformation which transfers any m given points in mutually 
general position to m other arbitrary given points in general position, then we can 
now easily prove firstly, that m is always ^ n + 2 and secondly, that every group for 
which m = n + 2 is equivalent to the general projective group of the n-fold extended 
space. 

Indeed, if the infinitesimal transformations: X\f,...,X r f in the variables 
xi, . . . ,x n generate an m-fold transitive group, then it stands immediately to reason 
that the linear homogeneous group L\f,L2f, . . . assigned to a point x Q k in general 
position does transform the oo' 7_1 line-elements passing through this point by means 
of an (m — l)-fold transitive projective group. But now, since the general projective 
group of an [n — l)-fold extended space is known to be (n + 1) -transitive, we then 
realize that: 

m — 1 ^ n + 1 and hence: m ^ n + 2. 
Therefore, the following holds. 

Theorem 113. A finite continuous group in n variables is at most (n + 2)-fold tran- 
sitive. 

If an r-term group: Xif, . . . , X r f in n variables is exactly (n + 2) -transitive, then as 
observed earlier on, the group Z4/, L2/, . . . assigned to a point x® in general position 
is the general or the special linear homogeneous group in n variables; consequently, 
the group: X\f, . . . ,X r f is equivalent either to the general projective group, or to the 
general linear group, or to the special linear group in n variables. But now, because 
only the first-mentioned among these three groups is (n + 2) -transitive, we obtain 
the 

t Lie, Archiv for Math., Vol. 3, Christiania 1878; cf. also Math. Ann. Vol. XVI, Vol. XXV and Gotting. Nachr. 1874, 
p. 539. 
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Theorem 114. If an r-term group in n variables is (n + 2) -transitive, then it is equiv- 
alent to the general projective group of the n-fold extended space. 

In the second and in the third volume, a series of studies which are analogous to 
those conducted in this chapter shall be, among other things, undertaken. 
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